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Monaynn Beiikepa — Axme3epa, myuku KpmdeBepa u
KOMMYTATHUBHBIE KOJbIA AnddepeHInaIbHBIX
ONEePATOPOB B YACTHBIX ITPOU3BOIHBIX

K 50-nemuto Hcexandepa Acanosuua Tatimarnosa

B paGote naercst 0030p pe3yabTaTOB, CBI3AHHBIX ¢ KOMMYTATHBHBIMU KOJIbIaMK nuddepen-
[IAAJTBHBIX OMEPATOPOB B YACTHBIX MPOW3BOIHBIX. MBI MOKA3BIBAEM, 9TO N-MEPHOMY KOM-
MYTATUBHOMY KOJbITY AudDepeHnuaIbHbIX OePATOPOB CO CKAJIAPHBIME KO3 duimenTamu
(c HEKOTOPBIMU OrPAHMYEHUAMU) OTBEYAET MOAYJIb Beiikepa — Axuesepa Ha CIEKTPaJbHOM
anrebpamyaeckoM MHOT00Opasmn. B pabore Tak»ke MOKA3aHO, 9TO HA CIHEKTPAJHHOM MHOTO-
obpasun CyIecTByeT CeMefiCcTBO KOIePEeHTHBIX Iy9YKOB 0e3 KpydeHus CHEUaJbHOrO BUJIA.
Hannune Takux mMydkoB — 3TO CHJIBHOE OTPDAHWYEHNE HA CTPYKTYPY CIEKTPATBHOIO MHOTO-
o0pasusi, B 9aCTHOCTH, HAJUYINE TAKAX ITYIKOB MO3BO/ISIET HANTH MHIEKC N-KPATHOTO CaMO-
epecedenns “OECKOHEYHO YAAJEHHOTO TUBU30DA.

Kitouesbie cioBa: kommymupyrowsue dudpepenyuasonoe onepamopss, CneKmpaibrole MHo-
2006pasus, modysu Betixepa — Azuesepa.

1. BBenenue

Bajiavua KaccuUKAINT KOMMYTaTHBHBIX KOJIEI] 0OBIKHOBEHHBIX (D MEpPEHITNATBHBIX OTIepa-
TOPOB €O CKaIsIpHbIME Kodhdunuentamu pemena Kpuaesepowm |1, 2|. Hanomuunwm, ato jyist KoJer
0OBIKHOBEHHBIX JAuddepeHnmabHbIX 0neparopoB panra 1 coBmecTHas coOCTBEeHHAS (PYHKIUS
oneparopos (dyukrus Beiikepa — Axuesepa) 3amaerca dopmysoit Kpudesepa u koadbdurmen-
ThI OIEPATOPOB HAXOAATCH 110 3T0# dopmyne sdpdexktuBno. s kosen 0ObIKHOBEHHBIX Aud-
depennmanpubx oneparopos panra [ > 1 C.II. Hoeukor u .M. Kpuuerep [3| mpesroxuin
Meron gecdopmarniuii mapaMerpos TrOpuHa, ¢ TOMOIIBI0 KOTOPOTO MOXKHO HAXOIUTH KO UIH-
eHTHI oriepaTopor 6e3 pynknun Beiikepa — Axuesepa. C MOMOIIBIO 3TOTO METO/IA, OBLIN HAIEHBI
BCE OTEPATOPHI PAHTa 2 U 3, OTBEYATOIIHE SJIUITUIECKIM CIIEKTPaIbHBIM KpUBBIM |3, 4], a Tak-
JKe TIPUMEPHI OTTepPaToOpPoB paHra 2 W 3, OTBEYAIOIINe CIEKTPAJIBHBIM KPUBBIM poma g = 2,3, 4.
[5, 6, 7|. Omeparopsl ¢ MaTpudHBIME KO3 dUImeHTaMn uccae10Baauce 8 (8, 9, 10].

s xoster; pudpdepeHnraabHbIX OMEPATOPOB B dacTHBIX npom3Bogubix V.M. Kpudesepom
[11] mosryuensr ciaemyromue pesyabrarel. Ilycrs

