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Inhomogeneous Diophantine approximation
on curves with non-monotonic error function

In this paper we prove a convergent part of inhomogeneous Groshev type theo-
rem for non—degenerate curves in Euclidean space where an error function is not
necessarily monotonic. Our result naturally incorporates and generalizes the ho-
mogeneous measure theorem for non-degenerate curves. In particular, the method
of Inhomogeneous Transference Principle and Sprindzuk’s method of essential and
inessential domains are used in the proof.
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Introduction and Statements

In 1998 Kleinbock and Margulis [1] established the Baker —Sprindzuk conjecture con-
cerning homogeneous Diophantine approximation on manifolds. An inhomogeneous ver-
sion was then proved by Beresnevich and Velani [2]. The theory of inhomogeneous Dio-
phantine approximation on manifolds was started with the result of V. I. Bernik, D.
Dickinson and M. Dodson [3]. The significantly stronger Groshev type theory for dual
Diophantine approximation on manifolds is established in [4-6] for the homogeneous case
and in [7] for the inhomogeneous case. In all of these results the error function ¥ was
assumed to be monotonic. In 2005 Beresnevich [8] showed that the condition that W is
monotonic could be removed for the Veronese curve V, = ={(z,22,...,2") :x € R}; he
conjectured that the result should also hold for any non-degenerate curve in Euclidean
space. This was proved in [9].

Our main result below is a convergent part of Groshev type theorem for inhomoge-
neous Diophantine approximation on non—degenerate curves in Euclidean space without
monotonicity condition. First some notation is needed. Let F,, be the set of functions

anfn(®) + ...+ a1 fi(x) + ao,
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with n>2, a=(ag,...,a,) € Z"t1\ {0}, and f1, fa,...,fn be C™ functions from R —R
with non—vanishing Wronskian wr(fi,...,f;)(x) almost everywhere. For F € F,, define
the height of F' as H=H(F)= max |a;|. The Lebesgue measure of a measurable set

0<j<n
ACR is denoted by p(A).
Define a real valued function ¥:R™ —R* and a function #:R—R. Denote by L,, o(¥)
the set of x € R such that the inequality

[F(z) +0(z)] < V(H(F)) (1)
has infinitely many solutions F € F,.
The main result of this paper is the following statement.
Theorem 1. Let n>2 and 0:R— R be a function such that § € C™ . Let ¥:RT —R*
be an arbitrary function (not necessarily monotonic) such that the sum ioj h" =YW (h)
converges. Then p(L, ¢(¥))=0. =

Throughout, the Vinogradov symbol < is used so that if K and M are positive real
numbers then K < M means that there exists C >0 such that K <CM. If K < M and
M < K we write K <M.

1 Proof of Theorem 1

First note that since Y h"~1W(h) converges, h"~*W(h) tends to 0 as h— oo. There-
h=1
fore,
U(h) = o(h™ ).
The set S={zeR:wr(f],...,f})(x)=0} is closed and of zero measure. Thus R\ S is open

oo
and therefore an F,, set. We can write R\.S= | [ax,bx]. It is therefore sufficient to prove

the theorem for a closed interval I. Also, since7|wr( f1,.o o, f1)(x)] #0 almost everywhere
we will assume from now on, without loss of generality that

lwr(f1,..., f)(@)] 2 e =¢e(I) >0 (2)

“for all x in such an interval I”. Since the functions f=(fi,..., f,) and 6 are C™ then
we can assume that there exists a constant Ky= Ky (I,f,0) such that

(4) < (4) <
Orgiagnszté}}ﬁf ()| < Kp and Orgiagnszté}?w (z)| < Kp.
Lemma 1 9. If [wr(f],.... f))(@)| > & then |fi(x) fi(x) — fl(x) f;(x)| > grrogen for all
o
i, j in {1,...,n}.
From now on, it is therefore assumed without loss of generality that
2

fi(@) fi(x) = fi(z) f(x)] > 62 =

T Ky
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for all 4,5 €{1,...,n} with i#j.

For the proof of main result we will need some properties of the functions F € F,,. The
following lemma is a modification and combination of Lemmas 2 and 3 of Pyartli, [10].
We are assuming that (2) holds.

Lemma 2 (Borel-Cantelli). Let A; be a family of Lebesgue measurable sets and let

A be the set of points x € R which lie in infinitely many A;. If > p(A;) <oo then
=1
1(Asc) =0.

1.1 The case of small derivative

Proposition 1. Let n>2. Then, u(L1(n,6))=0.

