
ÄÀËÜÍÅÂÎÑÒÎ×ÍÛÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÆÓÐÍÀË. 2009. Òîì 9. � 1�2. C. 94�104

ÓÄÊ 517.9
MSC2000 49K20

c⃝ Î.Ñ. Êîëåñîâà⋆

Ñèíòåç îïòèìàëüíîãî óïðàâëåíèÿ ÌÃÄ òå÷åíèåì

Ãàðòìàíà

Ïîñâÿùàåòñÿ Í.Â. Êóçíåöîâó â ñâÿçè ñ 70-ëåòèåì

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ìîäåëè îäíîìåðíîãî ìàãíèòî-
ãèäðîäèíàìè÷åñêîãî òå÷åíèÿ ìåæäó ïàðàëëåëüíûìè ïëîñêîñòÿìè (òå÷åíèå Ãàðòìàíà).
Â êà÷åñòâå óïðàâëåíèÿ âûáèðàåòñÿ ïåðåïàä äàâëåíèÿ íà åäèíèöó äëèíû êàíàëà. Ïî-
ëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îïòèìàëüíîñòè. Íàéäåíî ïðåäñòàâëåíèå
îïòèìàëüíîãî óïðàâëåíèÿ â âèäå îáðàòíîé ñâÿçè.

Êëþ÷åâûå ñëîâà:ÌÃÄ òå÷åíèå, çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, óïðàâëåíèå ñ îáðàò-

íîé ñâÿçüþ.

1. Ïîñòàíîâêà çàäà÷è óïðàâëåíèÿ

Ðàññìîòðèì ñèñòåìó óðàâíåíèé, îïèñûâàþùèõ â áåçðàçìåðíûõ ïåðåìåííûõ îäíîìåðíîå
ÌÃÄ òå÷åíèå Ãàðòìàíà

u̇− νuxx = −f + SβBx, x ∈ (0, 1), t ∈ (0, T ), (1)

Ḃ − νmBxx = βux. (2)

Ê ñèñòåìå (1)�(2) äîáàâëÿåì íà÷àëüíûå è êðàåâûå óñëîâèÿ:

u|x=0 = 0, u|x=1 = 0, u|t=0 = u0, (3)

Bx|x=0 = 0, Bx|x=1 = 0, B|t=0 = B0. (4)

Çäåñü u = u(x, t) � ñêîðîñòü òå÷åíèÿ, B = B(x, t) � ìàãíèòíàÿ èíäóêöèÿ, β = const � èí-
äóêöèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ, f = f(t) � ïåðåïàä äàâëåíèÿ íà åäèíèöó äëèíû êàíàëà,
ν = 1/Re, νm = 1/Rem, S = M2/(ReRem), ãäå Re � ÷èñëî Ðåéíîëüäñà, Rem � ìàãíèòíîå
÷èñëî Ðåéíîëüäñà, M � ÷èñëî Ãàðòìàíà. ×åðåç u̇, Ḃ îáîçíà÷èì ÷àñòíûå ïðîèçâîäíûå ïî
âðåìåíè t, à ÷åðåç ux, Bx, uxx, Bxx � ïåðâûå è âòîðûå ÷àñòíûå ïðîèçâîäíûå ïî x. Íóëåâûå
êðàåâûå óñëîâèÿ äëÿ ñêîðîñòè ñîîòâåòñòâóþò óñëîâèþ ïðèëèïàíèÿ íà òâåðäûõ ïîâåðõíî-
ñòÿõ.

Ñèñòåìà ñëåäóåò èç óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè âÿçêîé íåñæèìàåìîé æèäêî-
ñòè ïðè ìîäåëèðîâàíèè òå÷åíèÿ ìåæäó ïàðàëëåëüíûìè ïëîñêîñòÿìè, ãäå âåêòîðû ñêîðîñòè
è ìàãíèòíîãî ïîëÿ ïåðïåíäèêóëÿðíû [1].

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé (1)�(2). Â êà÷åñòâå óïðàâ-
ëåíèÿ âûáèðàåòñÿ ïåðåïàä äàâëåíèÿ íà åäèíèöó äëèíû êàíàëà f = f(t).

⋆ Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè Äàëüíåâîñòî÷íîãî Îòäåëåíèÿ ÐÀÍ, 690041, Âëàäèâîñòîê,

óë.Ðàäèî, 7. Ýëåêòðîííàÿ ïî÷òà: best_olga@bk.ru
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Â äàëüíåéøåì, íå íàðóøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ïàðàìåòð S = 1, ïîñêîëüêó
âñåãäà ìîæíî ñäåëàòü çàìåíó: B =

√
SB, β =

√
Sβ, B0 =

√
SB0.

