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Àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñîáñòâåííûõ

çíà÷åíèé êðàåâîé çàäà÷è äëÿ øàðîâîé îáëàñòè

Â ñòàòüå ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà ñ äâóìÿ ðåãóëÿðíûìè ÷ëåíàìè äëÿ ÷èñëà
ñîáñòâåííûõ çíà÷åíèé êðàåâîé çàäà÷è ∆U + λU = 0, ∂u

∂n + σu = 0 â ñëó÷àå, êîãäà ïðî-
ñòðàíñòâåííîé îäíîñâÿçíîé îáëàñòüþ ÿâëÿåòñÿ øàð.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå çíà÷åíèÿ, ôóíêöèÿ ðàñïðåäåëåíèÿ.

1. Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé êðàåâîé çàäà÷è

∆u+ λu = 0, (1.1)

u|∂D = 0,
∂u

∂n
+ σu|∂D = 0 (1.2)

äëÿ ñëó÷àÿ, êîãäà D � òðåõìåðíûé øàð ñ ãðàíèöåé ∂D.
Ïóñòü λ1 ≤ λ2 ≤ · · · ≤ λn ≤ . . . � ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.1)�(1.2), çàíóìåðîâàí-

íûå â ïîðÿäêå âîçðàñòàíèÿ ñ ó÷åòîì êðàòíîñòè.
Îáîçíà÷èì N(λ) � ÷èñëî ñîáñòâåííûõ çíà÷åíèé, íå ïðåâîñõîäÿùèõ λ, è íàéäåì àñèìï-

òîòèêó N(λ) ïðè λ → ∞.
Ð. Êóðàíò è Ä. Ãèëüáåðò ([1]), ðàññìàòðèâàÿ çàêîí àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ

ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1.1)�(1.2), äîêàçàëè, ÷òî äëÿ ïðîñòðàíñòâåííîé îäíîñâÿç-
íîé îáëàñòè Ω ñ êóñî÷íî-ãëàäêîé ãðàíèöåé Γ ïðè íåîãðàíè÷åííîì âîçðàñòàíèè λ ôóíêöèÿ
ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé N(λ) èìååò âèä

N(λ) =
mes(Ω)

6π2
λ3/2 +O (λ lnλ) . (1.3)

Â ÷àñòíîñòè, äëÿ øàðà

N(λ) =
2R3

9π
λ3/2 +O (λ lnλ) . (1.4)

Â àñèìïòîòè÷åñêîé ôîðìóëå ìîæíî ðàññ÷èòûâàòü íà ñóùåñòâîâàíèå âòîðîãî ðåãóëÿðíîãî
÷ëåíà. Äëÿ äâóìåðíûõ, à òàêæå òðåõìåðíûõ öèëèíäðè÷åñêèõ îáëàñòåé â ñëó÷àå ðàçäåëÿþ-
ùèõñÿ ïåðåìåííûõ òàêèå îöåíêè ïîëó÷åíû â [2], [3], [4].

Äëÿ äâóìåðíîãî ñëó÷àÿ

N(λ) =
mes(Ω)

4π
λ± mes(∂Ω)

4π

√
λ+O

(
λ1/3

)
,
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äëÿ òðåõìåðíîé öèëèíäðè÷åñêîé îáëàñòè

N(λ) =
mes(Ω)

6π2
λ3/2 ± mes(∂Ω)

16π
λ+O

(
λ5/6

)
.

Â äàííîé ðàáîòå ïîêàçàíî íàëè÷èå àíàëîãè÷íîé ôîðìóëû â ñëó÷àå, êîãäà òðåõìåðíîé îá-
ëàñòüþ ÿâëÿåòñÿ øàð x2 + y2 + z2 ≤ R2. Ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü λ1 ≤ λ2 ≤ · · · ≤ λn ≤ . . . � ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è
∂u
∂n + σu|∂D = 0, ãäå D � òðåõìåðíûé øàð ñ ãðàíèöåé ∂D, N(λ) � ÷èñëî ñîáñòâåííûõ

çíà÷åíèé, íå ïðåâîñõîäÿùèõ λ. Òîãäà ïðè λ → ∞

N(λ) =
V

6π2
λ3/2 ± S

16π
λ+O

(
λ5/6

)
,

ãäå V � îáúåì øàðà, S � ïëîùàäü ïîëíîé ïîâåðõíîñòè øàðà. Çíàê ¾ïëþñ¿ ñîîòâåòñòâóåò

êðàåâîìó óñëîâèþ ïðè |σ| < ∞, à çíàê ¾ìèíóñ¿ � êðàåâîìó óñëîâèþ ïðè σ = ∞.

2. Óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé

Çàäà÷ó (1.1)�(1.2) ðàññìîòðèì â ñôåðè÷åñêèõ êîîðäèíàòàõ r, ϕ, θ: x = r sin θ cosϕ, y =
r sin θ sinϕ, z = r cos θ, 0 < r < ∞, 0 ≤ ϕ ≤ 2π,0 ≤ θ ≤ π.

Óðàâíåíèå (1.1) ïðèìåò âèä

1

r2 sin θ

(
∂

∂r

(
r2 sin θ

∂u

∂r

)
+

∂

∂θ

(
sin θ

∂u

∂θ

)
+

∂

∂ϕ

(
1

sin θ

∂u

∂ϕ

))
+ λu = 0. (2.1)

Ðåøåíèå (2.1) áóäåì èñêàòü â âèäå u = Φ(r)Ψ(ϕ, θ), òîãäà ïîëó÷èì(
r2Φ′

r

)′
r
+ λr2Φ

Φ
= − 1

Ψ sin θ

(
∂

∂ϕ

(
Ψ′

ϕ

sin θ

)
+

∂

∂θ

(
∂Ψ

∂θ
sin θ

))
= k. (2.2)

Ïîñòîÿííàÿ k â (2.2) âûáèðàåòñÿ òàê, ÷òîáû äèôôåðåíöèàëüíîå óðàâíåíèå

1

sin θ

(
∂

∂ϕ

(
Ψ′

ϕ

sin θ

)
+

∂

∂θ

(
∂Ψ

∂θ
sin θ

))
+ kΨ = 0 (2.3)

èìåëî ðåøåíèå, íåïðåðûâíîå íà âñåé ïîâåðõíîñòè øàðà, ò.å. ïåðèîäè÷åñêîå ñ ïåðèîäîì 2π
îòíîñèòåëüíî ϕ è îñòàþùååñÿ ðåãóëÿðíûì ïðè θ = 0 è θ = π. Òàêîìó òðåáîâàíèþ óäîâëå-
òâîðÿþò ëèøü äëÿ çíà÷åíèé k = n(n + 1), n = 0, 1, 2..., øàðîâûå (ñôåðè÷åñêèå) ôóíêöèè
Ëàïëàñà Ψn(θ, ϕ) ([1]). Ñóùåñòâóþò ðîâíî (2n+1) íåçàâèñèìûõ øàðîâûõ ôóíêöèé ïîðÿäêà
n. Ýòèìè ôóíêöèÿìè Ψn(θ, ϕ) èñ÷åðïûâàþòñÿ âñå ôóíäàìåíòàëüíûå ôóíêöèè, à ÷èñëàìè
âèäà k = n(n+ 1) � âñå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (2.3).

Äëÿ ôóíêöèè Φ(r) ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå(
r2Φ′

r

)′
r
+ λr2Φ− n(n+ 1)Φ = 0, (2.4)

äëÿ êîòîðîãî ðåøåíèÿìè, êîíå÷íûìè â íóëå, ÿâëÿþòñÿ ôóíêöèè Áåññåëÿ ïîëóöåëîãî ïî-
ðÿäêà

Jn+1/2

(√
λr
)

√
r

, n = 0, 1, ... (2.5)

Ïàðàìåòð λ îïðåäåëÿåòñÿ èç êðàåâûõ óñëîâèé. Òàê, äëÿ êðàåâîãî óñëîâèÿ u|∂D = 0 � èç
óðàâíåíèÿ

Jn+1/2

(√
λR
)
= 0. (2.6)
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Îáîçíà÷àÿ êîðíè ýòîãî óðàâíåíèÿ λn,1, λn,2, . . . , ïîëó÷èì ðåøåíèå êðàåâîé çàäà÷è

u = Ψn(ϕ, θ)Jn+1/2

(√
λn,lr

)
r−1/2, l = 0, 1, 2, ..., n. (2.7)

Ïîñêîëüêó ñóùåñòâóþò ðîâíî (2n+ 1) ëèíåéíî íåçàâèñèìûõ øàðîâûõ ôóíêöèé ïîðÿäêà n,
òî êàæäîå ñîáñòâåííîå çíà÷åíèå λn,l èìååò êðàòíîñòü (2n+ 1).