Proof proposition 1. First £1(n,0) is written as a lim sup set. For F € F,
define

B(F)={x€I: |F(z)+0(z) < HF)", |F'(x)+6(z)| < HF)"}.

Then

cn0)=( J U B®),
N

=1t=N FeF}

where
Fl={FeF,, 2 <H(F) <2}

To prove the proposition it will be shown that a larger set (containing £;(n,f)) has
measure zero and then the Inhomogeneous Transference Principle proved in [2] will be
used. The Inhomogeneous Transference Principle allows the transfer of zero measure
statements for homogeneous lim sup sets to inhomogeneous lim sup sets and is described
below.

Inhomogeneous Transference Principle. Most of this section is adapted from [2,
Case BJ. For our purposes the two countable indexing sets T and A from [2] are the sets
T=NU{0} and A=F,. Throughout, J denotes a finite open interval in R with closure
denoted by J. Let H and Z be two maps from (NU{0}) x F,, x RT into the set of open
subsets of R such that

H(t, F,e) =Ti(Fye), Z(t,F,e)=T,(F,e).

For the specific case considered in this article the sets Z{(F,e) and Z}(F,e) are defined as
follows:

TH(F,¢) = {;xe]: |F(x)—|—9(x)|<2t(*n+1)6,|F/(z)+9/(x)|<2—tu€} it FeFt,

else;

and I:|F t(—n+1)c |F/ —tv if F t+1 s
IS(FE){{Q:E | F(x)] <2 o |F'(z)|<27e} if FeUT 7y
’ 0

else.
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Let 6 €R and define the function ¢5(t)=2%. Also, define ® = {¢s: 0<5<v/2}. For
any ¢ € ¢ define
o) = |J Z(Fe) = |J T(F 6)
FeF, FeF:
and denote by Az(¢) the limsup set
= Uz
N=1t=N

Intersection Property: Let ® denote a set of functions ¢:NU{0} —R™. The triple
(H,Z,®) is said to satisfy the intersection property if for any ¢ € ® there exists ¢* € &
such that for all but finitely many ¢t € NU{0} and all distinct F,F € F,

T4(F, (1) N T3(F, 6(1)) € Z(9"). (3)
Contracting Property: Let {k;}.cn be a sequence of positive numbers such that
> k< oo (4)

teNU{0}

The measure p is said to be contracting with respect to (Z,®) if for any ¢ € ® there exists
¢+ €® such that for all but finitely many ¢ and all F € F,, there exists a collection C; g
of balls B centred in J satisfying the following three conditions:

JnZy(Fet)c |J B ()
BeCy,
I U BcZiF et 1),
BeCy r
p(BBNI(F,6(1))) < kepu(55). (6)

We now state the theorem from [2].

Theorem 2 (Inhomogeneous Transference Principle). Suppose that (H,Z,®) satisfies
the intersection property and that p is contracting with respect to (Z,®). If, for all p € D,
w(Ay(4)) =0 then for all p€ @, u(Az(4))=0.

First the contracting and intersection properties are verified and then it will be shown
that p(Ay(¢s)) =0. This will imply using the transference principle that Az(¢s) has
measure zero and further that p(Lq(n,d)) =0 as required.

1.1.1 Verifying the intersection property
Let teNU{0} and F,F € F,, with F # F. Suppose that
@ € Ty (F, 65(t)) N TH(F, 65(t)).-
Then, the inequalities
|F(2)+0(z)| <¢5(6)2"D and  |F(2)+0(x)| < ds(t)2" Y,
[F'(2)+0'(2)| <¢5()27""  and  [F'(2)+6'(x)] < s(t)2""



Diophantine approximation on curves with non-monotonic error function 5

holds. 3
Let R(z)=(F(x)+60(x))— (F(z)+6(z)). Then,

|R(z)| < 2¢5(1)28"FD < g (£) 207+ IR (z)] < 21 ps(t) < 27t ops (1),

for all ¢ > Uﬂ%é and where ¢s5 € ®. Clearly R cannot be constant for n>2 and t> 2, so

t+1
Re |J Fi. Thus, x € Zi(R,¢s (t)) and (3) is satisfied with ¢* = @y
s=0

1.1.2 Verifying the contracting property

The following definition from [1] will be used.

Definition 1. Let C and « be positive numbers and f:I—R be a function defined on
the open interval I CR. Then f is called (C,a)-good on I if, for any open interval B C I

and any € >0,
p{z e B: [f(x)] < €sup [f(@)[}) < Ceu(B).

Several useful facts about (C,«)-good functions are listed below.