Ïóñòü Uad ⊂ L2(0, T ) � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé. Çàäà÷à óïðàâëåíèÿ ñîñòîèò
â íàõîæäåíèè ôóíêöèè f ∈ Uad òàêîé, ÷òî ôóíêöèîíàë

J =
µ

2

1∫
0

(u2(x, T ) +B2(x, T ))dx+

+
1

2

T∫
0

1∫
0

[(u(x, t)− ud(x, t))
2 + (B(x, t)−Bd(x, t))

2]dxdt (5)

ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå íà ðåøåíèÿõ ñèñòåìû (1)�(4). Çäåñü ud, Bd � çàäàííûå
ôóíêöèè.

Â ðàáîòå äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è, à
òàêæå ïîëó÷åíà ñèñòåìà îïòèìàëüíîñòè äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è. Íà îñíîâå ðàç-
âèòèÿ ìåòîäà èç [2] äëÿ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè ïîñòðîåí ñèíòåç îïòè-
ìàëüíîãî óïðàâëåíèÿ. Ðàçëè÷íûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (1)�(2)
ðàññìîòðåíû â [3], [4].

2. Ïðîñòðàíñòâà è îïåðàòîðû

Ñâåäåì íà÷àëüíî-êðàåâóþ çàäà÷ó (1)�(4) ê çàäà÷å Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ñ îïåðàòîðíûìè êîýôôèöèåíòàìè. Äëÿ ýòîãî ðàññìîòðèì ñëåäóþùèå ïðîñòðàíñòâà:
H = L2(0, 1) � ïðîñòðàíñòâî ôóíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì íà èíòåðâàëå (0,1);
V1 = H1

0 (0, 1)� ïîäïðîñòðàíñòâî âH1(0, 1), ñîñòîÿùåå èç ôóíêöèé, ïðèíèìàþùèõ íà êîíöàõ
îòðåçêà íóëåâûå çíà÷åíèÿ; V2 = H1(0, 1) � ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç ôóíêöèé,
èíòåãðèðóåìûõ ñ êâàäðàòîì âìåñòå ñ ïåðâîé ïðîèçâîäíîé. Îáîçíà÷èì ÷åðåç | · |, ∥ · ∥1, ∥ · ∥2
íîðìû â H,V1 è V2 ñîîòâåòñòâåííî. Îòîæäåñòâèì ïðîñòðàíñòâî H ñ ñîïðÿæåííûì ñ íèì
ïðîñòðàíñòâîì H ′. Îáîçíà÷èì ÷åðåç V ′

1 è V
′
2 ïðîñòðàíñòâà, ñîïðÿæåííûå ñ V1 è V2 ñîîòâåò-

ñòâåííî. Òîãäà V1 ⊂ V2 ⊂ H = H ′ ⊂ V ′
2 ⊂ V ′

1 . Îïðåäåëèì ñêàëÿðíûå ïðîèçâåäåíèÿ â H,V1 è
V2 ñîîòâåòñòâåííî:

(u, v) =

1∫
0

uvdx, (u, v)1 =

1∫
0

uxvxdx, (u, v)2 = (u, v) + (u, v)1.

Ïóñòü W = V1 × V2, H = H ×H. Íîðìû â ïðîñòðàíñòâàõ H è W îïðåäåëèì ðàâåíñòâàìè

∥y∥2H = |u|2 + |B|2, ∥y∥2W = ∥u∥21 + ∥B∥22 = |ux|2 + |Bx|2 + |B|2, y = {u,B}.

Â äàëüíåéøåì ÷åðåç Lp(0, T ;X) (ñîîòâåòñòâåííî C([0, T ];X)), ãäå X � áàíàõîâî ïðîñòðàí-
ñòâî, áóäåì îáîçíà÷àòü ïðîñòðàíñòâî Lp (ñîîòâåòñòâåííî � êëàññ C) ôóíêöèé, îïðåäåëåí-
íûõ íà [0, T ], ïðèíèìàþùèõ çíà÷åíèÿ â X. Îïðåäåëèì òàêæå ïðîñòðàíñòâî ðåøåíèé çàäà÷è
(1)�(4):

Y = {y ∈ L2(0, T ;W ), ẏ ∈ L2(0, T ;W ′)},

∥y∥Y = ∥y∥2L2(0,T ;W ) + ∥y∥2L2(0,T ;W ′) =

T∫
0

∥y(t)∥2Wdt+
T∫
0

∥y(t)∥2W ′dt.
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Ââåäåì îòîáðàæåíèÿ A : W → W ′, L : W → W ′ è ôóíêöèîíàë Q ∈ W ′, èñïîëüçóÿ ñëåäóþ-
ùèå ñîîòíîøåíèÿ:

(Ay, z) = ν(ux, vx) + νm(Bx, wx),

(Ly, z) = (Bx, v) + (ux, w), (Q, z) = (1, v),

ñïðàâåäëèâûå äëÿ âñåõ y = {u,B}, z = {v, w} èç ïðîñòðàíñòâà W .
Îïåðàòîðû A,L îáëàäàþò ñâîéñòâàìè

(Ay, y) ≥ m1(|ux|2 + |Bx|2), m1 = min(ν, νm)(Ay, z) = (Az, y), ∀ y, z ∈W, (6)

(Ly, z) = −(Lz, y), (Ly, y) = 0. (7)

Ïóñòü y = {u,B} � ãëàäêîå ðåøåíèå ñèñòåìû (1)�(4) è z = {v, w} � ïðîèçâîëüíûé ýëåìåíò
èç W . Óìíîæèì óðàâíåíèå (1) íà v, óðàâíåíèå (2) íà w è ïðîèíòåãðèðóåì ïî îòðåçêó
(0,1), èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Ñêëàäûâàÿ ïîëó÷åííûå ñîîòíîøåíèÿ
è èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ äëÿ y è z, ïîëó÷àåì

(ẏ +Ay + fQ− βLy, z) = 0, ∀ z ∈W.

Òàêèì îáðàçîì, ïîä ðåøåíèåì (îáîáùåííûì) íà÷àëüíî-êðàåâîé çàäà÷è (1)�(4) áóäåì ïîíè-
ìàòü ôóíêöèþ y ∈ Y òàêóþ, ÷òî

ẏ +Ay − βLy = −f(t)Q, (8)

y|t=0 = y0. (9)

ãäå y0 = {u0, B0} ∈ H.
Îòìåòèì, ÷òî íà÷àëüíîå óñëîâèå (9) èìååò ñìûñë â ñèëó âëîæåíèÿ Y ⊂ C([0, 1],H).

3. Àïðèîðíûå îöåíêè ðåøåíèé è ðàçðåøèìîñòü çàäà÷è óïðàâ-

ëåíèÿ

Ïàðó {y, f} áóäåì íàçûâàòü äîïóñòèìîé ïàðîé, åñëè f ∈ Uad, à ôóíêöèÿ y ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (8)�(9). Êàê ñëåäóåò èç ïîëó÷åííûõ íèæå îöåíîê, ìíîæåñòâî äîïóñòèìûõ
ïàð íå ïóñòî [5].

Ïîëó÷èì àïðèîðíûå îöåíêè ðåøåíèÿ çàäà÷è (8)�(9). Ïóñòü y0 ∈ H, f ∈ U = L2(0, T ).
Óìíîæèì ñêàëÿðíî óðàâíåíèå (8) íà y è âîñïîëüçóåìñÿ ñâîéñòâàìè (5) è (7). Òîãäà

1

2

d

dt
|y|2 +m1(|ux|2 + |Bx|2) ≤ |f(t)|(Q, y) ≤ |f(t)| |y|. (10)

Èç ïîëó÷åííîãî íåðàâåíñòâà ìîæíî ïîëó÷èòü îöåíêè y â íîðìàõ ïðîñòðàíñòâ L∞(0, T ;H) è
L2(0, T ;W ) ñëåäóþùèì îáðàçîì. Äëÿ äîêàçàòåëüñòâà îöåíêè â íîðìå L∞(0, T ;H) îïóñòèì
â ëåâîé ÷àñòè ñëàãàåìûå, ñîäåðæàùèå ìíîæèòåëü m1:

|y| d
dt
|y| ≤ |f | |y|. (11)

Èíòåãðèðóÿ (11), ïîëó÷èì

∥y(x)∥L∞(0,T ;H) ≤ |y0|+
T∫
0

|f(t)|ds = C1. (12)

Èç (12) ñëåäóåò, ÷òî |B| ≤ C1, ÷åì ìû äàëåå âîñïîëüçóåìñÿ.
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Äëÿ ïîëó÷åíèÿ îöåíêè â íîðìå L2(0, T ;W ) âûðàçèì ∥y∥2W èç (10):

∥y∥2W ≤ 1

m1
|y|(|f | − d|y|

dt
) + |B|2 ≤ C1

m1

(
|f | − d|y|

dt

)
+ C2

1 . (13)

Ïðîèíòåãðèðóåì (13) ïî t îò 0 äî T :

T∫
0

∥y∥2Wdt ≤
C1

m1

 T∫
0

|f |ds− |y(T )|+ |y0|

+ C2
1T ≤ C2

1

m1
+ C2

1T = C2.