0 .
L= Z fla(x)T $:($1,...,xn), 04:(011,-..,0[”), Z:O,...,TL,

! Mexanuko-maremaruaecknii daxyasrer MT'Y um. M. B. Jlomonocosa, Kadenpa auddepenumaiis-
HOIl reomeTpuu u npmroxeHwmit, 119991, Mocksa, Jlemunckme ropser; VIHCTHTYT MaTeMAaTHKHA HM.
C.JI. Cobosea CO PAH, 630090, HoBocubupck, up. ak. Konriora, 4, JTaboparopusi reomerpude-
ckux Meronos B MareMmarudeckoil dusuke, MI'Y um. M. B. Jlomonocosa, 119991, Mocksa, Jlenun-
CKUe ropbl. DJIEKTPOHHAS 1T04Ta: azheglov@mech.math.msu.su, mironov@math.nsc.ru
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— muddepeHnuaibHbIe OIIEPATOPHI MO IEPEMEHHBIM 1, - . . , Lx CO CKAJIAPHBIMU KO3 duimerHTa-
MU, TJe

o ol

Jz®  Ox{'...0xp"

Ms&1 BymeM TpeArnoaraTb, 9To crapimnne K03 UImeHTsl OepaTopoB MOCTOSHHBI. Mbl Takke 6y-

ol = a1+ -+ an,

JIeM TIPeToaaraTh, 9T0 CTaPIINe CHMBOJIBI 0ITepaTopoB L1, .. ., L, aaredbpandecKn HE3aBUCUMBI 1
4TO MHOKeCTBO uX Hyseil B P! mycro. Ecan oTKa3aThess 0T STHX OrpaHUYEHH ], TO CYIIECTBYIOT
He KOHEYHOIIOPOXK/IEHHbIE KOMMYTATHBHBIE KOJIbIA OlepaTopos (cM. Hanpumep, [12]), koropbie
MBI HE PACCMATPUBAEM B 3TOil pabore.

Teopema 1.1. (Kpuuesep [11]) Cywecmsyem nenyaesot noaunom Q(Xo, ..., \p) makod,
wmo

Q(Lo, ..., Ly) = 0.

Mmuoroo6pasue I' C C"H!| 3aannoe ypasnennem

Q(Ao, .-, An) =0,

Ha3bIBAETC CNEKMPAALHDBIM MH02000pasuem oneparopos L, ..., L,. CuekrpaibHoe MHOrOOOpa-
31e mapaMeTpU3yeT COBMECTHBIE COOCTBEHHbIE 3HAUYEHHS OIepaTopoB L;:

Li(z, Vo(z, A) = Nvo(z, A), A= (Ao, ..., An) €T

B nmanbHeiiiem Mbl 11T TPOCTOTHI OYEM pPacCMAaTPUBATE OMEPATOPHI paHra 1, TO eCTh MBI MPE/I-
moJiaraeM, 9To Jjig TOYKU A € I' 0bIImero mo/tokeHust CyImecTByeT euHCTBEHHAS C TOYHOCTHIO 10
MIPOTIOPIIMOHAJIBHOCTA COBMECTHAsT COOCTBEeHHAsT (DYHKIIN 1) 01epaTopoB L.

O6osuaunm uepes P;(k), k = (ki, ..., k) crapmme cumBosbr oneparopos L;, i = 1,...,n.
Teopema 1.2. (Kpuuesep [11]) Cywecmeyem eduncmeennoe pewerue cucmemvl, ypasrerut
Lip(x, k) = Pi(k)¢(z, k), (i = 1,...,n),

umerulee 8ud

Y(w, k) = bt (N g (a, k),

s=0

2de &s(x, k) — odnopoduwie no k payuonasvhwe dynryuu cmenenu —s. Koavuyo onepamopos,
wommymupyrowuz ¢ L, 1 < i < n, xommymamueno. Pynrxyus (x, k) asasemes cobecmsennot
OAs 6CE20 KOALUQ.