Êðàåâîå óñëîâèå u|∂D = 0 ìîæíî ñ÷èòàòü ÷àñòíûì ñëó÷àåì óñëîâèÿ ∂u
∂n + σu|∂D = 0 ïðè

σ = ∞, ÷òî ïîçâîëÿåò ðàññìàòðèâàòü òîëüêî îáùåå êðàåâîå óñëîâèå ïðè ðàçëè÷íûõ σ.
Ñîãëàñíî ñîîòíîøåíèþ (2.6), ñîáñòâåííûå çíà÷åíèÿ λn,l îïðåäåëÿþòñÿ íóëÿìè ôóíêöèè

Áåññåëÿ. Äëÿ n = 0, 1, ... ôóíêöèÿ Áåññåëÿ Jn+1/2(x) èìååò ëèøü âåùåñòâåííûå íóëè. Åñëè
ïîðÿäîê ôóíêöèè ìàë ïî ñðàâíåíèþ ñ àðãóìåíòîì, òî ïîëîæèòåëüíûå íóëè áëèçêè ê âåëè-
÷èíàì xm = mπ + πn

2 ñ öåëûìè m, ÷òî ñëåäóåò èç àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ôóíêöèè
Áåññåëÿ Jν(x) ïðè x → ∞:

Jν(x) =

√
2

πx
cos
(
x− νπ

2
− π

4

)
+O

(
x−3/2

)
. (2.8)

Äëÿ öåëåé äàííîé ðàáîòû òðåáóåòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà â ñëó÷àå, êîãäà ïîðÿäîê
ôóíêöèè Áåññåëÿ Jν(νx) âåëèê. Ñîîòâåòñòâóþùèå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ â íàñòîÿ-
ùåå âðåìÿ õîðîøî èçâåñòíû ([5], [6]) è âîøëè â ñïðàâî÷íèêè ([7], ñ. 189). Êîãäà ν → ∞,
ýòè ðàçëîæåíèÿ ðàâíîìåðíû ïî x, 0 < x < ∞. Îíè ïîëó÷àþòñÿ ïóòåì ïðåîáðàçîâàíèÿ
óðàâíåíèÿ Áåññåëÿ ê óðàâíåíèþ âèäà

d2y

dξ2
+ µ2ξy = ϕ(ξ)y, (2.9)

ðåøåíèåì êîòîðîãî ïðè ϕ ≡ 0 ÿâëÿåòñÿ ôóíêöèÿ Ýéðè. Îöåíêà áëèçîñòè ðåøåíèé (2.9) è
óðàâíåíèÿ ñ ϕ ≡ 0 ïðèâîäèò ê óðàâíåíèþ äëÿ ñîáñòâåííûõ çíà÷åíèé, ïîäðîáíûé âûâîä
êîòîðîãî äàí â ðàáîòå [3]. Òàì æå ñôîðìóëèðîâàíà è ñëåäóþùàÿ ëåììà.

Ëåììà. Ïóñòü â óðàâíåíèè

d2y

dξ2
+ µ2p(ξ, α)y = ϕ(ξ)y, 0 < ξ ≤ b, (2.10)

äëÿ α ∈ [α1, α2] ôóíêöèÿ p(ξ, α); ïðè ξ → 0, p(ξ, α) = −α2

ξ2
+O(1), ϕ(ξ) = −1

4ξ2
, ïðè÷åì p ≥ 0

äëÿ ξ ≥ ξ0. Òîãäà óðàâíåíèå èìååò êîíå÷íîå ïðè ξ → 0 ðåøåíèå y(ξ), óäîâëåòâîðÿþùåå