Òîãäà

∥y∥L∞(0,T ;H) ≤ C1, ∥y∥L2(0,T ;W ) =

T∫
0

∥y∥2Wdt ≤ C2. (14)

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíûå äàííûå óäîâëåòâîðÿþò ñëåäóþùèì
óñëîâèÿì: Uad � âûïóêëîå, çàìêíóòîå ìíîæåñòâî â ïðîñòðàíñòâå U , yd = {ud, Bd} ∈
L2(0, T ;H).

Çàäà÷à óïðàâëåíèÿ, íà êîòîðóþ â äàëüíåéøåì áóäåì ññûëàòüñÿ êàê íà çàäà÷ó P , ñîñòîèò
â ìèíèìèçàöèè ôóíêöèîíàëà

J(y) =
µ

2
|y(T )|2H +

1

2

T∫
0

|y(t)− yd|2Hdt

íà ìíîæåñòâå äîïóñòèìûõ ïàð.
Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è P .
Ëåììà 1.Ìíîæåñòâî äîïóñòèìûõ ïàð ñëàáî çàìêíóòî â ïðîñòðàíñòâå L2(0,T ;W )×U .
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü {yk, fk} � äîïóñòèìûå ïàðû è {yk, fk} → {y, f} ñëàáî

â L2(0, T ;W ) × U . Îãðàíè÷åííîñòü yk (îöåíêà (14)) äàåò îãðàíè÷åííîñòü ẏk â L
2(0, T ;W ′),

÷òî ïîçâîëÿåò ïðèìåíèòü òåîðåìó î êîìïàêòíîñòè [7], èç êîòîðîé ñëåäóåò

yk → y ñèëüíî â L2(0, T ;H).

Çàïèñàâ óðàâíåíèå (8)�(9) äëÿ ïàðû {yk, fk} è ïåðåéäÿ ê ïðåäåëó ïðè k → ∞, ïîëó÷èì, ÷òî
óðàâíåíèÿ ñïðàâåäëèâû äëÿ {y, f}, ïðè÷åì f ∈ Uad. Ñëåäîâàòåëüíî, {y, f} � äîïóñòèìàÿ
ïàðà.

Òåîðåìà 1. Ïóñòü ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé Uad îãðàíè÷åíî â U . Òîãäà
çàäà÷à P îäíîçíà÷íî ðàçðåøèìà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü äîïóñòèìûõ ïàð {yk, fk},
ìèíèìèçèðóþùèõ ôóíêöèîíàë

J(yk) → J∗ = inf J, k → ∞.

Èç óñëîâèÿ òåîðåìû ñëåäóåò îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè fk â ïðîñòðàíñòâå U . Èç
îöåíêè (14) âûòåêàåò îãðàíè÷åííîñòü {yk} â L2(0, T ;W ).

Ñëåäîâàòåëüíî, èç ïîñëåäîâàòåëüíîñòåé yk è fk ìîæíî èçâëå÷ü ïîäïîñëåäîâàòåëüíîñòè
òàêèå, ÷òî

yk′ → y∗ ñëàáî â L
2(0, T ;W ), fk′ → f∗ ñëàáî â U .

Â ñèëó ñëàáîé çàìêíóòîñòè ìíîæåñòâà äîïóñòèìûõ ïàð è ïîëóíåïðåðûâíîñòè ñíèçó ôóíê-
öèîíàëà J ïîëó÷àåì, ÷òî {y∗, f∗} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è P . Åäèíñòâåííîñòü ðåøåíèÿ
ñëåäóåò èç ñòðîãîé âûïóêëîñòè ôóíêöèîíàëà J .

97



4. Âûâîä ñèñòåìû îïòèìàëüíîñòè

Ïðåäâàðèòåëüíî îòìåòèì, ÷òî åñëè y ∈ Y è f ∈ Uad � äîïóñòèìàÿ ïàðà, òî ñïðàâåäëèâû
âêëþ÷åíèÿ

Ay ∈ L2(0, T ;W ′), βLy ∈ L2(0, T ;W ′).

Äåéñòâèòåëüíî,

∥Ay∥2L2(0,T ;W ′) =

T∫
0

sup
∥z∥=1

(Ay, z)2 dt ≤ m2

T∫
0

∥y∥21dt, m2 = max{ν, νm},

∥βLy∥2L2(0,T ;W ′) =

T∫
0

β2 sup
∥z∥=1

(Ly, z)2 dt =

T∫
0

β2 sup
∥z∥=1

(y, Lz)2 dt ≤
T∫
0

β2|y|2 ≤

≤ ∥β∥2U∥y∥2L∞(0,T ;W ) ≤ ∥β∥2U∥y∥2Y.

Ââåäåì îòîáðàæåíèå F : Y× U → L2(0, T ;W ′)×H ïî ñëåäóþùåìó ïðàâèëó:

F (y, f) = (ẏ +Ay − fQ− βLy; y|t=0 − y0).

