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Î ñòàòèñòèêàõ Ãàóññà � Êóçüìèíà â êîðîòêèõ

èíòåðâàëàõ

Â ñòàòüå èññëåäóþòñÿ ñòàòèñòèêè Ãàóññà � Êóçüìèíà äëÿ ðàöèîíàëüíûõ ÷èñåë a/b, ãäå
b ôèêñèðîâàíî, 1 6 a 6 b, (a, b) = 1. Äëÿ ñðåäíåãî çíà÷åíèÿ ñòàòèñòèê Ãàóññà � Êóçü-
ìèíà äîêàçûâàåòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà, óòî÷íÿþùàÿ ðàíåå èçâåñòíûé ðåçóëüòàò,
àíàëîãè÷íûé òåîðåìå Ïîðòåðà.

Êëþ÷åâûå ñëîâà: àëãîðèòì Åâêëèäà, öåïíûå äðîáè, ñóììû Êëîñòåðìàíà, ñòàòèñòèêè

Ãàóññà � Êóçüìèíà.

1. Ââåäåíèå

Âàæíûìè õàðàêòåðèñòèêàìè ðàöèîíàëüíîãî ÷èñëà, çàïèñàííîãî â âèäå êîíå÷íîé öåïíîé
äðîáè

a

b
= t0 +

1

t1 + . . . +
1

ts +
1

1

= [t0; t1, . . . , ts, 1]

(t0 � öåëîå, t1, . . . , ts � íàòóðàëüíûå), ÿâëÿþòñÿ ñòàòèñòèêè Ãàóññà � Êóçüìèíà, êîòîðûå
äëÿ äåéñòâèòåëüíîãî x ∈ [0, 1] çàäàþòñÿ ðàâåíñòâîì

sx(a/b) = #{j : 0 6 j 6 s, [0; tj+1, . . . , ts, 1] 6 x}.

Íàïðèìåð, ÷åðåç ñòàòèñòèêè Ãàóññà � Êóçüìèíà âûðàæàåòñÿ äëèíà ðàçëè÷íûõ âàðèàíòîâ
àëãîðèòìà Åâêëèäà, ïðèìåíåííîãî ê ïàðå ÷èñåë (a, b) (ñì. [5, 6]). Ê ñòàòèñòè÷åñêèì ñâîé-
ñòâàì êîíå÷íûõ öåïíûõ äðîáåé ñâîäèòñÿ çàäà÷à Ñèíàÿ î òðàåêòîðèÿõ ÷àñòèö â äâóìåðíîé
êðèñòàëëè÷åñêîé ðåøåòêå (ñì. [2]) è èññëåäîâàíèå ñòàòèñòè÷åñêèõ ñâîéñòâ ÷èñåë Ôðîáåíè-
óñà ñ òðåìÿ àðãóìåíòàìè (ñì. [7]).

Äëÿ ñðåäíåãî çíà÷åíèÿ ñòàòèñòèê Ãàóññà � Êóçüìèíà èçâåñòíà àñèìïòîòè÷åñêàÿ ôîð-
ìóëà (ñì. [4]), îáîáùàþùàÿ ðåçóëüòàò Ïîðòåðà [11]:

1

φ(b)

b∑∗

a=1

sx(a/b) =
2 log b

ζ(2)
log(1 + x) + CP (x) +Oε,x(b

−1/6+εb), (1)
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ãäå

CP (x) =
2 log(1 + x)

ζ(2)

(
2γ − 2

ζ ′(2)

ζ(2)
− log(1 + x)

2
+ log x− 1

)
+

+
2

ζ(2)
(h1(x) + h2(x)) +

x2

x+ 1
,

à ôóíêöèè h1(x) è h2(x) çàäàþòñÿ àáñîëþòíî ñõîäÿùèìèñÿ ñèíãóëÿðíûìè ðÿäàìè (ïåðâàÿ
èç íèõ èçâåñòíà êàê ôóíêöèÿ Ëîõñà, ñì. [9, 10])

h1(x) =

∞∑
n=1

1

n

(
n∑

m=1

x

n+mx
− log(1 + x)

)
, h2(x) =

∞∑
n=1

1

n

( ∑
n
x
6m<n

x
+n

1

m
− log(1 + x)

)
.

