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Î êîëè÷åñòâå îòíîñèòåëüíûõ ìèíèìóìîâ

öåëî÷èñëåííûõ ðåøåòîê

Ïóñòü Es(N) � ñðåäíåå êîëè÷åñòâî îòíîñèòåëüíûõ ìèíèìóìîâ s-ìåðíûõ öåëî÷èñëåííûõ
ðåøåòîê îïðåäåëèòåëÿ N . Â ðàáîòå äîêàçûâàåòñÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî N ñïðàâåä-
ëèâû îöåíêè
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Îòñþäà, â ÷àñòíîñòè, âûòåêàåò íîâàÿ íèæíÿÿ îöåíêà äëÿ ìàêñèìàëüíîãî êîëè÷åñòâà
îòíîñèòåëüíûõ ìèíèìóìîâ.

Êëþ÷åâûå ñëîâà: îòíîñèòåëüíûé ìèíèìóì, ìíîãîìåðíàÿ íåïðåðûâíàÿ äðîáü.

Ïîëíîé s-ìåðíîé ðåøåòêîé íàçûâàåòñÿ ìíîæåñòâî âèäà

Γ =
{
n1a

(1) + . . .+ nsa
(s) : ni ∈ Z, i = 1, s

}
,

ãäå a(1), . . . , a(s) � ëèíåéíî íåçàâèñèìûå âåêòîðû èç Rs (áàçèñ Γ). Ìîäóëü îïðåäåëèòåëÿ
ìàòðèöû ñî ñòîëáöàìè a(1), . . . , a(s) íàçûâàåòñÿ îïðåäåëèòåëåì ðåøåòêè Γ è îáîçíà÷àåòñÿ
det Γ.

Ïóñòü

Ls � ìíîæåñòâî s-ìåðíûõ ïîëíûõ ðåøåòîê;

Ls(Z) � ìíîæåñòâî öåëî÷èñëåííûõ ðåøåòîê èç Ls;

Ls(Z, N) � ìíîæåñòâî ðåøåòîê Γ ∈ Ls(Z) ñ det Γ = N .

Îïðåäåëåíèå. Íåíóëåâîé óçåë γ ðåøåòêè Γ ∈ Ls íàçûâàåòñÿ îòíîñèòåëüíûì ìèíèìó-
ìîì, åñëè íå ñóùåñòâóåò äðóãîãî íåíóëåâîãî óçëà η ∈ Γ òàêîãî, ÷òî

|ηi| 6 |γi|, i = 1, s;

s∑
i=1

|ηi| <
s∑
i=1

|γi|.

Ïîíÿòèå îòíîñèòåëüíîãî ìèíèìóìà ïîÿâèëîñü â ðàáîòàõ Ã.Ô. Âîðîíîãî [1] è, íåçàâèñèìî
îò íåãî, Ã. Ìèíêîâñêîãî [2] â ñâÿçè ñ îáîáùåíèåì êëàññè÷åñêîãî àëãîðèòìà íåïðåðûâíûõ
äðîáåé íà ìíîãîìåðíûé ñëó÷àé.

Ïóñòü M(Γ) � ìíîæåñòâî îòíîñèòåëüíûõ ìèíèìóìîâ ðåøåòêè Γ.

1Õàáàðîâñêîå îòäåëåíèå Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, 680000, ã. Õàáàðîâñê,
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Õîðîøî èçâåñòíà ñëåäóþùàÿ îöåíêà [3, 5, 6, 8]:

#M(Γ)�
s

logs−1
2 N + 1 ïðè Γ ∈ Ls(Z, N). (1)

Çäåñü è äàëåå #X � êîëè÷åñòâî ýëåìåíòîâ êîíå÷íîãî ìíîæåñòâà X.
Ðÿä ðàáîò [4, § 6.4], [5, 6, 7, 8] áûë ïîñâÿùåí îöåíêàì âåëè÷èíû

C(s) = lim
N→∞

sup
Γ∈Ls(Z,N)

#M(Γ)

logs−1
2 N

.

