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Õàðàêòåðèñòè÷åñêèå ñâîéñòâà ìîäèôèöèðîâàííîãî

ôóíêöèîíàëà Ëàãðàíæà äëÿ êîíòàêòíîé çàäà÷è

òåîðèè óïðóãîñòè ñ çàäàííûì òðåíèåì

Ïîñâÿùàåòñÿ Í.Â. Êóçíåöîâó â ñâÿçè ñ 70-ëåòèåì

Äëÿ ïîëóêîýðöèòèâíîãî êâàçèâàðèàöèîííîãî íåðàâåíñòâà Ñèíüîðèíè èññëåäîâàí ìîäè-

ôèöèðîâàííûé ôóíêöèîíàë Ëàãðàíæà. Ïîêàçàíî ñîâïàäåíèå ìíîæåñòâà ñåäëîâûõ òî÷åê

êëàññè÷åñêîãî è ìîäèôèöèðîâàííîãî ôóíêöèîíàëîâ Ëàãðàíæà.

Êëþ÷åâûå ñëîâà: êâàçèâàðèàöèîííîå íåðàâåíñòâî Ñèíüîðèíè, ôóíêöèîíàë Ëàãðàíæà,

ñåäëîâàÿ òî÷êà.

Ïðè ðåøåíèè ïëîñêîé êîíòàêòíîé çàäà÷è ñ òðåíèåì ìåæäó óïðóãèì òåëîì Ω è àáñî-
ëþòíî òâåðäîé îïîðîé [1, 2] (êâàçèâàðèàöèîííîãî íåðàâåíñòâà Ñèíüîðèíè) (ðèñ. 1) ìåòîäîì
ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé íà êàæäîì øàãå ìåòîäà âîçíèêàåò òàê íàçûâàåìàÿ çàäà÷à
ñ çàäàííûì òðåíèåì [1]. Îíà ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å ìèíèìèçàöèè íåäèôôåðåí-

Ðèñ. 1. Êîíòàêò ìåæäó óïðóãèì òåëîì è àáñîëþòíî òâåðäîé îïîðîé
ñ ó÷åòîì òðåíèÿ

öèðóåìîãî ôóíêöèîíàëà:{
J(v) = 1

2a(v, v) +
∫
Γ1

gk|vt| dΓ −
∫
Ω

F v dΩ −
∫
Γ2

T v dΓ → min

v ∈ K.
(1)

⋆ Òèõîîêåàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, 680035, ã.Õàáàðîâñê, óë.Òèõîîêåàíñêàÿ, 136.
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Çäåñü Ω ∈ R2 � îáëàñòü ñ äîñòàòî÷íî ðåãóëÿðíîé ãðàíèöåé Γ, Γ = Γ0∪Γ1∪Γ2, ãäå Γ0, Γ1, Γ2 �
îòêðûòûå ïîïàðíî íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà Γ, ïðè÷åì mes(Γ0) > 0, mes(Γ1) > 0;
F = (f1, f2) � îáúåìíàÿ ñèëà, T = (T1, T2) � áîêîâîå óñèëèå, gk � çàäàííàÿ ñèëà òðåíèÿ,
gk ≥ 0 íà Γ1; a(u, v) � áèëèíåéíàÿ ôîðìà, îïðåäåëåííàÿ íà [W 1

2 (Ω)]2× [W 1
2 (Ω)]2 ñëåäóþùèì

îáðàçîì:

a(u, v) =

∫
Ω

σij(u)εij(v) dΩ =

∫
Ω

cijkmεkm(u)εij(v) dΩ, (2)

ãäå εkm(v) = 1
2

(
∂vi
∂xj

+
∂vj
∂xi

)
� êîìïîíåíòû òåíçîðà äåôîðìàöèé, σij(v) = cijkmεkm(v) �

êîìïîíåíòû òåíçîðà íàïðÿæåíèé, ôóíêöèè cijpm ∈ L∞(Ω), i, j, m, p = 1, 2; F = (f1, f2) ∈
[L2(Ω)]2; T = (T1, T2) ∈ [L2(Γ2)]

2, ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîâîäèòñÿ ñóììèðîâàíèå.
Ïóñòü n = (n1, n2) � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ãðàíèöû Γ, un è ut � íîð-

ìàëüíàÿ è òàíãåíöèàëüíàÿ ñîñòàâëÿþùèå âåêòîðà ïåðåìåùåíèé u, σi = σijnj , σ = (σ1, σ2),
σn = σijninj , σt = σ − σnn;

×åðåç K îáîçíà÷åíî ìíîæåñòâî ôóíêöèé

K = {v ∈ W : vn ≤ 0 íà Γ1} , (3)

ãäå
W =

{
v ∈ [W 1

2 (Ω)]2 : vn ≡ v2 = 0 íà Γ0

}
. (4)

Ïðè ãåîìåòðèè îáëàñòè Ω, ïîêàçàííîé íà ðèñóíêå 1, ìèíèìèçèðóåìûé ôóíêöèîíàë J(v)
â (1) íå îáëàäàåò ñâîéñòâîì ñèëüíîé âûïóêëîñòè íà âñåì ïðîñòðàíñòâå W . ßäðî R áèëè-
íåéíîé ôîðìû

a(u, v) =

∫
Ω

cijpmεij(u)εpm(v) dΩ

íå ÿâëÿåòñÿ òðèâèàëüíûì è ñîñòîèò èç âåêòîð-ôóíêöèé ρ = (a, 0), ãäå a � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ.

Â [5] ïîêàçàíî, ÷òî èç óñëîâèÿ ∫
Ω

f1 dΩ +

∫
Γ2

T1 dΓ > 0 (5)

ñëåäóåò
J(v) → +∞ ïðè ∥v∥[W 1

2 (Ω)]2 → ∞ ∀v ∈ K, (6)

÷òî îáåñïå÷èâàåò ðàçðåøèìîñòü çàäà÷è (1).
Â äàëüíåéøåì èçëîæåíèè ïðåäïîëàãàåì, ÷òî ðåøåíèå u ∈ K çàäà÷è (1) ñóùåñòâóåò è

ïðèíàäëåæèò êëàññó [W 2
2 (Ω)]2.

Íà ìíîæåñòâå W × L2(Γ1) îïðåäåëèì êëàññè÷åñêèé ôóíêöèîíàë Ëàãðàíæà

L(v, l) = J(v) +

∫
Γ1

lvn dΓ. (7)

Îáîçíà÷èì ÷åðåç (L2(Γ1))
+ ìíîæåñòâî íåîòðèöàòåëüíûõ íà Γ1 ôóíêöèé, èíòåãðèðóåìûõ

ñî ñâîèì êâàäðàòîì.
Â [5] ïîêàçàíî, ÷òî åñëè ðåøåíèå u âñïîìîãàòåëüíîé çàäà÷è (1) ïðèíàäëåæèò ïðîñòðàí-

ñòâó [W 2
2 (Ω)]2 è mes{x ∈ Γ1 : σn(u) < 0} > 0, òî u ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

(1), à ïàðà (u,−σn(u)) � åäèíñòâåííîé ñåäëîâîé òî÷êîé ôóíêöèîíàëà Ëàãðàíæà L(v, l), òî
åñòü âûïîëíåíî äâóñòîðîííåå íåðàâåíñòâî

L(u, l) ≤ L(u,−σn(u)) ≤ L(v,−σn(u)) ∀(v, l) ∈ W × (L2(Γ1))
+. (8)
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Èçâåñòíûå èòåðàöèîííûå ìåòîäû ïîèñêà ñåäëîâîé òî÷êè, îñíîâàííûå íà êëàññè÷åñêîì ôóíê-
öèîíàëå Ëàãðàíæà (7), íå îáëàäàþò ñâîéñòâîì ñõîäèìîñòè, åñëè ÿäðî R íå ÿâëÿåòñÿ òðè-
âèàëüíûì [3], [4]. Äëÿ ïðåîäîëåíèÿ ýòîãî çàòðóäíåíèÿ ïîñòðîèì íåêîòîðóþ ìîäèôèêàöèþ
ôóíêöèîíàëà Ëàãðàíæà.