B [11] mocTpoeno BioxKenue MHOPOO6paSI/IH I" Bo B3Bemenmoe IPOEKTUBHOE IPOCTPAHCTBO,
9TO JAeT ero KOMIAKTU(MDUKAIIIO I. Ormerum, aro gususzop D> = P\F [IpU TaKOM KOMITaKTH-
duKanuu paruoHaJeH.

CyIecTByIOT HHTEPECHBIE IPUMEDPBI 1-MEPHBIX KOMMYTATUBHBIX KOJIEL] JuddepeHInabHbIX
0TepaTopoB o cKaasspHbiMi Kodbduimentamn |13, 14, 15] (cM. Tam Ke CCBIIKE Ha JpyTrHe pa-
6orbl), HO 3 deKTUBHON KIaccuduKaImm TaKuX KOJIel] TIOKa He ToJydeHo. Bosee Toro, He siCHO,
Kakue ajarebpamvaeckre MHOr000pa3ws MOTYT OTBEYATH KOMMYTATUBHBIM KOIbIaM quddepeniim-
AJTbHBIX OTIEPaTOPOB.

Hanee mbr BBemeM myukn Kpuuesepa Ha MPOEKTUBHBIX MHOTO00pa3usax, CBI3aHHBIE C KOM-
MyTHpyomuMn omeparopamu. [Iycrs X — mpoekTuBHOE aarebpandeckoe MHOr00Opasue pa3Mep-
nocru n, Y — Q-Kaprwe ausuzop na X. Hanomuuwm, uro ais moboro Q-Kaprbe gususopa Y
HajfileTca MEHIMaJIbHOE HaTypasbHoe unciao d Takoe, uto Y' = dY — nueusop Kaprbe, TO ecThb
JIOKAJIBHO Y, 3a1a€TCA OAHUM HEIIPUBOAUMBIM YPDAaBHCHUEM B Ka)KﬂOfI TOYKE.
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ITygok F nma X mazoseMm nyukom Kpuuesepa (K-nyukom), eciu OH SIBJISIETCS KOT€PEHTHBIM
my4KoM 6e3 kpyuenus u 00/1a7aeT CIeAyIONMM CBORCTBOM:

dimcH(X, F(mY")) = dimc{Clz1, . .., zn)/ (21, . . . ;)™ 1}, (1)

TO €CTh Pa3MEPHOCTH MPOCTPAHCTBA TI00AIbHBIX cedenuit myuka F & [mY'] momxkna cosmamars
C pa3MEPHOCTHIO TPOCTPAHCTBA TOJUHOMOB CTEIEHU HE BBIMIE YeM md OT N MepEeMEHHBIX.

IIpocreiimuit npumep K-nyuka — 910 TpuBmaibusiii myuok #a CP", npu stom Y — rumep-
mwiockocTh. Hanmuune K-tiyduka — 910 cuibHoe orpanudenue va X u Y. MoxkHo, Hanpumep, 1o-
Ka3aTh, 910 ecim X u Y rmirajkue, To mydkn Kpuduesepa CyIecTByOT TOJBKO B ciydae X = CP?
u Y — I'UIepIuiocKOCTb.

Hamomaum, 9T0 MHEIEKC N-KpaTHOro camonepecedenud 3¢ dexTusnoro aupmsopa Kaproe C
na X ompenensierca kak (n — 1)!lag, rme ag — crapmmit Ko3dhuImenT YucI0BOro MHOTOUIEHA
P(k) = x(Ox(kC)) (cp. ¢ [16] u [17]). st HEOCOOBIX MHOTOOOPA3HUii 310 ONpe/ieeHne COBIIAIaeT
¢ otHUM u3 0bIenpuHATHIX (cM., Hanpumep, [18, App.A]).

CrpaBeamnBa CaeyIOMas TEOPEMA.

Teopema 1.3. [Ipednosootcum, 4mo Ha NPoeKMUSHOM MH02000pasuu X cyuecmsyem ny-
wox Kpuuesepa paneza 1. Tozda das undexca n-xpammozo camonepeceverus dususopa Kapmuve Y’
CNPABEIAUBO PABEHCTNEO

(Y',...,Y") =d",

6 wacmmuocmu, ecau Y asasemca dusuzopom Kapmoe, mo underc n-xpammozo camonepeceerus
Y pasen 1.