Íàèëó÷øèé ðåçóëüòàò ïîëó÷åí â [8] è èìååò âèä

1

100 · (s− 1)! · logs−1
2 (128s)

6 C(s) 6
2s

(s− 1)!
. (2)

Îïðåäåëèì

Es(N) =
1

#Ls(Z, N)

∑
Γ∈Ls(Z,N)

#M(Γ)

� ñðåäíåå êîëè÷åñòâî îòíîñèòåëüíûõ ìèíèìóìîâ ðåøåòîê èç Ls(Z, N).
Ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò: ñóùåñòâóåò ïîñòîÿííàÿ C(s), çàâèñÿùàÿ òîëüêî îò s,

òàêàÿ, ÷òî
Es(N) = C(s) · lns−1N +Os(χ(N) · lns−2N) (3)

ïðè âñåõ öåëûõ N > 1, ãäå

χ(N) = 1 +
∑
p |N

ln p

p
(p � ïðîñòûå äåëèòåëè N).

Î÷åâèäíî, ÷òî χ(N) = O(ln lnN) äëÿ âñåõ N > 2.
Ïðè s = 2 ôîðìóëà (3) âûòåêàåò èç êëàññè÷åñêèõ ðåçóëüòàòîâ Õåéëüáðîííà [9] è Ïîðòåðà

[10] î ñðåäíåé äëèíå êîíå÷íîé íåïðåðûâíîé äðîáè, ïðè÷åì

C(2) =
24 ln 2

π2
.

Ïðè s = 3 ôîðìóëà (3) äîêàçàíà â [11]. Êîíñòàíòà C(3) âû÷èñëÿåòñÿ ÷åðåç íåêîòîðûé
øåñòèìåðíûé èíòåãðàë, ïðè÷åì

C(3) ≈ 0, 8335.

Äëÿ ïðîèçâîëüíîé ðàçìåðíîñòè äîêàçàòåëüñòâî ôîðìóëû (3) áûëî íåäàâíî àííîíñèðîâà-
íî â [12]. Îòìåòèì, ÷òî ïðè s > 4 êîíñòàíòó C(s) íå ïðåäñòàâëÿåòñÿ âîçìîæíûì âû÷èñëèòü
äàæå ïðèáëèæåííî.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåì.
Òåîðåìà. Ïóñòü N � ïðîñòîå, à s > 2 � öåëîå ÷èñëî. Òîãäà ñïðàâåäëèâû îöåíêè
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Ç à ì å ÷ à í è å. Ñîãëàñíî (3)

C(s) = lim
N→∞

Es(N)

lns−1N
= lim

k→∞

Es(pk)

lns−1 pk
,
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ãäå pk � ïîñëåäîâàòåëüíîñòü ïðîñòûõ ÷èñåë, çàíóìåðîâàííàÿ ïî âîçðàñòàíèþ. Ïîýòîìó èç
òåîðåìû âûòåêàþò îöåíêè:

2−1

(s− 1)!
6 C(s) 6

2s

(s− 1)!
,

à òàêæå íîâàÿ íèæíÿÿ îöåíêà äëÿ C(s):

2−1 · log1−s
2 e

(s− 1)!
6 C(s).

Ä î ê à ç à ò å ë ü ñ ò â î òåîðåìû. Îáîçíà÷èì ÷åðåç M+(Γ) ìíîæåñòâî îòíîñèòåëüíûõ
ìèíèìóìîâ ðåøåòêè Γ ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè. Èñïîëüçóÿ îöåíêó (1), íåòðóäíî
ïðîâåðèòü (ñì., íàïðèìåð, [5]), ÷òî êîëè÷åñòâî ìèíèìóìîâ γ ∈M(Γ) ðåøåòêè Γ ∈ Ls(Z, N),
èìåþùèõ õîòÿ áû îäíó íóëåâóþ êîîðäèíàòó, îöåíèâàåòñÿ Os(ln

s−2N). Ïîýòîìó

Es (N) =
2s

#Ls(Z, N)

∑
Γ∈Ls(Z,N)