Íà ïðîñòðàíòâå W × L2(Γ1) × L2(Γ1) ðàññìîòðèì ôóíêöèîíàë [5]

K(v, l,m) =

{
J(v) + 1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ åñëè vn ≤ m íà Γ1,

+∞ â ïðîòèâíîì ñëó÷àå,

ãäå r > 0 � ïîñòîÿííàÿ.
Îïðåäåëèì ìîäèôèöèðîâàííûé ôóíêöèîíàë Ëàãðàíæà

M(v, l) = inf
m
K(v, l,m). (9)

Ïàðà (v∗, l∗) íàçûâàåòñÿ ñåäëîâîé òî÷êîé ìîäèôèöèðîâàííîãî ôóíêöèîíàëà Ëàãðàíæà
M(v, l), åñëè âûïîëíÿþòñÿ íåðàâåíñòâà

M(v∗, l) ≤M (v∗, l∗) ≤M (v, l∗) ∀ v ∈ W, ∀ l ∈ L2(Γ1).

Èññëåäóåì ñâîéñòâà ìîäèôèöèðîâàííîãî ôóíêöèîíàëà Ëàãðàíæà.
Î÷åâèäíî, ÷òî

M(v, l) = inf
m
K(v, l,m) = inf

vn≤m

J(v) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 =

= J(v) +
1

2r
inf

vn≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

= J(v) +
1

2r

∫
Γ1

((
(l + r vn)+

)2 − l2
)
dΓ. (10)

Îïðåäåëèì ôóíêöèîíàë

M(l) = inf
v
M(v, l) = inf

v
inf
m
K(v, l,m) =

= inf
v

J(v) +
1

2r

∫
Γ1

((
(l + r vn)+

)2 − l2
)
dΓ

 . (11)

Òàê êàê
inf
v

inf
m
K(v, l,m) = inf

m
inf
v
K(v, l,m),

òî
M(l) = inf

v
M(v, l) = inf

m
inf
v
K(v, l,m) =

= inf
m

inf
vn≤m

J(v) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 =

= inf
m

 inf
vn≤m

J(v) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 =
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= inf
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 , (12)

ãäå χ(m) = inf
vn≤m

J(v). Òàêèì îáðàçîì, ôóíêöèîíàë M(l) ìîæåò áûòü ïðåäñòàâëåí äâóìÿ

ñïîñîáàìè:

M(l) = inf
v

J(v) +
1

2r

∫
Γ1

([
(l + rvn)+

]2 − l2
)
dΓ

 , (13)

M(l) = inf
q

χ(q) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 . (14)

Èçâåñòíî, ÷òî äëÿ ëþáîãî m ∈ L2(Γ1) ïðè âûïîëíåíèè óñëîâèÿ (5) çàäà÷à{
J(v) → min,
vn ≤ m

ðàçðåøèìà [5].
Ïîêàæåì, ÷òî χ(m) � âûïóêëàÿ ôóíêöèÿ. Äåéñòâèòåëüíî, ïóñòü χ(m1) = J(v1), χ(m2) =

J(v2). Äëÿ 0 < λ < 1

γ ((1 − λ)v1 + λv2) = (1 − λ)γv1 + λγv2 ≥ −(1 − λ)m1 − λm2,

−γ ((1 − λ)v1 + λv2) ≤ (1 − λ)m1 + λm2.