Lemma 3. ( [6, Lemma 3.1]) Let I CR and C,a:>0 be given.

(i) If f is (C,a)-good on I then so is Af for any A€ R.

(ii) If f;, i € Iy, are (C,ar)-good on I then so is sup;cp, | fil-

(iii) If f is (C,e)-good on I and ¢1 < gg;;ll <cg forallz€l, then g is (C(ca/c1)%,c)-good
on I.

Lemma 4. [7, Corollary 3] Let U be an open subset of R™, xo €U and let f=(f1,...,fn):
U —R" be n-nondegenerate at xo for some n>2. Let § € C")(U). Then there exists a
neighborhood V C U of xy and a positive constants C' and Hy such that for any a€R"”
satisfying |a| > Hy

(a) ag+a-£+0 is (C,-1-)-good on V for every ag €R, and

(b) [V(a-f+6)] is (C,m)—good onV.

Here V denotes the gradient operator. Note that in the case m =1 the map f is
nondegenerate iff wr(fi,..., f,)(x) #0 almost everywhere.

Lemma 5. [7, Corollary 4] Let U,xo,f and 6 be as in Lemma 4. Then for every suffi-
ciently small neighborhood V C U of xg, there exists Hy>1 such that

inf sup |ag +a - f(x) + 0(x)| > 0.
(a,a0)€R™ T a|>Ho x€V

Since Fy p is a (C,1)-good on 5J for sufficiently large t it follows from (5)—(6), that

p(Ié(F, ds(t)) NHB) < ,u({x €5B: Fyp(x) < 90"t sup Ftp(x)}> < 2*%6'#(53)
z€LB

for sufficiently large t. This verifies (6) with k; :=2-%C and it is easily seen that the
convergence condition (4) is fulfilled.

O
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1.2 The case of big derivative
Proposition 2. Let n>2. Then, u(L2(n,6,%))=0.

Proof. Let F,(H)={Fe€F,: H(F)=H}, then F,= |J Fn(H). Now consider
H=1

F e F,(H) satisfying H~" <|F'(x)+6'(z)|. For the remaining case we need the following.
The set of solutions of (1) in I consists of at most n intervals. Each of these intervals can
be further divided into subintervals on which F’ 46’ is also monotonic (at most n—1 of
them). Each of these new intervals is finally further subdivided into intervals with respect
to the value of F'(z)+6'(x). Any interval on which |F’(x)+6'(x)| < H~" has already been
considered. For F e F,,(H), let I;(F,0) be one of the remaining intervals; thus, on I;(F.,§),
F+6 and F'+0' are monotonic and |F(x)+0(x)| < V(H(F)), H " <|F'(x)+6'(z)| for
all z € I;(F,0). The number of I;(F,0) is clearly finite. Let I;(F,0) denote the closure of
I;(F,0) and a; p denote a point in I;(F,0) such that
[F'(aj,p) +0'(ajp)| = min [F'(z) +0'(z)|.

zel;(F)
For convenience we will use Fy to denote the function F(z)+60(z).

Lemma 6. [10] Let a1,a2>0. Let ¢ be an n-times continuously differentiable function
on (by,by) satisfying 1™ (z)| >ay for all z € (by,by). Then

p({z € (b1,b2) : (x) < az}) < e(n)(az/ar)"/™.
From Lemma 6 we have
p(I;(F,0)) < e(n)W(H)|Fy(ayr)| " (7)

It follows from the choice of a; p that H=V <|Fj(aj r)|.

Now we are ready to complete the proof of Theorem 1. The three remaining cases in
the proof concern different ranges for the size of Fy(c; r).
Case I. For F € F,(H), let o(Fp) be the union of intervals I;(F,6) for which
|Fj ()| >ci HY?. Hence, o(Fp) is the set of x € I which satisfy |Fp(x)| < ¥(H) and = lies
in some interval I;(F,0) for which

|Fy(ojp)| > et H'Y2.

For every F € F,,(H) and every j, where oj p € 0(Fy), and some constant ¢, =co(n) define

the set o1 ;(Fy) of points x € I which satisfy
& — o p| < el Fy(ap)| ™

for aj p € 0(Fy). Let o1(Fy)=Jo1,;(Fp). From (7), for H > Ho(c2)
J

u(o(Fp)) < e(n)ey "W (H)u(o1(Fp))-
For each j with a; p € 0(Fy) develop F as a Taylor series on o1 ;(Fp) so that

Fy(x) = Fy(ayr) + Fylagr)(x — ajr) + F) (&) (z — a; £)?/2,
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where ¢ is between z and «; p. Estimate each term in the above equation to obtain

|Fy(ar)| <VU(H)<c2,  |Fglajr)(z—ajr)|<ce,
|Fy (o) (x— oy p)?| <2nKo H (co| Fy(ajp)| ™) =2nKocse; .