#M+(Γ) +Os
(
lns−2N

)
. (4)

Èçâåñòíî [13, ãë. I], ÷òî ëþáàÿ ðåøåòêà Γ ∈ Ls(Z, N) èìååò åäèíñòâåííûé áàçèñ âèäà

m(1) = (m
(1)
1 , 0, 0, . . . , 0),

m(2) = (m
(2)
1 ,m

(2)
2 , 0, . . . , 0),

m(3) = (m
(3)
1 ,m

(3)
2 ,m

(3)
3 , . . . , 0),

...

m(s) = (m
(s)
1 ,m

(s)
2 ,m

(s)
3 , . . . ,m

(s)
s ),

ãäå 0 < m
(j)
i 6 m

(i)
i ïðè j = i, s, i = 1, s. Ïîýòîìó, òàê êàê N � ïðîñòîå, òî

#Ls(Z, N) = N s−1 +N s−2 + . . .+ 1. (5)

Îïðåäåëèì ìíîæåñòâî Ls(N), ñîñòîÿùåå èç ðåøåòîê âèäà

Γ(a) =

{
γ ∈ Zs :

s−1∑
i=1

aiγi ≡ γs (mod N),

}
,

ãäå
a = (a1, . . . , as−1) ∈ Zs−1[1, N ], Zs−1[1, N ] = (Z ∩ [1, N ])s−1 .

Òàê êàê #Ls(N) = N s−1, òî èç (1), (4), (5) ñëåäóåò, ÷òî

Es (N) =
2s

N s−1

∑
Γ∈Ls(N)

#M+(Γ) +Os
(
lns−2N

)
. (6)

Î÷åâèäíî, ÷òî ∑
Γ∈Ls(N)

#M+(Γ) =
∑
γ∈Ns

fs(N, γ), (7)

ãäå fs(N, γ) � êîëè÷åñòâî ðåøåòîê Γ ∈ Ls(N) òàêèõ, ÷òî γ ∈ M(Γ). Ïîýòîìó äëÿ äîêàçà-
òåëüñòâà òåîðåìû îñòàëîñü ïîëó÷èòü ñëåäóþùèå îöåíêè:

lns−1N

2s+1 · (s− 1)!
+Os(ln

s−2N) 6
1

N s−1

∑
γ∈Ns

fs(N, γ) 6
lns−1N

(s− 1)!
+Os(ln

s−2N), (8)

Äëÿ ëþáûõ γ, η ∈ Zs îïðåäåëèì
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Ts(N, γ) � êîëè÷åñòâî ðåøåòîê Γ ∈ Ls(N) òàêèõ, ÷òî γ ∈ Γ;

Ts(N, γ, η) � êîëè÷åñòâî ðåøåòîê Γ ∈ Ls(N) òàêèõ, ÷òî γ, η ∈ Γ.

Äðóãèìè ñëîâàìè, Ts(N, γ) ñîâïàäàåò ñ êîëè÷åñòâîì ðåøåíèé a ∈ Zs−1[1, N ] ñðàâíåíèÿ

a1γ1 + . . .+ as−1γs−1 ≡ γs (mod N),

à Ts(N, γ, η) ðàâíî êîëè÷åñòâó ðåøåíèé a ∈ Zs−1[1, N ] ñèñòåìû ñðàâíåíèé{
a1γ1 + . . .+ as−1γs−1 ≡ γs (mod N),
a1η1 + . . .+ as−1ηs−1 ≡ ηs (mod N).

Òàê êàê N � ïðîñòîå, òî

Ts(N, γ) = N s−2, Ts(N, γ, η) = N s−3. (9)

Äîêàæåì âåðõíþþ îöåíêó èç (8). Ñîãëàñíî òåîðåìå Ìèíêîâñêîãî î ëèíåéíûõ ôîðìàõ

γ1 · . . . · γs < N ïðè âñåõ γ ∈M+(Γ), Γ ∈ Ls(Z, N).