Hanpuwmep, ecim X = CP", a Y — runepmiockocts, 0 Y — ausuzop Kaprbe, npu 3rom
WHJIIEKC N-KPATHOTO camoriepecevuerust Y paser 1.

IIycts R — KOMMYyTaTHUBHOE KOJIBIIO N-MEPHBIX AuddepeHnaibHbIX 0mepaTopos paura 1 co
CKAJIAPHBIME KO PUITHEHTAMEU, CTAPIIINE CUMBOJIBI KOTOPHIX UMEIOT TOCTOAHHBIE KO3hduIiinen-
To1. CIpaBeinBa TEOPEMA.

Teopema 1.4. /[as xoavua R cyuecmsyem npoexmuenoe mrozoobpasue X u Henpusooumvlli
obunrvnviti Q-Kapmwve dususzop Y C X maxue, wmo xoavuo payuonasvnor dynxyut Ay na X
¢ noarocom 8 Y uzomoppro R.

Ha X cywecmeyem cemeticmeo nywxos Kpuuesepa. Boaee mouno, na X x U, 2de U C C" —
Hexomopas 0baacms, cywecmsyem nywok Fr makot, wmo Fu|xxqz asaiemcesa nyurkom Kpuuesepa
panza 1. Kpome mozo, onpedeservr onepamops kosapuarmmnozo dudpdepenyuposanua Vi, ..., Vy

Vi : HY(X X U, Fon) = HO(X X U, Fyms1), ViV, = V;V,,
ede Fpm = Fu(m(Y' x U)). Mnooscecmeo 2aobanvnor cexenud
Upt_oHY(X X U, Fom)

Aeasemca c60600nvm modyaem panea 1 nad C[Vy, ..., V,].

OTMeTnM, 9TO CIEKTpabHOe MHOrooOpasue X CTPOUTCA IO KOJbIly R KaHoHmYecKuM obpa-
3oM 6e3 Beibopa mpezactasutesneit L; € R. B caydae, Korga Koabiio R MOpOXKIEHO OmEpaTopaMu
Lg,...,L,, kak B Teopeme 1.1, maOroobpasme X coBmagaer ¢ MHOrooOpasuem I. ITpu stom Y,
Kak mokKa3aHo B [11], — pammonaaproe MHOr0o0Opasme. B obmem ciydae, kak ykazan H. Kurke,
STOT JMBU30D yHUPAIMOHAIEH (TakuM 06pa30oM, B pa3sMepHOcTH 1 n 2 OH panmoHaJIeH 1Mo Teope-
me Jlropora). Mbr crpoum komnaktudukanmio adduanoit gactn X \Y ¢ moMommpo ecrecTBeHHO
dunbrpanuu Ha Kobile R — duabrpamnuu, 3agaHH0# nopsigkamu oneparopos. CemeiicTBo myd-
KoB KpuueBepa cTpouTcs ¢ OMOIIBIO (DyHKIUHU 1, onpejieseHHoit B Teopeme 1.2.

Hakasimmku BBen mogynu Beiikepa — Axwmesepa (BA-momynn) na anrebpamdeckux MHOTO-
obpasusgx [19], [20]. BA-moxyns M cocrour uz dyuximmit ¢(x, P), v € C", P € X, rne X —

22



N-MepHOe MIPOEKTUBHOE ajrebpanydeckoe MHOroobpaswue. [Ipu dbukcupoBanuoM x ¢ gBjisieTcs ce-
JeHueM Iydka Ha X, KPOMe TOro, ¥ MMeeT CyIIeCTBEHHYIO 0CODeHHOCTh Ha jusuzope ¥ C X.
DaeMeHTHI Y € M 06/1a1a10T CJIEAYIOMIMI CBOMCTBAMU:

® 0y € M m f(x)y € M, rue f(x) — anammrudeckas yHKIMs B HEKOTOPO# OKPECTHOCTH
GUKCHPOBAHHON TOYKH T();

e A\ € M nyg moboit parmonanbuoit pyHKimu A Ha X ¢ moJrocoM B Y.