êðàåâûì óñëîâèÿì y′(b)+σ(b) = 0 è ñîäåðæàùåå m−1 íóëåé âíóòðè èíòåðâàëà (0, b), åñëè

m =
µ

π

∫ b

ξ0

√
p(t, α)dt+ γ(σ) +O

(
1

µ(x(b))3/2

)
, (2.11)

ãäå
2

3
(x(b))3/2 =

∫ b

ξ0

√
p(t, α)dt, (2.12)

γ(σ) = 3/4, |σ| < ∞; (2.12′)

γ(σ) = 1/4, σ = ∞. (2.12′′)

Ïîëàãàÿ â (2.4) f(
√
λr) =

√
λrΦ(r), ïîëó÷èì êðàåâóþ çàäà÷ó

f ′′
rr + λ

(
1− α2

r2

)
f = − 1

4r2
f, 0 ≤ r ≤ R, (2.13)
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f ′(R) + σf(R) = 0, (2.14)

ñîîòâåòñòâóþùóþ ëåììå (çäåñü α2 = 1
λ (n+ 1/2)2).

Çàïèøåì óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé

m =

√
λ

π

∫ R

α

√
1− α2

t2
dt+ γ(σ) +O

(
1

√
λ
∫ R
α

√
1− α2t−2dt

)
, (2.15)

ãäå γ(σ) îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (2.12′) è (2.12′′). Ïàðàìåòð α, ñîãëàñíî óñëîâèþ (2.14),
ïðèíèìàåò çíà÷åíèÿ 1

2
√
λ
≤ α < R.

3. Ïîäñ÷åò ÷èñëà ñîáñòâåííûõ çíà÷åíèé

Â óðàâíåíèè(2.15), äëÿ êîìïàêòíîñòè çàïèñè, îáîçíà÷èì

E(α) =

∫ R

α

√
1− α2

t2
dt

è çàïèøåì ñîîòíîøåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé

m =

√
λ

π
E(α) + γ(σ) +O

(
1√
λE

)
. (3.1)

Åñëè ïîðÿäîê ôóíêöèè Áåññåëÿ äîñòàòî÷íî ìàë ïî ñðàâíåíèþ ñ àðãóìåíòîì, ò.å. êîãäà
n√
λn,l

= O(1), òî óðàâíåíèå (2.15) ïðèìåò âèä

m =
1

π

√
λR− 1

2
(n+ 1/2) + γ(σ) +O

(
(n+ 1/2)2

λ

)
, (3.2)

÷òî ñîãëàñóåòñÿ ñ àñèìïòîòèêîé áîëüøîãî àðãóìåíòà.
Âûðàæåíèå (2.15) îçíà÷àåò, ÷òî λn,l îïðåäåëÿþòñÿ öåëî÷èñëåííûìè çíà÷åíèÿìè ïðàâîé

÷àñòè ðàâåíñòâà. Ïóñòü Ln(λ) � ÷èñëî òåõ λn,l, êîòîðûå íå ïðåâûøàþò λ ïðè äàííîì n.
Òîãäà

Ln(λ) =

[√
λ

π
E(α) + γ(σ) +O

(
1√
λE

)]
, (3.3)

ãäå [...] îçíà÷àåò öåëóþ ÷àñòü. Ïóñòü îñòàòî÷íûé ÷ëåí â (3.3) çàêëþ÷åí â ïðåäåëàõ(
− C√

λE(α)
,

C√
λE(α)

)
,

ãäå C � íåêîòîðàÿ êîíñòàíòà. Òîãäà

L(−)
n (λ) ≤ Ln(λ) ≤ L(+)

n (λ), (3.4)

ãäå

L(−)
n (λ) =

[√
λ

π
E(α) + γ(σ)− C√

λE(α)

]
, (3.5)

L(+)
n (λ) =

[√
λ

π
E(α) + γ(σ) +

C√
λE(α)

]
. (3.5′)
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Ïîñêîëüêó êàæäîå ñîáñòâåííîå çíà÷åíèå λn,l èìååò êðàòíîñòü (2n+ 1), òî äëÿ îöåíêè âëè-
ÿíèÿ îñòàòî÷íîãî ÷ëåíà íóæíî ñîñ÷èòàòü ñóììû∑

n≤R
√
λ

(2n+ 1)L(±)
n .