Ïîýòîìó
χ((1 − λ)m1 + λm2) = inf

vn≤(1−λ)m1+λm2

J(v) ≤

≤ J((1 − λ)v1 + λv2) ≤ (1 − λ)J(v1) + λJ(v2) =

= (1 − λ)χ(m1) + λχ(m2),

ò.å. χ(m) � âûïóêëûé êîíå÷íîçíà÷íûé ôóíêöèîíàë íà L2(Γ1). Òîãäà

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

ÿâëÿåòñÿ ñèëüíî âûïóêëûì ôóíêöèîíàëîì â L2(Γ1) è çàäà÷à (12) ðàçðåøèìà, òî åñòü äëÿ
ëþáîãî l ∈ L2(Γ1) ñóùåñòâóåò m(l) òàêîé, ÷òî

M(l) = inf
m

χ(m) +
1

2r

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 = χ(m(l)) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ.

Îáîçíà÷èì
v(l) = arg min

vn≤m(l)
J(v).

Òîãäà

M(l) = inf
vn≤m(l)

J(v) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ =

= J(v(l)) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ = K(v(l), l,m(l)).
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Ñ äðóãîé ñòîðîíû, èç (11) âûòåêàåò

inf
v

J(v) +
1

2r

∫
Γ1

((
(l + r vn)+

)2 − l2
)
dΓ

 =

= inf
v

J(v) +
1

2r
inf

vn≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 =

= inf
v

inf
m
K(v, l,m) = inf

m
inf
v
K(v, l,m) = K(v(l), l,m(l)) =

= J(v(l)) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ =

= J(v(l)) +
1

2r
inf

vn(l)≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ. (15)

Ïîñëåäíåå ðàâåíñòâî â (15) äîêàçûâàåòñÿ îò ïðîòèâíîãî. Ïóñòü

J(v(l)) +
1

2r
inf

vn(l)≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ < J(v(l)) +

1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ.

Òîãäà

J(v(l)) +
1

2r

∫
Γ1

(
(l + rm(l))2 − l2

)
dΓ = inf

v

J(v) +
1

2r
inf

vn≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 >

> J(v(l)) +
1

2r
inf

vn(l)≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ ≥ inf

v

J(v) +
1

2r
inf

vn≤m

∫
Γ1

(
(l + rm)2 − l2

)
dΓ

 .

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò (15). Ðàâåíñòâî (15) îçíà÷àåò, ÷òî çàäà÷à (11) ðàçðå-
øèìà è åå ðåøåíèå åñòü v(l).

Ðàññìîòðèì çàäà÷ó {
M(l) → max,
l ∈ L2(Γ1),

(16)

êîòîðóþ íàçîâåì äâîéñòâåííîé ê çàäà÷å (1).
Ââåäåì ôóíêöèîíàë

M(v) = sup
l∈L2(Γ1)

M(v, l) ∀v ∈ [W 1
2 (Ω)]2.

Ïðåäïîëîæèì, ÷òî vn ≤ 0. Òîãäà K(v, l, 0) = J(v) äëÿ ëþáûõ l ∈ L2(Γ1), è ïîýòîìó

M(v, l) = inf
m∈L2(Γ1)

K(v, l,m) ≤ J(v) ∀v ∈ K.

Ñëåäîâàòåëüíî,
M(v) = sup

l∈L2(Γ1)
M(v, l) ≤ J(v) ∀v ∈ K. (17)

Åñëè vn ≤ m, òî

K(v, 0,m) = J(v) +
r

2

∫
Γ1

m2 dΓ.
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Ïîýòîìó äëÿ âñåõ v ∈ [W 1
2 (Ω)]2 ñïðàâåäëèâî

M(v, 0) = inf
m∈L2(Γ1)

K(v, 0,m) = inf
vn≤m

K(v, 0,m) =

= inf
vn≤m

J(v) +
r

2

∫
Γ1

m2 dΓ

 = J(v) +
r

2
inf

vn≤m

∫
Γ1

m2 dΓ ≥ J(v).