Ïðè ýòîì îöåíêà îñòàòî÷íîãî ÷ëåíà ñòàíîâèòñÿ ðàâíîìåðíîé ïî x â ïðåäïîëîæåíèè, ÷òî
x ∈ [c, 1] äëÿ íåêîòîðîãî ôèêñèðîâàííîãî c > 0.

Ðàññìîòðèì ñòàòèñòèêè, êîòîðûå îòâå÷àþò çà ïîïàäàíèå â áîëåå óçêèå èíòåðâàëû

sα,β(a/b) = sβ(a/b)− sα(a/b) (0 6 α < β 6 1).

Òîãäà ïðè 0 < c 6 α 6 β 6 1 äëÿ ñóììû

Ψ∗
α,β(b) =

∑
16a6b
(a,b)=1

sα,β(a/b)

èç ôîðìóëû (1), î÷åâèäíî, ñëåäóåò ðàâåíñòâî

Ψ∗
α,β(b)

φ(b)
=

2 log b

ζ(2)
log

1 + β

1 + α
+ CP (β)− CP (α) +Oε,c(b

−1/6+ε).

Îêàçûâàåòñÿ, ÷òî åñëè ðàçíîñòü β − α äîñòàòî÷íî ìàëà, òî îñòàòî÷íûé ÷ëåí â ïîñëåäíåì
ðàâåíñòâå äîïóñêàåò óòî÷íåíèå.

Òåîðåìà. Ïóñòü b > 1, 0 < α 6 β 6 1, ∆ = β − α. Òîãäà

Ψ∗
α,β(b)

φ(b)
=

2 log b

ζ(2)
log

1 + β

1 + α
+ CP (β)− CP (α) +Oε(R(b;α, β)bε),

ãäå

R(b;α, β) = b−1/6∆1/2β1/2 + b−1/4(∆−5/4β5/2 +∆5/4α−3/2β−5/2).

Ïðèìåíåíèå ýòîé òåîðåìû ïîçâîëÿåò ïîäñ÷èòûâàòü ñòàòèñòèêè Ãàóññà � Êóçüìèíà â
êîðîòêèõ èíòåðâàëàõ (è ÷àñòîòó ïîÿâëåíèÿ áîëüøèõ íåïîëíûõ ÷àñòíûõ) ñ òî÷íîñòüþ áîëü-
øåé, ÷åì â ôîðìóëå (1).

Ñëåäñòâèå 1. Ïóñòü b > 1, 0 < c 6 α 6 β 6 1, ∆ = β − α, b−1/15+ε0 ≪ ∆ ≪ b−ε0

(0 < ε0 < 1/30). Òîãäà

Ψ∗
α,β(b)

φ(b)
=

2 log b

ζ(2)
log

1 + β

1 + α
+ CP (β)− CP (α) +Oε,c(b

−1/6+ε∆1/2 + b−1/4+ε∆−5/4).

Ñëåäñòâèå 2. Ïóñòü b > 1. Òîãäà äëÿ Nk � êîëè÷åñòâà ïîÿâëåíèé íåïîëíîãî ÷àñòíîãî

k â ðàçëîæåíèè ÷èñåë a/b (1 6 a 6 b, (a, b) = 1) â öåïíûå äðîáè � ñïðàâåäëèâà àñèìïòî-

òè÷åñêàÿ ôîðìóëà

Nk

φ(b)
=

2 log b

ζ(2)
log

(
1 +

1

k(k + 2)

)
+CP

(
1

k

)
−CP

(
1

k + 1

)
+Oε(b

−1/6+εk−3/2 + b−1/4+εk3/2),

êîòîðàÿ óòî÷íÿåò ðàâåíñòâî (1) ïðè bε0 ≪ k ≪ b1/18−ε0 (0 < ε0 < 1/36).
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2. Ñëåäñòâèÿ èç îöåíîê ñóìì Êëîñòåðìàíà