Ïóñòü

g(α(n)) =

√
λ

π
E(α) + γ(σ), (3.6)

òîãäà äëÿ L
(+)
n ïîëó÷èì

L(+)
n = g(α(n)) +

C√
λE(α)

− {L(+)
n }, (3.7)

ãäå {...} îáîçíà÷àåò äðîáíóþ äîëþ. Ïî ñìûñëó àñèìïòîòè÷åñêèõ ôîðìóë, â ñîîòíîøåíèè
(3.7) g(α(n)) ≫ 1. Â ýòîì ìîæíî óáåäèòüñÿ è íåïîñðåäñòâåííî. Èçâåñòíî, ÷òî äëÿ íàèìåíü-
øåãî ïîëîæèòåëüíîãî íóëÿ xν ôóíêöèè Áåññåëÿ Jν(x) ñïðàâåäëèâà îöåíêà ([8])

(
xν − ν ≫ ν1/3

)
.

Çàíóìåðóåì ñîáñòâåííûå çíà÷åíèÿ â ïîðÿäêå âîçðàñòàíèÿ λn,1 ≤ λn,2 ≤ . . . . Òîãäà ïåðâûé

íóëü ôóíêöèè Áåññåëÿ Jn+1/2

(√
λR
)
óäîâëåòâîðÿåò óñëîâèþ

R
√

λn,1 −
(
n+

1

2

)
≫ λ

1/6
n,1 .

Òàê êàê E(α) →
(
R2 − α2

)3/2
äëÿ α → R, òî

R2λ−
(
n+

1

2

)2

=

(
R
√
λ−

(
n+

1

2

))(
R
√
λ+

(
n+

1

2

))
≫ λ1/6λ1/2 = λ2/3,

√
λE(α) ≫

√
λ
(
λ−1/3

)3/2
≫ 1.

Ïîëîæèì
[
R
√
λ
]
= N è n = N − n1, òîãäà

E(α) ≫
(

n1√
λ

)3/2

= λ−1/3n
3/2
1 ;

∑
n

1√
λE(α)

≪
∑

n1≥λ1/6

1

n
3/2
1

≪ λ−1/6.

Òàêèì îáðàçîì, ∑
n<R

√
λ

(2n+ 1)
1√

λE(α)
≪ λ

1
2
− 1

6 = λ1/3. (3.8)

Äëÿ óäîáñòâà âû÷èñëåíèé ôîðìóëó (3.3) çàïèøåì â âèäå

Ln(λ) =
∑
n≥1

(2n+ 1)

(
g(α(n)) +

C√
λE(α)

− 1

2

)
−

−
∑
n≥1

(2n+ 1)

(
{g(α(n)) + C√

λE(α)
} − 1

2

)
= T1 − T2. (3.9)
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Ñóììà ∑
n≥1

(2n+ 1)

(
g(α(n))− 1

2

)
âû÷èñëÿåòñÿ ñ ïîìîùüþ ôîðìóëû Ýéëåðà � Ìàêëîðåíà (ôîðìóëà Ñîíèíà) ([9], [10]).

Òåîðåìà 2 (Ýéëåð � Ìàêëîðåí). Ïóñòü â ïðîìåæóòêå a ≤ x ≤ b ôóíêöèÿ f(x)
èìååò âòîðóþ íåïðåðûâíóþ ïðîèçâîäíóþ, ρ(x) = 1

2 − {x}, ϕ(x) =
∫ x
0 ρ(z)dz. Òîãäà

∑
a<n≤b

f(n) =

∫ b

a
f(x)dx+ ρ(b)f(b)− ρ(a)f(a)−

−ϕ(b)f ′(b) + ϕ(a)f ′(a) +

∫ b

a
ϕ(x)f ′′(x)dx. (3.10)

Ïðèìåíåíèå ôîðìóëû (3.10) ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ îöåíêó:∑
1/2<n≤R

√
λ−1/2

(2n+ 1)

(
g(α(n))− 1

2

)
=

2

9π
λ3/2R3 ± 1

4
R2λ+O

(√
λ
)
.