Case II. This time, for F'€ F,,(H) use o(Fy) to denote the union of intervals I;(F,6)
for which 1 <|F'(a; )| <c1H/?. Hence o(Fp) is the set of x € I which satisfy

[Fy(2)] < W(H),
and z lies in some I;(F,8) for which
1< |Fé(0¢j,p)| < ClHl/Z.

Let 02(Fy) =Jo2,;(Fp). It is readily verified that
J

1o (Fp)) < c5'c(n) HY(H)p(o2(Fp)). (®)

First, the essential intervals are investigated. Summing the measure of essential in-

Z Z p(o2,;(Fy)) < |1

FeFn b, (H) joa,j(Fp) essential

tervals gives

From this, (8) and the fact that the number of vectors by is < H" "2, we have

S uleE) < B @)L

by FeF, b, (H)

Finally, we obtain

Z Z Z w(o(Fp)) < oc.

H=1 by FEF, b, (H)

Thus, by the Borel - Cantelli Lemma, the set of points  which belong to infinitely many
essential domains is of measure zero.
Case III. This is very similar to the previous case. For F € F,, (H) use o(Fp) to denote
the union of intervals I;(F,6) for which H™V <|Fj(ajr)| <1 with 0 <v <1/4. Hence
o(Fp) is the set of x € I which satisfy

[Fy(x)] < W(H),
and z lies in some I;(F,8) for which
H™" < |Fy(ajr)| < 1.
Fix the vector b; as above and define the following expansions of I;(F,0):

o3.j(Fp):={xel:dist(z,I;(F.,0)) <C4H71|F’(aj7p)|71}, cq > c(n),
b (Fp):={x €I dist(x,I;(F,0)) <H 'T4/3}.
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From this,
uo(F)) < cte(n)p(os(F)) HY(H), (9)

where o3(Fy)=Jos ;(Fp). It is clear that o3 ;(Fp) C o3 ;(Fy). Moreover, it is easy to see
J

that

03,(Fp) C 03 ;(Fp)

for any F € Fp, (H) with o3 ;(Fp)Nos ;(Fp) #0.
Summing the measures of the essential intervals o3(Fp) gives

oY wlosi(Fe) <1l (10)

FeFnn, (H)jos,;(Fe)
As #b; < H"2, from (9) and (10), we have
(oo} oo
S Y uetr < 3 i < oo
H=1 by FEF, b, (H) H=1

By the Borel — Cantelli Lemma, the set of those x belonging to infinitely many essential
intervals has zero measure.
The proof of the theorem is therefore complete. O
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Figure 1: Example of a picture.

Link to the picture 1 — 1.
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Bydapuna H. B. Heomuopomabie 1ruodaHTOBBI TPUOIMKEHNsT Ha, KPUBBIX C
HEMOHOTOHHO (DyHKIHENl anmpokcuManyu. /lajbHeBOCTOUHbBIH MaTeMaTH-
geckuii >xypHas. 2025. T. 25. Ne 1. C. 1-9.

AHHOTAIIS

B nmanmoit ctaTbe J0Ka3bIBAETCS HEOHOPOIHBIN aHAJIOr TeopeMbl Tuta ['po-
nieBa B CJay4Ya€ CXOAUMOCTHU IJIsd HEBBIPDO2KJIEHHBIX KPHUBBIX B €BKJ/IXJIOBOM
MIPOCTPAHCTBE, KOTrIa (PYHKIIAS ANMPOKCUMAIIAN SIBJIAETCS HE 00s3aTETHHO
moHOoTOHHOI. Harr pesysibrar ecrecTBeHHO BKJIIOUaeT B cebs u obobiaeT
TeopeMy JJisl MEepbl MHO2KECTBa TOYEK HEBBIPO2KICHHBIX KPUBBIX B OJTHOPO/I-
HOM cJydae. B JoKa3zaTebcTBe UCIMOIb3YIOTCS HEOTHOPOIHBIN METOJI Iepe-
HOCA U METOJI, CYIIECTBEHHBIX U HECYIECTBEHHbIX obstacTelt CIpUHIKYKA.

KuroueBnie ciioBa: HeodHopodtbvie duodarmosv, npubiusrcerus, meopema Xum-
YUHG, HEGBIPOHCOCHHAS KPUBAA.
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