Ïóñòü {y∗, f∗} � ðåøåíèå çàäà÷è P . Â îêðåñòíîñòè ýòîãî ðåøåíèÿ îòîáðàæåíèå F îáëàäàåò
ñâîéñòâàìè:

1. îòîáðàæåíèå y → F (y, f) íåïðåðûâíî äèôôåðåíöèðóåìî;
2. îòîáðàæåíèå f → F (y, f) íåïðåðûâíî è àôôèííî.
Ëåììà 2. ImF ′(y∗, f∗) = L2(0, T ;W ′)×H.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî äëÿ ëþáûõ z ∈ L2(0, T ;W ′), h0 ∈ H ñóùåñòâóåò

ðåøåíèå h ∈ L2(0, T ;W ) ñèñòåìû

ḣ+Ah− βLh = z, (15)

h|t=0 = h0. (16)

Óìíîæèì ñêàëÿðíî óðàâíåíèå (15) íà h è ó÷òåì, ÷òî

(z, h) ≤ ∥z∥W ′∥h∥ ≤ m1

2
∥h∥2 + 1

2m1
∥z∥2W ′ .

Òîãäà
d

dt
|h|2 +m1∥h∥2 ≤

1

m1
∥z∥2W ′ . (17)

Èíòåãðèðóÿ ïîëó÷åííîå íåðàâåíñòâî ïî t, ïîëó÷èì îöåíêè:

|h(t)|2 ≤ |h0|2 +
1

m1
∥z∥2L2(0,T ;W ′),

t∫
0

∥h(τ)∥2dτ ≤ 1

m1
|h0|2 +

1

m2
1

∥z∥2L2(0,T ;W ′).

Èç ïîëó÷åííûõ îöåíîê ñëåäóåò, ÷òî ðåøåíèå ñèñòåìû (15)�(16) ñóùåñòâóåò è åäèíñòâåí-
íî. Òàêèì îáðàçîì, äëÿ ëþáîãî ýëåìåíòà {z, h0} ïðîñòðàíñòâà L2(0, T ;W ′)×H ñóùåñòâóåò
ýëåìåíò h ∈ L2(0, T ;W ) òàêîé, ÷òî

⟨F ′
y(y∗, f∗), h⟩ = {z, h0}.

Ñëåäîâàòåëüíî, îáðàç îïåðàòîðà F ′
y(y∗, f∗) ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì L2(0, T ;W ′)×H.

Ëåììà äîêàçàíà.
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Òåîðåìà 2. Ïàðà {y, f} ∈ Y × Uad ÿâëÿåòñÿ ðåøåíèåì çàäà÷è P , åñëè è òîëüêî åñëè

ñóùåñòâóåò ñîïðÿæåííîå ñîñòîÿíèå p ∈ Y òàêîå, ÷òî òðîéêà {y, f, p} óäîâëåòâîðÿåò

óðàâíåíèÿì (8)�(9) è ñëåäóþùèì ñîîòíîøåíèÿì:

−ṗ+Ap+ βLp = yd − y, (18)

p(T ) = µy(T ), (19)

T∫
0

r(q − f)dt ≥ 0, ∀g = g(t) ∈ Uad. (20)

Çäåñü r = r(t) = (Q, p) =
1∫
0

p1dx, p = {p1, p2}.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç îïðåäåëåíèÿ ôóíêöèîíàëà J ñëåäóåò, ÷òî îòîáðàæåíèå t→
J(y, f) íåïðåðûâíî è äèôôåðåíöèðóåìî, ôóíêöèÿ f → J(y, f) âûïóêëà è äèôôåðåíöèðóåìà
ïî Ãàòî. Â ñèëó ýòèõ ñâîéñòâ è ñâîéñòâ îòîáðàæåíèÿ F (y, f) äëÿ çàäà÷è P âûïîëíåíû
óñëîâèÿ òåîðåìû î ìíîæèòåëÿõ Ëàãðàíæà [6]. Ôóíêöèÿ Ëàãðàíæà äëÿ çàäà÷è P èìååò âèä

L(y, f, p, q) = J(y) +

T∫
0

(ẏ +Ay − βLy + f(t)Q, p)dt+ (q, y|t=0 − y0)H. (21)

Çäåñü p ∈ L2(0, T ;W ), q ∈ H. Òîãäà äëÿ ïðîèçâîëüíîé ôóíêöèè h ∈ H ñïðàâåäëèâî ñëåäóþ-
ùåå ñîîòíîøåíèå:

⟨Ly, h⟩ = µ(y(T ), h(T )) +

T∫
0

(y − yd, h)dt+

T∫
0

(p, ḣ+Ah− βLy)dt+ (q, h|t=0) = 0,

èëè

µ(y(T ), h(T )) +

T∫
0

(−ṗ+Ap+ βLp+ y − yd, h)dt− (p(T ), h(T )) = 0. (22)