Ïóñòü q � íàòóðàëüíîå ÷èñëî, a � öåëîå ÷èñëî è f � íåîòðèöàòåëüíàÿ ôóíêöèÿ. Îáîçíà-
÷èì ÷åðåç T [f ] ÷èñëî ðåøåíèé ñðàâíåíèÿ xy ≡ a (mod q), ëåæàùèõ â îáëàñòè P1 < x 6 P2,
0 < y 6 f(x):

T [f ] =
∑

P1<x6P2

∑
0<y6f(x)

δq(xy − a).

Çäåñü è äàëåå δq(n) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ äåëèìîñòè íà q:

δq(n) =

{
1, åñëè n ≡ 0 (mod q),

0, åñëè n ̸≡ 0 (mod q).

Êàê ïîêàçàíî â ñòàòüå Áûêîâñêîãî [1], âû÷èñëåíèå T [f ] ñâîäèòñÿ ê íàõîæäåíèþ ñóììû

S[f ] =
1

q

∑
P1<x6P2

µq,a(x)f(x), (2)

ãäå µq,a(x) � ÷èñëî ðåøåíèé ñðàâíåíèÿ xy ≡ a (mod q) îòíîñèòåëüíî ïåðåìåííîé y, ëåæà-
ùåé â ïðåäåëàõ 1 6 y 6 q.

Ïðèâåäåì óïðîùåííûé ðåçóëüòàò ðàáîòû [4] (óòî÷íÿþùèé òåîðåìó 1 èç [1]). Îí îñíîâàí
íà îöåíêàõ ñóìì Êëîñòåðìàíà

Kq(l,m, n) =

q∑
x,y=1

δq(xy − l)e
2πimx+ny

q

è ìåòîäå âàí äåð Êîðïóòà îöåíêè òðèãîíîìåòðè÷åñêèõ ñóìì. Äëÿ íèõ ñïðàâåäëèâî íåðà-
âåíñòâî

|Kq(l,m, n)| 6 σ0(q) · σ0((l,m, n, q)) · (lm, ln,mn, q)1/2 · q1/2,

îáîáùàþùåå ðåçóëüòàò Ýñòåðìàíà [8]

|Kq(±1,m, n)| 6 σ0(q) · (m,n, q)1/2 · q1/2.

Ëåììà. Ïóñòü P1, P2 � äåéñòâèòåëüíûå ÷èñëà, P = P2 − P1 > 2, íà âñåì îòðåçêå

[P1, P2] âåùåñòâåííàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ f(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðó-

åìà è äëÿ íåêîòîðûõ A > 0, w > 1

1

A
6 |f ′′(x)| 6 w

A
.

Òîãäà ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

T [f ] = S[f ] +R[f ],

ãäå S[f ] îïðåäåëåíî ðàâåíñòâîì (2),

R[f ] ≪w,ε (PA−1/3 +A1/2D + q1/2)P ε + Pδq(a)

è D = (a, q).
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3. Äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û. Áóäåì ïðåäïîëàãàòü, ÷òî ε < 1/6. Îáîçíà÷èì ÷å-
ðåç Tα,β(b) ÷èñëî ðåøåíèé óðàâíåíèÿ

m1m2 + n1n2 = b (3)

îòíîñèòåëüíî íåèçâåñòíûõ m1, m2, n1, n2, ñâÿçàííûõ íåðàâåíñòâàìè

1 6 m1 6 n1, αn2 6 m2 6 βn2.

×åðåç T ∗
α,β(b) îáîçíà÷èì ÷èñëî ðåøåíèé óðàâíåíèÿ (3), â êîòîðîì

1 6 m1 6 n1, (m1, n1) = 1, αn2 6 m2 6 βn2.