Òîãäà
M(v) = sup

l∈L2(Γ1)
M(v, l) ≥M(v, 0) ≥ J(v) ∀v ∈ [W 1

2 (Ω)]2. (18)

Èç (17), (18) âûòåêàåò
M(v) = J(v) ∀v ∈ K. (19)

Òåïåðü ðàññìîòðèì ôóíêöèþ

K̃(v, l,m) =

{
J(v) +

∫
Γ1

l mdΓ, åñëè vn ≤ m ï.â. íà Γ1,

+∞ â ïðîòèâíîì ñëó÷àå.

Òîãäà äëÿ l ∈ (L2(Γ1))
+

inf
m∈L2(Γ1)

K̃(v, l,m) = J(v) +

∫
Γ1

l mdΓ = L(v, l).

Î÷åâèäíî, ÷òî
K(v, l,m) ≥ K̃(v, l,m),

è ïîýòîìó äëÿ l ∈ (L2(Γ1))
+

M(v, l) ≥ L(v, l).

Ñëåäîâàòåëüíî, M(v) ≥ L(v), ãäå L(v) = sup
l∈(L2(Γ1))+

L(v, l).

Åñëè v ∈/ K, òî

L(v) = sup
l∈(L2(Γ1))+

L(v, l) = sup
l∈(L2(Γ1))+

J(v) +

∫
Γ1

l vn dΓ

 = +∞, (20)

è çíà÷èò, M(v) = +∞ äëÿ ëþáîãî v ∈/ K.
Èç (19), (20) òåïåðü ñëåäóåò

M(v) =

{
J(v), ïðè v ∈ K,
+∞ ïðè v ∈/ K.

Ïîýòîìó èñõîäíóþ çàäà÷ó (1) ìîæíî ïðåäñòàâèòü â âèäå{
M(v) − min,
v ∈ [W 1

2 (Ω)]2.
(21)

Î÷åâèäíî, ÷òî
inf

v∈[W 1
2 (Ω)]2

sup
l∈L2(Γ1)

M(v, l) ≥ sup
l∈L2(Γ1)

inf
v∈[W 1

2 (Ω)]2
M(v, l),

inf
v∈[W 1

2 (Ω)]2
M(v) ≥ sup

l∈L2(Γ1)
M(l). (22)
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Èç íåðàâåíñòâà (22) âûòåêàåò, ÷òî åñëè äëÿ íåêîòîðîé ïàðû (v∗, l∗) ∈ [W 1
2 (Ω)]2 ×L2(Γ1)

âûïîëíÿåòñÿ ðàâåíñòâî M(v∗) = M(l∗), òî v∗ è l∗ åñòü ðåøåíèÿ çàäà÷ (21) è (16) ñîîòâåò-
ñòâåííî.

Î÷åâèäíî, ÷òî (v∗, l∗) ÿâëÿåòñÿ ñåäëîâîé òî÷êîé ôóíêöèîíàëàM(v, l) è, íàîáîðîò, âñÿêàÿ
ñåäëîâàÿ òî÷êà ôóíêöèîíàëà M(v, l) ñîîòâåòñòâóåò ðåøåíèÿì çàäà÷ (21) è (16).

Äëÿ õàðàêòåðèñòèêè ñåäëîâûõ òî÷åê ìîäèôèöèðîâàííîãî ôóíêöèîíàëà Ëàãðàíæà âàæ-
íóþ ðîëü èãðàåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ òîãî ÷òîáû (v∗, l∗) ∈ [W 1
2 (Ω)]2×L2(Γ1) áûëà ñåäëîâîé òî÷êîé ôóíêöè-

îíàëàM(v, l), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû v∗ áûëî ðåøåíèåì çàäà÷è (21) è äëÿ ëþáûõ

m ∈  L âûïîëíÿëîñü íåðàâåíñòâî

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ ≥ χ(0).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñíà÷àëà äîêàæåì íåîáõîäèìîñòü. Ïóñòü (v∗, l∗) ∈ [W 1
2 (Ω)]2 ×

L2(Γ1) åñòü ñåäëîâàÿ òî÷êà ôóíêöèîíàëà M(v, l). Ýòî îçíà÷àåò, ÷òî

sup
l∈L2(Γ1)

M(v∗, l) =M(v∗, l∗) = inf
v∈[W 1

2 (Ω)]2
M(v, l∗),

M(v∗) =M(l∗).