Óñëîâèå (22) îçíà÷àåò, ÷òî ñîïðÿæåííîå ñîñòîÿíèå p ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

−ṗ+Ap+ βLp = yd − y, (23)

p(T ) = µy(T ). (24)

Îòìåòèì, ÷òî ñèñòåìà (23)�(24) çàìåíîé ψ(t) = p(T − t) ñâîäèòñÿ ê çàäà÷å Êîøè òèïà (8),
è ïîýòîìó äëÿ ðåøåíèÿ ñîïðÿæåííîé ñèñòåìû ñïðàâåäëèâû îöåíêè, ãàðàíòèðóþùèå, ÷òî
p ∈ Y, åñëè y(T ) ∈ H.

Äàëåå, äëÿ ëþáîé g ∈ Uad ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

⟨Lf , g − f⟩ =
T∫
0

(p, (g − f)Q)dt =

T∫
0

(q − f)(Q, p) ≥ 0. (25)

Ñ ó÷åòîì ðàíåå ââåäåííûõ îáîçíà÷åíèé, ôîðìóëó (25) ìîæíî ïåðåïèñàòü â âèäå
T∫
0

r(t)(g(t)− f(t)) ≥ 0, ∀g(t) ∈ Uad. (26)

Òåîðåìà äîêàçàíà.
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Ðàññìîòðèì äàëåå çàäà÷ó óïðàâëåíèÿ ñ ìíîæåñòâîì Uad, èìåþùèì âèä

Uad = {f ∈ L2(0, T ) : |f(t)| ≤ 1 ïî÷òè âñþäó íà (0, T )}. (27)

Ëåììà 3. Ïóñòü ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé îïðåäåëÿåòñÿ ôîðìóëîé (27).

Òîãäà îïòèìàëüíîå óïðàâëåíèå â çàäà÷å P îïðåäåëÿåòñÿ âêëþ÷åíèåì

f(t) ∈ −sign(Q, p). (28)

Çäåñü p � ñîïðÿæåííîå ñîñòîÿíèå, ñîîòâåòñòâóþùåå îïòèìàëüíîìó ñîñòîÿíèþ y,

sign(z) =


1, z > 0,
−1, z < 0,
[−1, 1], z = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Â íåðàâåíñòâå (20) âûáåðåì g(t) â âèäå

g(t) = f(t) + χ(k − f(t)), χ =

{
1, |t− t∗| < ε;
0, |t− t∗| > ε,

ãäå t∗ � òî÷êà Ëåáåãà ôóíêöèè f(t), ε > 0 � äîñòàòî÷íî ìàëåíüêîå ÷èñëî.
Òîãäà

1

2ε

∫
|t−t∗|<ε

r(t)(k − f(t)) ≥ 0.

Â ïðåäåëå ïðè ε→ 0 ïîëó÷èì
r(t∗)(k − f(t∗)) ≥ 0.

Ó÷òåì, ÷òî ìíîæåñòâî òî÷åê Ëåáåãà ôóíêöèè f(t) âñþäó ïëîòíî íà (0, T ), è çíà÷èò, ïîñëåä-
íåå íåðàâåíñòâî âûïîëíåíî ïî÷òè âñþäó íà (0, T ). Ëåììà äîêàçàíà.

Òàêèì îáðàçîì, åñëè f � îïòèìàëüíîå óïðàâëåíèå, y � îïòèìàëüíîå ñîñòîÿíèå, à p � ñî-
îòâåòñòâóþùåå ñîïðÿæåííîå ñîñòîÿíèå, òî ýòè ôóíêöèè óäîâëåòâîðÿþò ñèñòåìå îïòèìàëü-
íîñòè (29)�(31).

ẏ +Ay − βLy = −f(t)Q, y|t=0 = y0, (29)

−ṗ+Ap+ βLp = yd − y, p(T ) = µy(T ), (30)

f ∈ −sign(Q, p). (31)

Çàìå÷àíèå. Åñëè ðàññìîòðåòü çàäà÷ó óïðàâëåíèÿ íà èíòåðâàëå (t0, T ), òî åå ðåøåíèå
òàêæå áóäåò óäîâëåòâîðÿòü óêàçàííîé ñèñòåìå îïòèìàëüíîñòè íà èíòåðâàëå (t0, T ).