Äëÿ ñóììû

Ψα,β(b) =
b∑

a=1

sα,β(a/b)

ñïðàâåäëèâî ðàâåíñòâî (ñì. äîêàçàòåëüñòâî ëåììû 3 â ðàáîòå [3])

Ψα,β(b) = 2T ∗
α,β(b) + b

(
β2

β + 1
− α2

α+ 1

)
+O(1). (4)

Âåëè÷èíû Ψα,β(b) è Tα,β(b) ñâÿçàíû ñ Ψ∗
α,β(b) è T ∗

α,β(b) ôîðìóëîé îáðàùåíèÿ Ìåáèóñà

Ψ∗
α,β(b) =

∑
d|b

µ(d)Ψα,β(b/d), T ∗
α,β(b) =

∑
d|b

µ(d)Tα,β(b/d). (5)

Äëÿ âû÷èñëåíèÿ Tα,β(b) ââåäåì ïàðàìåòð U ïðåäïîëàãàÿ, ÷òî U 6 b1/2 è b/U � ïîëóöå-
ëîå ÷èñëî. Ðàçîáüåì âñå ðåøåíèÿ óðàâíåíèÿ (3) íà äâå ãðóïïû. Ê ïåðâîé îòíåñåì òå, äëÿ
êîòîðûõ n1 < U , à êî âòîðîé � âñå îñòàëüíûå. Ñîîòâåòñòâåííî òàêîìó ðàçáèåíèþ, Tα,β(b)
ïðåäñòàâèòñÿ â âèäå

Tα,β(b) = T1(b, U) + T2(b, U). (6)

Íàéäåì ñíà÷àëà àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ T1(b, U). Çàìåòèì, ÷òî ïðè ôèêñèðî-
âàííîì n1 = q ïåðåìåííûå m1 è m2 óäîâëåòâîðÿþò ñðàâíåíèþ m1m2 ≡ b (mod q). Äëÿ
èçâåñòíûõ n1, m1 è m2 çíà÷åíèå n2 íàõîäèòñÿ îäíîçíà÷íî: n2 = b−m1m2

q . Îãðàíè÷åíèÿ
αn2 < m2 6 βn2 ðàâíîñèëüíû íåðàâåíñòâàì

αb

q + αm1
= gq(m1) < m2 6

βb

q + βm1
= fq(m1).

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê ïîäñ÷åòó ÷èñëà ðåøåíèé ñðàâíåíèÿ m1m2 ≡ b (mod q),
â êîòîðîì ïåðåìåííûå óäîâëåòâîðÿþò îãðàíè÷åíèÿì

0 < m1 6 q, gq(m1) < m2 6 fq(m1).

Ïðèìåíèì ëåììó ñ P1 = 0, P2 = q, f = fq. Ñ ó÷åòîì òîãî, ÷òî

f ′′
q (m1) ≍

β3b

q3
, g′′q (m1) ≍

α3b

q3
,

íàõîäèì
T [fq]− T [gq] = S[fq − gq] +R[fq] +R[gq],
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ãäå
R[fq] +R[gq] ≪ε (βb

1/3 + q3/2b−1/2α−3/2(b, q) + q1/2)bε + qδq(b).

Îòñþäà
T1(b, U) =

∑
q<U

(T [fq]− T [gq]) = S1(b, U) +R1(b, U) +Oε(b
1/2+ε), (7)

ãäå

S1(b, U) =
∑
q<U

S[fq − gq] =
∑
q<U

1

q

∑
m16q

µq,b(m1) (fq(m1)− gq(m1)) ,

R1(b, U) =
∑
q<U

(R[fq] +R[gq]) ≪ε

(
βb1/3U + U3/2 + U5/2b−1/2α−3/2

)
bε. (8)

Äëÿ íàõîæäåíèÿ T2(b, U) âîñïîëüçóåìñÿ òåì, ÷òî ïðè ôèêñèðîâàííîì n2 = q ïåðåìåí-
íûå m1 è m2 óäîâëåòâîðÿþò ñðàâíåíèþ m1m2 ≡ b (mod q). Äëÿ èçâåñòíûõ n2 = q, m1

è m2 çíà÷åíèå n1 îïðåäåëÿåòñÿ îäíîçíà÷íî: n1 = b−m1m2
q . Îãðàíè÷åíèå max{m1, U} 6 n1

ðàâíîñèëüíî íåðàâåíñòâó

m1 6 min

{
b

m2 + q
,
b− Uq

m2

}
= hq(m2).