DT CBOHCTBA 03HAUYAIOT, uTO M SIBJISIETCS MOIYJIEeM HaJk KOJIbIOM AuddepeHnralbHbIX ornepar-
TopoB D,, = O[0yy,...,0z,], Tae O — Kosblo aHamuTHIecKuX (bYyHKIUA B OKPECTHOCTH X0, &
TaKyKe MOJAYJIEM HaJ KOJIBIOM pannoHaabubix Gpynakmuit Ay na X ¢ momocom B Y. Ocobwrit nn-
Tepec IPeACTaBIISIOT KOHETHOIIOPOXK JeHHbIe cBoOoaubIe BA-Momymn Ham Dy, MOCKOILKY B 9TOM
caydae KOHCTPYKIWS TTO3BOJISIET CTPOUTE KOMMYTATUBHBIE KOJIBIA AudDepeHInaIbHBIX OTIEPATO-
pos. Beibepewm 6azuc ¢y (z, P),...,¥n(x, P) B M. Torna s A € Ay cyliecTByer eIMHCTBEHHbIH
muddepentmanbubiii oneparop D(A) ¢ marpuunbivMu koadbdurnmentarMn Takoii, 9To

D\)¥(x, P) = A(P)¥(x, P),
rae U(z, P) = (¢Y1(z, P),...,n(x, P))T. Tus apyroit bymkmun 4 € Ay
D(p)¥(z, P) = n(P)¥(z, P),

orkyna BeiTekaer paBeHCTBO (D(A)D(u) — D(pu)D (M)W = 0. Uz csobogroctu Dy,-momynsa M
caepyer, uro oneparop D(AN)D(u) — D(p)D(N) mynesoii, o ectb D(A) u D(1) KoMMyTUpyIor.
[Ipumepsr cBOGOTHBIX MOmyeit Beftkepa — Axmesepa mpuBeeHBI HUXKE.

IIycre R — KOMMyTaTuBHOE KOJIbIO Ju(DEPEHIUMAIBHBIX OMEPATOpOB, X — CIEKTPAIbHOE
muOT000pa3ne n3 reopembr 1.4. Torma cpaBeiBa CIeIyIONAT TEOPEMA.

Teopema 1.5. Ha X cywecmsyem c60b00nviii modysv Betikepa — Azuesepa panza 1, nopooic-

dermvuti
U@, k) = §(, k)errrttentn,

2de &(x, k) — ceuenue nyuxa Kpuuesepa nwa X, maxot, wmo obpazom moppusma Ay — Dy,
sadannozo gopmyaot D(N)Y = M), X € Ay, asasemcea xoavuo R.
Teopema ciiejlyeT HEMOCPEJICTBEHHO U3 TeopeMbl 1.2. A UMEHHO MOJI0KUM

M = Dpi(x, k).

M — moayns Beiikepa — Axuesepa, TOCKOJIBKY BCsAKas MepoMopdHas QyHKIHS Ha X C TOTI0COM
B Y gBIsSeTCA 3JIEMEHTOM KOMMYTATHBHOTO KOJIBIIA OTIEPATOPOB, KOMMYTUPYIOMHX € L1, ..., Ly.
Slcno, uTo 3TOT MOMYIL CBOGOAEH M MOpoKaeH P (, k) (Cp. TakKe J0KA3aTEIHCTBO TEOPEMBI 1.2
u ciencrsue 1 B [11]).