Òàêèì îáðàçîì, ïåðâàÿ ñóììà â ñîîòíîøåíèè (3.9) ìîæåò áûòü ïðåäñòàâëåíà êàê

T1 =
∑

1/2<n≤R
√
λ−1/2

(2n+ 1)

(
g(α(n)) +

C√
λE(α)

− 1

2

)
=

=
4

3
πR3λ

3/2

6π2
± 4πR2 λ

16π
+O(

√
λ), (3.11)

ãäå çíàê ¾ïëþñ¿ ñîîòâåòñòâóåò (ñîãëàñíî ôîðìóëå (2.16)) ñëó÷àþ |σ| < ∞, à çíàê ¾ìèíóñ¿
� ñëó÷àþ σ = ∞.

Òåïåðü îöåíèì âòîðóþ ñóììó ôîðìóëû (3.9), à èìåííî ñóììó äðîáíûõ äîëåé

T2 =
∑

1/2<n≤R
√
λ−1/2

(2n+ 1)

(
{g(α(n)) + C√

λE(α)
} − 1

2

)
=

=
∑

1/2<n≤R
√
λ−1/2

(2n+ 1)

(
{f(α(n))} − 1

2

)
, (3.12)

ïðåäñòàâèâ åå â âèäå ñóììû äâóõ ñëàãàåìûõ T2 = K1 +K2, ãäå

K1 =
∑

0≤n≤N0

(2n+ 1)

(
{f(α(n))} − 1

2

)
, (3.13)

K2 =
∑

N0≤n≤R
√
λ

(2n+ 1)

(
{f(α(n))} − 1

2

)
. (3.13′)

Çíà÷åíèå N0 âûáåðåì òàê, ÷òîáû R
√
λ−N0 ≍ λ1/3. Ïðè ýòîì óñëîâèè ñóììà K2 îöåíèâàåòñÿ

êàê
K2 =

∑
N0≤n≤R

√
λ

(2n+ 1)

(
{f(α(n))} − 1

2

)
= O

(√
λ
(√

λR−N0

))
= O

(
λ5/6

)
. (3.14)

Äëÿ îöåíêè K1 âîñïîëüçóåìñÿ òåîðåìîé È. âàí äåð Êîðïóòà ([3]; [11] ñ. 628).
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Òåîðåìà 3 (È. âàí äåð Êîðïóò). Ïóñòü ν0 − 1/2, ν1 − 1/2, v0 − 1/2 � öåëûå, ν0 < ν1.
Ïóñòü íà îòðåçêå ν0 ≤ ν ≤ ν1 ôóíêöèÿ f(ν) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà è

óäîâëåòâîðÿåò óñëîâèÿì f(ν0) > v0, 0 < ρ ≤ f ′(ν) ≤ τ , |f ′′(ν)| ≥ 1/µ, ãäå µ > 1, µ > ρ−3.

Ïóñòü N � ÷èñëî öåëûõ òî÷åê â îáëàñòè ν0 ≤ ν ≤ ν1, v0 ≤ v ≤ f(ν) è I � ïëîùàäü ýòîé

îáëàñòè. Òîãäà N − I = O
(
µ2/3τ

)
.

Ïðåäñòàâëåííàÿ òåîðåìà îöåíèâàåò ÷èñëî öåëûõ òî÷åê â ïëîñêîé îáëàñòè è ïîçâîëÿåò
óêàçàòü ðàñïðåäåëåíèå äðîáíûõ äîëåé ôóíêöèè f(ν). Äåéñòâèòåëüíî, åñëè v0 = 1/2, òî

N =
∑

ν0≤ν≤ν1

[f(ν)] =
∑

ν0≤ν≤ν1

f(ν)−
∑

ν0≤ν≤ν1

{f(ν)}. (3.15)