Îòñþäà è èç (22) ñëåäóåò, ÷òî v∗ åñòü ðåøåíèå çàäà÷è (21), à l∗ åñòü ðåøåíèå çàäà÷è (16).
Ñëåäîâàòåëüíî,

M(l∗) =M(v∗) = min
v∈K

J(v) = χ(0).

Ýòî îçíà÷àåò, ÷òî

inf
m∈L2(Γ1)

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ

 = χ(0),

òî åñòü

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ ≥ χ(0) ∀m ∈ L2(Γ1).

Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó äîñòàòî÷íîñòè. Ïóñòü v∗ åñòü ðåøåíèå çàäà÷è (21) è

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ ≥ χ(0) ∀m ∈ L2(Γ1).

Òîãäà

M(l∗) = inf
m∈L2(Γ1)

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ

 ≥ χ(0) =M(v∗).

Èç (22) âûòåêàåò M(v) ≥M(l) äëÿ âñåõ v ∈ [W 1
2 (Ω)]2 è l ∈ L2(Γ1). Ïîýòîìó M(v∗) =M(l∗),

è ñëåäîâàòåëüíî, v∗ è l∗ åñòü ðåøåíèÿ çàäà÷ (21) è (16) ñîîòâåòñòâåííî.
Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü òî÷êà (v∗, l∗), ïðèíàäëåæàùàÿ [W 1
2 (Ω)]2 × L2(Γ1), ÿâëÿåòñÿ ñåä-

ëîâîé òî÷êîé ôóíêöèîíàëà Ëàãðàíæà L(v, l). Òîãäà (v∗, l∗) áóäåò ñåäëîâîé òî÷êîé è äëÿ

ìîäèôèöèðîâàííîãî ôóíêöèîíàëà M(v, l).
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Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê òî÷êà (v∗, l∗), ïðèíàäëåæàùàÿ [W 1
2 (Ω)]2 × L2(Γ1),

ÿâëÿåòñÿ ñåäëîâîé òî÷êîé ôóíêöèîíàëà Ëàãðàíæà L(v, l), òî

L(v∗, l) ≤ L(v∗, l∗) ≤ L(v, l∗) v ∈ [W 1
2 (Ω)]2, l ∈ (L2(Γ1))

+.

Ýòî îçíà÷àåò, ÷òî

sup
l∈(L2(Γ1))+

L(v∗, l) = L(v∗, l∗) = inf
v∈[W 1

2 (Ω)]2
L(v, l∗),

L(v∗) = L(v∗, l∗) = L(l∗),

ãäå, ïî îïðåäåëåíèþ,

L(v) = sup
l∈(L2(Γ1))+

L(v, l), L(l) = inf
v∈[W 1

2 (Ω)]2
L(v, l).

Ñëåäîâàòåëüíî,

L(v∗) = sup
l∈(L2(Γ1))+

J(v∗) +

∫
Γ1

l v∗n dΓ

 = J(v∗) = χ(0).

L(l∗) = inf
v∈[W 1

2 (Ω)]2
L(v, l∗) = inf

v∈[W 1
2 (Ω)]2

inf
m∈L2(Γ1)

K̃(v, l∗,m) =

= inf
m∈L2(Γ1)

inf
v∈[W 1

2 (Ω)]2
K̃(v, l∗,m) = inf

vn≤m
inf

v∈[W 1
2 (Ω)]2

J(v∗) +

∫
Γ1

l∗mdΓ

 =

= inf
m∈L2(Γ1)

χ(m) +

∫
Γ1

l∗mdΓ

 .