OrMmernM, 9TO CYIIECTBYIOT U JPYrH€ CIOCOOBI ONpenessTh cemeiicTBa mydkoB Kpuuese-
pa. Tak, B ciydae, korma n = 2, mo oneparopam Li, La B pabore |21| crpoutcss obparumbrii
oneparop S B KoJble 1cesnoanddepernanibHbix oneparopos (cp. Jemmbl 2.9, 2.11 B [21]).
C moMoImIBbI0 HEro MOXKHO ONpeenTh (hOpMaJbHBIN aHamor (ynknnn Beiikepa — Axwmesepa
(2, k) = Semthite2ke o 110 memy onpenesmts cemeiicrso myukos Kpuuesepa Fi, Kak B T€O-
peme 1.4 (cM. mokazaTesbLCTBO TEopeMbl HuKe). [Ipm 3Tom k;l, k‘fl SABJISTIOTCS JIOKAJIBHBIMU TIa-
pameTpaMu B Touke P, riajxoit Ha auBm3ope Y n Ha moBepxHocTH X; Ky ! samaer nokansHoe
ypaBmenue IBm30pa, a k' 3a/[aeT JOKATBHOE yPABHEHIe TOUKN B OKPECTHOCTH TOUKM P.

B pabore [21] mokazaHo, 9TO MO0 r€OMETPUYECKUM JAHHBIM (MOBEPXHOCTH, TUBH30D, TOUKA),
nmydKy Jg, M0 BHIOPAHHBIM JIOKAJIBHBIM [TapaMeTpaM B TOYKE M 110 (DUKCUPOBAHHON TPUBHUAJIV-
3arnuu mydka B Touke P (Mmomudurmposanuse manubie [lapmmuna, cp. [22], [25], [26], [23], [24]),
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MOZKHO KOHCTPYKTHBHO BOCCTAHOBHUTH KOJIbIO R mudbepeHima bHbiX onepaTopos (a 3HAYUT, U
ceMelcTBO 1y4KoB, u (opmanbuyio Gynkimio Befikepa — Axuesepa), CM. J10Ka3aTEILCTBO TEO-
pembl 3.3 B [21] (myuky Fo B Teopeme 3.3 coorBercTByer myduok J). Ilpm sTO0M KOrOMOJIOrHH
nydka Fg yAOBJAETBOPAIOT 0OJIee CUJIbHBIM YCJAOBUSM, 9eM YCJIOBUST KOTOPBIM YOBJIETBOPSIOT
koromosiorun myukos Kpuuerepa (1), a umeHHO 111 J1I060TO 1 KOMIIO3UIMU HUZKECIIE Y FOIIIX
TOMOMOP(U3MOB SIBJISIIOTCST T30MOPMOUIMAMIE:

HOXX, F(nY")) < Fop Rl k5 1) — kI kg 0/ O by e,

re ¢ — TpuBmaau3anus mydka Jg B rouke P. Ilpu Beibope apyrux oneparopos Li, La B KOJIBIE
R nmomyuaercs mydok J{), m30MOpMHBLT HCXOTHOMY.

Ormernm, 94T0 MOMOOHYIO CXEMY PACCYXKJIEHUNH MOXKHO MPUMEHUTH W TPU N > 2, eCJid pac-
CMATpPUBATh B KAYECTBE M€OMETPUYECKNX JAaHHBIX (jiar Ha X.

Apropbl HadaJ paborarb HaJ, 9TOH crarbeil BO Bpemsi koHdepenuuu «Topuyeckasi Toro-
JIoTHsl U aBTOMOpPHBIE PyHKINN», mpoieaieii B Xabaposcke 5-10 cerrsbps 2011 r. ABTOpEI
O/1aroapHbl OpraHu3aTopaM KOH(MEPEHIUU 33 IPUTJIAIIEHHE.

2. JlokazareabcTBO Teopem 1.3 m 1.4

2.1. /Ioka3aTeabCTBO TeopeMsbI 1.3

HamomawmMm 0y KOHCTPYKIUIO U3 ajaredpandeckoil reoMerpun, CBA3AHHYIO C MPUBEIEHHBIM
mepeJi TeOpeMoil OTpeIeIeHneM WHIEKCa camonepecedenns. A mmenno: ecan Y — 3hderTus-
ueiit qususop Kapree, 10 Ox(—Y) ~ Zy, rae Iy — nyqoK mjeajsoB CBA3aHHON ¢ Y JIOKaJIbHO
3aMKHYTOIT moacxembl (cM. |18, ch. II, prop. 6.18]). Ilosromy ecTh ecrecTBeHHbIH MOPhU3M Iy -
koB Ox(—Y) — Ox, u ana 1060ro KorepeHTHOro mydka JF Ha X MOXKHO HAIMUCATH TOUHYIO
MOC/Ie/J0BATE/ILHOCTL KOrepeHTHBIX TydkoB (cm. [18, ch. I, prop. 5.7]):