Ïîýòîìó∑
γ∈Ns

fs(N, γ) 6
∑
γ∈Ns,

γ1·...·γs<N

Ts(N, γ) = N s−2 ·# {γ ∈ Ns : γ1 · . . . · γs < N} =

=
N s−1

(s− 1)!
· lns−1N +Os(N

s−1 · lns−2N).

Âåðõíÿÿ îöåíêà èç (8) äîêàçàíà.
Äîêàæåì íèæíþþ îöåíêó èç (8). Î÷åâèäíî, ÷òî

fs(N, γ) = Ts(N, γ)− gs(N, γ) = N s−2 − gs(N, γ), (10)

ãäå gs(N, γ) � êîëè÷åñòâî ðåøåòîê Γ ∈ Ls(N) òàêèõ, ÷òî

γ ∈ Γ, γ /∈M(Γ).

Äëÿ êàæäîãî γ ∈ Ns îïðåäåëèì ìíîæåñòâî

Π(γ) =

{
η ∈ Zs \ {0} : |ηi| 6 |γi|, i = 1, s;

s∑
i=1

|ηi| <
s∑
i=1

|γi|

}
.

Òîãäà
γ ∈M(Γ) ⇐⇒ Π(γ) ∩ Γ = ∅,

è ïîýòîìó

gs(N, γ) = # {Γ ∈ Ls(N) : γ ∈ Γ, Π(γ) ∩ Γ 6= ∅} 6

6
∑

η∈Π(γ)

Ts(N, γ, η) = N s−3 ·#Π(γ) 6 N s−3 ·
s∏
i=1

(2γi + 1) .

Ïîäñòàâëÿÿ ïîñëåäíþþ îöåíêó â (10), ïîëó÷àåì

fs(N, γ) > N s−3 ·

(
N −

s∏
i=1

(2γi + 1)

)
. (11)
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Íåòðóäíî äîêàçàòü ôîðìóëó

∑
γ∈Ns,

γ1·...·γs≤R

1

γ1 · . . . γs
=

lns−1R

(s− 1)!
+Os(ln

s−2R)

äëÿ âñåõ R ∈ (1; +∞). Èç íåå âûòåêàåò

∑
γ∈Ns,

γ1·...·γs≤R

1 =
∑

(γ1,...,γs−1)∈Ns−1,

γ1·...·γs−1≤R

R

γ1 · . . . · γs−1
=
R · lns−1R

(s− 1)!
+Os(ln

s−2R), (12)

∑
γ∈Ns,

γ1·...·γs≤R

γ1 · . . . · γs−1 =
∑

(γ1,...,γs−1)∈Ns−1,

γ1·...·γs−1≤R

R = Os(R
2 · lns−2R), (13)

∑
γ∈Ns,

γ1·...·γs≤R

γ1 · . . . · γs =
∑

(γ1,...,γs−1)∈Ns−1,

γ1·...·γs−1≤R

R2

2 · γ1 · . . . · γs−1
=
R2

2
· lns−1R

(s− 1)!
+Os(ln

s−2R). (14)

Èñïîëüçóÿ (11), (12), (13), (14), ïðèõîäèì ê ñîîòíîøåíèÿì

1

N s−1

∑
γ∈Ns

fs(N, γ) >
1

N s−1

∑
γ∈Ns,

γ1·...·γs<N/2s

fs(N, γ) >
1

N2

∑
γ∈Ns,

γ1·...·γs<N/2s

(
N −

s∏
i=1

(2γi + 1)

)
=

=
1

N2

 ∑
γ∈Ns,

γ1·...·γs<N/2s

(
N − 2s · (γ1 · . . . · γs)

)
+Os

(
N2 · lns−2N

) =

=
1

N2

(
N2

2 · 2s · (s− 1)!
lns−1N +Os

(
N2 · lns−2N

))
.

Íèæíÿÿ îöåíêà èç (8) äîêàçàíà. Èñïîëüçóÿ (8), (7), (6), ïîëó÷àåì òðåáóåìûå íåðàâåíñòâà.
Òåîðåìà äîêàçàíà.
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13:2, (1896), 41�60.