5. Ñèíòåç îïòèìàëüíîãî óïðàâëåíèÿ

Ïîñòðîèì îïòèìàëüíîå óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ â çàäà÷å P , ãäå ìíîæåñòâî Uad

îïðåäåëåíî â (27). Âîñïîëüçóåìñÿ ìåòîäîì, îïèñàííûì â [2] äëÿ çàäà÷è óïðàâëåíèÿ îáûê-
íîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Îáîçíà÷èì ÷åðåç y(x, t; y0, t0), p(x, t; y0, t0)
ðåøåíèÿ çàäà÷ (8)�(9) è (18)�(19) íà ïðîìåæóòêå [t0, T ]. Óêàçàííûå çàäà÷è ìîãóò áûòü ðå-
øåíû ìåòîäîì Ôóðüå. Âûïèøåì ñîîòâåòñòâóþùåå ïðåäñòàâëåíèå ðåøåíèé â ñëó÷àå ν =
νm = µ = 1:

y(x, t; y0, t0) = S(x, t− t0)y0 −
t∫

t0

S(x, t− τ)qf(τ)dτ, q =

(
1
0

)
, (32)
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p(x, t; y0, t0) = S1(x, T − t)y(T ) +

T∫
t

S1(x, ξ − t)(yd(ξ)− y(ξ; y0, t0))dξ. (33)

Çäåñü îïåðàòîðû S, S1 îïðåäåëÿþòñÿ âûðàæåíèÿìè

S(x, t)g =

1∫
0

M(x, t, s)g(s)ds, S1(x, t)g =

1∫
0

M1(x, t, s)g(s)ds,

M(x, t, s) =

(
K1(x, t, s) −K2(x, t, s)
K3(x, t, s) K4(x, t, s)

)
, M1(x, t, s) =

(
K1(x, t, s) K2(x, t, s)
−K3(x, t, s) K4(x, t, s)

)
,

K1(x, t, s) =
∞∑
j=1

2Aj(t) sin(as) sin(ax), K2(x, t, s) =
∞∑
j=1

2Cj(t) cos(as) sin(ax),

K3(x, t, s) =

∞∑
j=0

2Cj(t) sin(as) cos(ax), K4(x, t, s) =

∞∑
j=0

2Aj(t) cos(as) cos(ax),

Aj(t) = e(−a2t) cos(aβt), Cj(t) = e(−a2t) sin(aβt), a = πj.

Òåïåðü çàïèøåì (33) ïðè t = t0:

p(x, t0; y0, t0) = S1(x, T − t0)y(T ) +

T∫
t0

S1(x, ξ − t0)(yd(ξ)− y(ξ; y0, t0))dξ. (34)

Ïîäñòàâèì (32) â (34), èçìåíèì ïîðÿäîê èíòåãðèðîâàíèÿ è ñãðóïïèðóåì ÷ëåíû:

p(x, t0; y0, t0) = S1(x, T − t0)S(x, T − t0)y0 −
T∫

t0

S1(x, T − t0)S(x, T − τ)qf(τ)dτ+

+

T∫
t0

S1(x, ξ − t0)yd(ξ)dξ −
T∫

t0

S1(x, ξ − t0)S(x, ξ − t0)y0dξ+

+

T∫
t0

T∫
τ

S1(x, ξ − t0)S(x, ξ − τ)qf(τ)dξdτ. (35)

Ââåäåì îáîçíà÷åíèÿ:

R1(x, t)y = S1(x, T − t)S(x, T − t)y, R2(x, t)y =

T∫
t0

S1(x, ξ − t)y(ξ)dξ,

R3(x, t)y =

T∫
t0

S1(x, ξ − t)S(x, ξ − t)ydξ,

Ψ1(x, t) = S1(x, T − t)S(x, T − τ)qf(τ)dτ, Ψ2(x, t, τ) =

T∫
τ

S1(x, ξ − t)S(x, ξ − τ)qf(τ)dξdτ.
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Òîãäà ôîðìóëà (35) ïðèìåò âèä

p(x, t0; y0, t0) = R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0+

+

T∫
t0

[Ψ1(x, t0)−Ψ2(x, t0, τ)]f(τ)qdτ. (36)

Ïóñòü f(t; y0, t0) � îïòèìàëüíîå óïðàâëåíèå â çàäà÷è P , êîòîðàÿ ðàññìàòðèâàåòñÿ íà èí-
òåðâàëå (t0, T ). Òîãäà

f(t0; y0, t0) ∈ −sign(Q, p(x, t0; y0, t0)). (37)

Ôîðìóëó (37) ìîæíî ïåðåïèñàòü â âèäå

f(t0; y0, t0) ∈ −sign

 1∫
0

q · p(x, t0; y0, t0)dx

 . (38)

Ïîäñòàâèì âûðàæåíèå (36) äëÿ p â (38):

f(t0; y0, t0) ∈ −sign

(
q ·
[ 1∫

0

R1(x, t0)y0dx+

1∫
0

R2(x, t0)yd(ξ)dx+

1∫
0

R3(x, t0)y0dx+

+

T∫
t0

1∫
0

[Ψ1(x, t0)−Ψ2(x, t0, τ)] qf(τ)dxdτ

])
. (39)