Ïîýòîìó

χ(0) = inf
m∈L2(Γ1)

χ(m) +

∫
Γ1

l∗mdΓ

 ,

èëè

χ(m) +

∫
Γ1

l∗mdΓ ≥ χ(0) ∀m ∈ L2(Γ1).

Òàê êàê v∗ åñòü ðåøåíèå çàäà÷è (21) è

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ ≥ χ(m) +

∫
Γ1

l∗mdΓ ≥ χ(0),

òî èç òåîðåìû 1 ñëåäóåò, ÷òî (v∗, l∗) ÿâëÿåòñÿ ñåäëîâîé òî÷êîé äëÿ ôóíêöèîíàëà M(v, l).
Òåîðåìà äîêàçàíà.

Òåîðåìà 3. Ïóñòü (v∗, l∗) � ñåäëîâàÿ òî÷êà ôóíêöèîíàëà M(v, l). Òîãäà (v∗, l∗) ÿâëÿ-
åòñÿ ñåäëîâîé òî÷êîé ôóíêöèîíàëà L(v, l).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî −l∗ ∈ ∂χ(0), ãäå ∂χ(0) � ñóáäèôôåðåíöè-
àë ôóíêöèè χ(m) â òî÷êå m = 0. Åñëè èñõîäèòü èç îïðåäåëåíèÿ ñóáäèôôåðåíöèàëà, ýòî
îçíà÷àåò, ÷òî

χ(m) − χ(0) ≥ −
∫
Γ1

l∗mdΓ m ∈ L2(Γ1),
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χ(m̄) +

∫
Γ1

l∗ m̄ dΓ ≥ χ(0) m ∈ L2(Γ1).

Ïóñòü, íàïðîòèâ, −l∗ ∈/ ∂χ(0). Òîãäà íàéäåòñÿ òàêîé ýëåìåíò m̄ ∈ L2(Γ1), ÷òî

χ(m̄) +

∫
Γ1

l∗ m̄ dΓ < χ(0). (23)

Îáîçíà÷èì ζ = χ(0)−χ(m̄)−
∫
Γ1

l∗ m̄ dΓ > 0 è m(λ) = λm̄+(1−λ) ·0, 0 < λ < 1. Ïî òåîðåìå 1

χ(m) +

∫
Γ1

l∗mdΓ +
r

2

∫
Γ1

m2 dΓ ≥ χ(0) m ∈ L2(Γ1).

Ïîýòîìó ïðè m = λm̄

χ(0) ≤ χ(m(λ)) + λ

∫
Γ1

l∗ m̄ dΓ +
rλ2

2

∫
Γ1

m̄2 dΓ ≤

≤ λχ(m̄) + (1 − λ)χ(0) + λ

∫
Γ1

l∗ m̄ dΓ +
rλ2

2

∫
Γ1

m̄2 dΓ =

= λ

χ(m̄) − χ(0) +

∫
Γ1

l∗ m̄ dΓ

 + χ(0) +
rλ2

2

∫
Γ1

m̄2 dΓ,

λ

χ(0) − χ(m̄) −
∫
Γ1

l∗ m̄ dΓ

 ≤ rλ2

2

∫
Γ1

m̄2 dΓ,

χ(0) − χ(m̄) −
∫
Γ1

l∗ m̄ dΓ ≤ rλ

2

∫
Γ1

m̄2 dΓ.

Îòñþäà è èç (23) âûòåêàåò, ÷òî

0 < ζ ≤ rλ

2

∫
Γ1

m̄2 dΓ.

Óñòðåìëÿÿ λ ê íóëþ, ïîëó÷èì 0 < ζ ≤ 0. Ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî −l∗ ∈ ∂χ(0), ò.å.

χ(m) +

∫
Γ1

l∗mdΓ ≥ χ(0) m ∈  L. (24)

Îòñþäà ñëåäóåò, ÷òî ∫
Γ1

l∗mdΓ ≥ χ(0) − χ(m) m ≥ 0.