[3] Â.À. Áûêîâñêèé, �Î ïîãðåøíîñòè òåîðåòèêî-÷èñëîâûõ êâàäðàòóðíûõ ôîðìóë�, ÄÀÍ, 382:2,
(2003), 154�155.

[4] Í.Ì. Êîðîáîâ, Òåîðåòèêî-÷èñëîâûå ìåòîäû â ïðèáëèæåííîì àíàëèçå, ÌÖÍÌÎ, Ì., 2004.

[5] Ì.Î. Àâäååâà, �Îöåíêà êîëè÷åñòâà ëîêàëüíûõ ìèíèìóìîâ öåëî÷èñëåííûõ ðåøåòîê�, ×åáûøåâ-
ñêèé ñáîðíèê, 5:4, (2004), 35�38.

[6] Î.À. Ãîðêóøà, Í.Ì. Äîáðîâîëüñêèé, �Îá îöåíêàõ ãèïåðáîëè÷åñêîé äçåòà-ôóíêöèè ðåøåòîê�,
×åáûøåâñêèé ñáîðíèê, 6:2, (2005).

[7] Ì.Î. Àâäååâà, �Î íèæíèõ îöåíêàõ êîëè÷åñòâà ëîêàëüíûõ ìèíèìóìîâ öåëî÷èñëåííûõ ðåøå-
òîê�, Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà, 11:6, (2005), 9�14.

[8] Ì.Î. Àâäååâà, Â.À. Áûêîâñêèé, �Âåðõíèå è íèæíèå îöåíêè êîíñòàíòû Âîðîíîãî-Ìèíêîâñêîãî�,
Ìàòåì. çàìåòêè, 87:4, (2005), 483�491.

[9] H. Heilbronn, �On the average length of a class of �nite continued fractions�, Abhandlungen aus
zahlentheorie und Analysis, 1968, 89�96.

[10] J.W. Porter, �On a theorem of Heilbronn�, Mathematika, 22:1, (1975), 20�28.

153



[11] À.À. Èëëàðèîíîâ, �Ñðåäíåå êîëè÷åñòâî îòíîñèòåëüíûõ ìèíèìóìîâ òðåõìåðíûõ öåëî÷èñëåííûõ
ðåøåòîê ôèêñèðîâàííîãî îïðåäåëèòåëÿ�, Ïðåïðèíò ÕÎ ÈÌÏ ÄÂÎ ÐÀÍ, 2010, �2.

[12] A.A. Illarionov, �Multidimentional generalisation of Heilbronn's theorem about average length of
�nite continued fractions�, Abstracts of 27th Journees Arithmetique, 2011.

[13] Äæ.Â. Êàññåëñ, Ââåäåíèå â ãåîìåòðèþ ÷èñåë., Ìèð, Ì., 1995.

Ïðåäñòàâëåíî â Äàëüíåâîñòî÷íûé ìàòå-
ìàòè÷åñêèé æóðíàë 13 ñåíòÿáðÿ 2011 ã.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé
ïîääåðæêå ÐÔÔÈ (ïðîåêòû ��10-01-
98002-ð_ñèáèðü_à, 11-01-0628-à, 11-01-
12004-îôè-ì-2011), ÄÂÎ ÐÀÍ (ïðîåêòû
II-III-01M-002, 09-I-P4-03) è ïðîãðàììû
ïðåçèäåíòà ÐÔ (ïðîåêò ÌÄ-2339.2010.1)

Illarionov A.A., Soyka Y.A. On the number of local minima of integer lattices. Far
Eastern Mathematical Journal. 2011. V. 11. � 2. P. 149�154.

ABSTRACT

Let Es(N) be the average number of local minima of s-dimensional integer lattices
with determinant equals N . We prove the following estimates

2−1

(s− 1)!
+Os

(
1

lnN

)
6

Es(N)

lns−1N
6

2s

(s− 1)!
+Os

(
1

lnN

)
for any prime N . Using this result we have a new lower bound for maximum number
of local minima of integer lattices.
Key words: local minimum, multidimensional continuous fraction.
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