Ïî óñëîâèÿì Òåîðåìû 3 f ′′(ν) íå îáðàùàåòñÿ â íóëü è îãðàíè÷åíà ïî ìîäóëþ ñíèçó, ïîýòîìó
f ′′(ν) ñîõðàíÿåò çíàê âî âñåì ïðîìåæóòêå ν0 ≤ ν ≤ ν1 . Ñëåäîâàòåëüíî, ïîñëåäíèé èíòåãðàë
â ôîðìóëå (3.10) íå ïðåâûøàåò∫ ν1

ν0

|f ′′(ν)|dν = ±
∫ ν1

ν0

f ′′(ν)dν = ±f ′(ν)|ν1ν0 ,

ïîñêîëüêó ϕ(x) îãðàíè÷åíà.
Òàêèì îáðàçîì, â óñëîâèÿõ òåîðåìû∑

ν0≤ν≤ν1

f(ν) =

∫ ν1

ν0

f(x)dx+O
(
max

(
|f ′(ν0)|, |f ′(ν1)|

))
=

∫ ν1

ν0

f(x)dx+O(τ).

Îòñþäà è èç (3.15) ïîëó÷àåì, ÷òî Òåîðåìà 3 äàåò îöåíêó∑
ν0≤ν≤ν1

(
{f(ν)} − 1

2

)
= O

(
µ2/3τ

)
. (3.16)

Ñóììó K1 èç ôîðìóëû (3.13) ïðåäñòàâèì êàê

K1 =
∑

0≤n≤N0

(2n+ 1)

(
{f(α(n))} − 1

2

)
= 2

N∑
m=1

Sm + S0, (3.17)

ãäå Sm =
∑

m≤n≤N0

(
{f(α(n))} − 1

2

)
. (3.18)

Âåëè÷èíû Sm îöåíèì ñ ïîìîùüþ Òåîðåìû 3. ×òîáû âûïîëíÿëèñü âñå óñëîâèÿ òåîðåìû,
à èìåííî 0 < ρ ≤ f ′(ν) ≤ τ , âìåñòî ôóíêöèè f(α(n)) ìîæíî ðàññìàòðèâàòü ôóíêöèþ
F (α(n)) = C − f(α(n)), ãäå C ≥ max

0<α≤R
f(α(n)),

÷òî íå ïîâëèÿåò íà îöåíêó äðîáíûõ äîëåé:

−f ′
n(α(n)) ≤ 1, |f ′′

n(α(n))| ≥
1√
λ
.

Òàêèì îáðàçîì, ñîãëàñíî (3.16) è (3.18), Sm = O
(
λ1/3

)
, à âñÿ ñóììà

K1 = 2

N∑
m=1

Sm + S0 ≪
√
λ · λ1/3. (3.19)

Â ñîîòâåòñòâèè ñ (3.14) è (3.19) ñóììà T2 èç (3.12) îöåíèâàåòñÿ êàê

T2 = O
(
λ5/6

)
. (3.20)
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Îêîí÷àòåëüíî, ñîãëàñíî ôîðìóëàì (3.3), (3.8), (3.9), (3.11), (3.20), ïîëó÷àåì ðåçóëüòàò, êî-
òîðûé áûë ñôîðìóëèðîâàí â âèäå Òåîðåìû 1, ïðåäñòàâëåííîé â íà÷àëå ñòàòüè.

Ïîëó÷åííàÿ àñèìïòîòèêà ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé êðàåâîé çàäà÷è
(1.1)�(1.2) â ñëó÷àå øàðà ïîëíîñòüþ ïîâòîðÿåò ôîðìóëó äëÿ öèëèíäðè÷åñêèõ îáëàñòåé èç
[4], òî åñòü çàâèñèò îò îáúåìà òðåõìåðíîé îáëàñòè è ïëîùàäè ïîëíîé ïîâåðõíîñòè.

Àâòîð áëàãîäàðèò Í.Â. Êóçíåöîâà çà íàó÷íîå ðóêîâîäñòâî è áåñïðèìåðíîå òåðïåíèå,
ïðîÿâëåííîå èì ê àâòîðó ïðè íàïèñàíèè äàííîé ñòàòüè.
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ABSTRACT

Asymptotic formula with two regular members for the distribution function of eigen-
values of boundary problem ∆U + λU = 0, ∂u

∂n + σu = 0 is obtained for spherical
domain.
Key words: eigenvalues, distribution function.