Òåì ñàìûì ïîêàçàíî, ÷òî l ∈ (L2(Γ1))
+. Îòñþäà ñëåäóåò

L(l∗) = inf
v∈[W 1

2 (Ω)]2
L(v, l∗) = inf

v∈[W 1
2 (Ω)]2

χ(m) +

∫
Γ1

l∗mdΓ

 .
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Òîãäà èç (24)
L(l∗) ≥ χ(0).

Òàê êàê ïî òåîðåìå 1 ýëåìåíò v∗ åñòü ðåøåíèå çàäà÷è (21),

L(v∗) = sup
l∈(L2(Γ1))+

L(v∗, l) =

= sup
l∈(L2(Γ1))+

J(v∗) −
∫
Γ1

l γv∗ dΓ

 = J(v∗) = χ(0).

Ïîýòîìó
χ(0) = L(v∗) ≥ L(l∗) ≥ χ(0), òî åñòü L(v∗) = L(l∗).

Ñëåäîâàòåëüíî, (v∗, l∗) åñòü ñåäëîâàÿ òî÷êà ôóíêöèîíàëà L(v, l).
Òåîðåìà äîêàçàíà.

Èç òåîðåì 2 è 3 âûòåêàåò, ÷òî ìíîæåñòâî ñåäëîâûõ òî÷åê ôóíêöèîíàëà Ëàãðàíæà L(v, l)
ñîâïàäàåò ñî ìíîæåñòâîì ñåäëîâûõ òî÷åê ìîäèôèöèðîâàííîãî ôóíêöèîíàëà ËàãðàíæàM(v, l).
Äëÿ ïîèñêà ñåäëîâûõ òî÷åê ìîäèôèöèðîâàííîãî ôóíêöèîíàëà M(v, l) ìîãóò áûòü ïîñòðîå-
íû ýôôåêòèâíûå èòåðàöèîííûå ïðîöåññû.

Ñïèñîê ëèòåðàòóðû

1. Ãëàâà÷åê È., Ãàñëèíãåð ß., Íå÷àñ È., Ëîâèøåê ß. Ðåøåíèå âàðèàöèîííûõ íåðàâåíñòâ â
ìåõàíèêå. � Ì.: Ìèð, 1986. � 270 ñ.

2. Kikuchi N., Oden T. Contact problem in elasticity: a study of variational inequalities and
�nite element methods. � Philadelphia: SIAM, 1988. � 495 c.

3. Ãëîâèíñêè Ð., Ëèîíñ Æ.Ë., Òðåìîëüåð Ð. ×èñëåííîå èññëåäîâàíèå âàðèàöèîííûõ íåðà-
âåíñòâ. � Ì.: Ìèð, 1979. � 576 ñ.

4. Glowinski R. Numerical methods for nonlinear variational problems. New York: Springer,
1984. � 493 p.

5. Âèõòåíêî Ý.Ì., Íàìì Ð.Â. Ñõåìà äâîéñòâåííîñòè äëÿ ðåøåíèÿ ïîëóêîýðöèòèâíîé çà-
äà÷è Ñèíüîðèíè ñ òðåíèåì. //Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ôèçèêè. � 2007. � Ò.47. � � 12. � Ñ. 2023-2036.

Ïðåäñòàâëåíî â Äàëüíåâîñòî÷íûé ìàòå-
ìàòè÷åñêèé æóðíàë 15 ìàÿ 2009 ã.

Vikhtenko E.M., Namm R.V. On a characteristic properties of modi�ed Lagrangian
functional in a problem of elasticity with a given friction. Far Eastern Mathematical
Journal. 2009. V. 9. � 1�2. P. 38�47.

ABSTRACT

The modi�ed Lagrangian functional was investigated for Semicoercive Quasi-
Variational Signorini Inequality. It wa shown that the sets of saddle points of classical
and modi�ed Lagrangian functionals are the same.
Key words: Semicoercive Quasi-Variational Signorini Inequality, Lagrangian func-

tional, saddle point