Ïðèìåíèì ëåììó ê ôóíêöèè hq íà èíòåðâàëå (αq, βq]. Òîãäà ïîëó÷èì

T [hq] = S[hq] +R[hq] +O
(
b1+εU−1

)
,

ãäå

S[hq] =
1

q

∑
αq<m26βq

µq,b(m2)hq(m2),

R[hq] ≪ε

(
∆b1/3 +∆qU(b− Uq)−2/3 + q3/2(b− Uq)−1/2(b, q) + q1/2

)
bε + qδq(b).

Îòñþäà
T2(b, U) =

∑
q<b/U

T [hq] = S2(b, U) +R2(b, U) +Oε(b
1/2+ε), (9)

ãäå

S2(b, U) =
∑

q<b/U

S[hq] =
∑

q<b/U

1

q

∑
αq<m26βq

µq,b(m1)hq(m1),

R2(b, U) ≪
∑

q<b/U

R[hq] ≪ε

(
b4/3∆U−1 + b2U−5/2

)
bε. (10)

Ñêëàäûâàÿ ðàâåíñòâà (7) è (9), ñ ó÷åòîì îöåíîê (8) è (10) ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîð-
ìóëó

Tα,β(b) = S1(b, U) + S2(b, U) +Oε

((
βb1/3U + b4/3∆U−1 + b2U−5/2 + U5/2b−1/2α−3/2

)
bε
)
.

Ïðè U = b
[β1/2b1/2∆−1/2]+ 1

2

îíà ïðèíèìàåò âèä

Tα,β(b) = S1(b, U) + S2(b, U) +Oε

((
b5/6∆1/2β1/2 + b3/4∆−5/4β5/2 + b3/4∆5/4α−3/2β−5/2

)
bε
)
.

Óòâåðæäåíèå òåîðåìû ïîëó÷àåòñÿ ïîäñòàíîâêîé ïîñëåäíåé ôîðìóëû â (4) è (5). Ãëàâíûé
÷ëåí âû÷èñëÿåòñÿ òàê æå, êàê è â ðàáîòå [4]. Ïðè ýòîì ïîëó÷àåòñÿ îñòàòîê Oε(b

1/2+ε),
êîòîðûé íå ïðåâîñõîäèò óæå èìåþùåãîñÿ îñòàòî÷íîãî ÷ëåíà.

Ïåðâîå ñëåäñòâèå íåïîñðåäñòâåííî âûòåêàåò èç äîêàçàííîé òåîðåìû.
Äëÿ äîêàçàòåëüñòâà ñëåäñòâèÿ 2 çàìåòèì, ÷òî Nk = Ψ∗

α,β(b) ïðè α = 1/(k+1) è β = 1/k.

Ïîýòîìó, ïîäñòàâëÿÿ ýòè ïàðàìåòðû â óòâåðæäåíèå òåîðåìû (∆ = 1
k(k+1) ≍ k−2), ïðèõîäèì

ê íóæíîé àñèìïòîòè÷åñêîé ôîðìóëå.
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ABSTRACT

The article is devoted to investigation of Gauss � Kuz'min statistics for rational
numbers a/b, where b is �xed, 1 6 a 6 b, (a, b) = 1. New asymptotic formula for
the mean value of Gauss � Kuz'min statistics is proved. It sharpens previous result
which is similar to the Porter's theorem.
Key words: Euclidean algorithm, continued fractions, Kloosterman sums, Gauss �

Kuz'min statistics.