Ïóñòü

µ(t) =

T∫
t

∣∣∣∣∣∣
1∫

0

q · [Ψ1(x, t0)−Ψ2(x, t0, τ)]dx

∣∣∣∣∣∣ dτ, t0 ≤ t ≤ T. (40)

Â ñèëó îãðàíè÷åíèÿ |f | ≤ 1, èìååì∣∣∣∣∣∣
T∫

t0

1∫
0

q · [Ψ1(x, t0)−Ψ2(x, t0, τ)]qf(τ)dxdτ

∣∣∣∣∣∣ ≤ µ(t0). (41)

Ñëåäîâàòåëüíî, èç (41) âûòåêàåò, ÷òî

f(t0; y0, t0) = 1, åñëè

 1∫
0

q · [R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0]dx

 > µ(t0), (42)

f(t0; y0, t0) = −1, åñëè

 1∫
0

q · [R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0]dx

 < −µ(t0). (43)

Â ñëó÷àå, êîãäà ∣∣∣∣∣∣
1∫

0

q · [R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0]dx

∣∣∣∣∣∣ ≤ µ(t0), (44)
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÷èñëî
1∫
0

q·[R1(x, t0)y0+R2(x, t0)yd(ξ)+R3(x, t0)y0]dx ëåæèò â îáëàñòè çíà÷åíèé [−µ(t0);µ(t0)]
èíòåãðàëüíîãî îïåðàòîðà

Lu =

T∫
t0

1∫
0

q · [Ψ1(x, t0)−Ψ2(x, t0, τ)]u(τ)qdxdτ,

îïðåäåëåííîãî íà êëàññå âñåõ óïðàâëåíèé.
Óïðàâëåíèÿì

uα(τ) = αsign

 1∫
0

q · [Ψ1(x, t0)−Ψ2(x, t0, τ)]u(τ)qdx

 , t0 ≤ t ≤ T, α = ±1,

îòâå÷àþò êðàéíèå òî÷êè αµ(t0) îáëàñòè çíà÷åíèé îïåðàòîðà L, à âûïóêëûì êîìáèíàöèÿì
ýòèõ óïðàâëåíèé � âñÿ îáëàñòü çíà÷åíèé. Ñëåäîâàòåëüíî, ÷òîáû óäîâëåòâîðèòü âêëþ÷åíèþ
(39) â ñëó÷àå (44), äîñòàòî÷íî âçÿòü óïðàâëåíèå âèäà

f(τ ; y0, t0) = λsign

 1∫
0

q · [Ψ1(x, t0)−Ψ2(x, t0, τ)]f(τ)qdx

 , t0 ≤ τ ≤ T. (45)

Çäåñü λ = λ(y0, t0), λ ≤ 1.
Ïîäñòàâëÿÿ (45) â (39) è ïðèðàâíèâàÿ ê íóëþ ïîëó÷åííîå âûðàæåíèå, íàéäåì

λ(y0, t0) = −µ−1(t0)

 1∫
0

q · [R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0]dx

 . (46)

Èç (46) è (45) ïðè τ = t0 ïîëó÷àåì

f(t0; y0, t0) = −µ−1(t0)

 1∫
0

q · [R1(x, t0)y0 +R2(x, t0)yd(ξ) +R3(x, t0)y0]dx

 . (47)

Çàìåíèì y0, t0 íà y, t, ïðèíÿâ f(y, t) ≡ f(t; y, t), ïîëó÷èì

f(y, t) = −sat


1∫
0

q · [R1(x, t)y(t) +R2(x, t)yd(ξ) +R3(x, t0)y0]dx

µ(t)

 . (48)

Çäåñü ÷åðåç sat(z) [4] îáîçíà÷åíà ôóíêöèÿ

sat(z) =

{
sign(z), |z| > 1;
z, |z| ≤ 1.

Òàêèì îáðàçîì, ôîðìóëà (48) îïðåäåëÿåò îïòèìàëüíîå óïðàâëåíèå â ôîðìå îáðàòíîé
ñâÿçè ÷åðåç ñîñòîÿíèå ñèñòåìû è èñõîäíûå äàííûå. Îòìåòèì, ÷òî âñå îïåðàòîðû, âõîäÿùèå
â (48), èìåþò ÿâíûé âèä.
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ABSTRACT

The problem of optimal control for one dimensional magneto hydrodynamics �ow
between plane�parallel (the Hartmann �ow) is considered. The di�erence of pres-
sure by unit length of the channel is assumed as a control. Necessary and su�cient
conditions of optimality and representation an optimal control as the feedback were
found.
Key words: MHD �ow, optimal control problem, feedback control.