0O—-R—-F(-Y)-F—=-9—0,

rae R, Q — aapo u Kosiipo mopduszma nyukos F (—Y) — F. AHajoruvnble 10C/1€10BaATEILHOCTH
CyIIECTBYIOT /T BCEX N

0—=RMNY)—F((n—-1)Y)— FnY)— 9Q(nY)—0.
[Tosromy:
dim(Supp(Q(nY))) < dim(Supp(F)), dim(Supp(R(nY))) < dim(Supp(F))
1 €CThb KOPOTKasd TOYHad IIOCJIEJOBATEJIbHOCTE KOT'€PEHTHBIX IIYYKOB
0—=F(n—=1)Y)/R(nY) = F(nY)— Q(nY) — 0.
13 Hee moayaaem

X(F(nY)) = x(nY)) + x(F((n — Y)/R(nY))

X(F((n = 1)Y)/R(nY)) = x(F((n —1)Y)) — x(R(n)).
Orcrona
X(F(nY)) = x(F((n = 1)Y)) = x(Q(nY)) — x(R(nY)).

Temeps MOXKHO BOCTIO/TBE30BATHCA WHAYKITHEN TT0 PA3MEPHOCTH HOCUTEISI KOTEPEHTHOTO MY IKa,
F u upejgoxennem 7.3 rii. 1 B [18]: 110 npeaosoKeHnio nHyKIum, CymecTBYOT YUCJI0BbIE MHO-
rounensl Pp, Py ¢ panuonanbabivu kosddunuenramu takue, uro Py(n) = x(Q(nY)) u Pa(n) =
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X(R(nY)) nyst Bcex m, u B cuity 7.3 Torga cyuiecTByer Takoii xe muorouned P(n) = x(F(nY))
(ecsm pasmeprocrs Hocuresst F pasha 0, x(F(nY)) = const). Urobbl yBujers CBs3b oupejese-
HUsI MHJIEKCA CAaMOIIEpecedeHns depes crapiiuii K03 puimeHT 3Toro MHOro4IeHa, pacCMOTPUM
cayuait, kKorga Y — kpusasi. B arom ciryuae muorownien P(n) Bosnukaer uz reopembl Pumana -
Poxa miast myuka Oy (nY).

ITepeiinem Temneps K goKa3aTenbCTBY TeopeMbl. [lycts F — myuok Kpuuesepa panra 1. [Ipex-
e BCErO 3aMEeTHM, 9TO I Beex m umetorcss aoxenns F(mY') — F((m+1)Y"). deicreurens-
HO, JOCTATOYHO TIPOBEPUTH TO TOJBKO JJIg M = —1; B 9TOM C/Iydae CyIeCTBOBAHUE BJIOKEHUS
cpasy ciaegyer u3 Toro, uto jgokaabHo myuok Ox (—Y') nopoxmaercs ogaum smementom u F —
ny4ok 6e3 kpydenus. OTCIOa CIeIyeT, 9TO JJIsd BCEX 1M ONPEIeIeHbl BJIOKEHUsT

H(X, F(mY")) — H°(X, F((m +1)Y")).

B cuny Teopembr 1.4 qususop Y obwien, mosTomy jist 60IbIIAX M BbImogHeHO (cM. [18, ch.3,
prop.5.3] u cp. nemmy 2.1)

HO(Y' Oy:(mY")) = H'(X,0x(mY"))/H*(X,Ox((m —1)Y")) C

C HY(X, F(mY")/H*(X, F((m = 1)Y")) = H'(Y', Fly:(mY")),

e HOY(X,Ox(mY')) C HY(X,F(mY')), 1ak Kak BjOKEHHE OIPEJEJEHO O0TOOparKeHueM
HOX,Ox(mY")) 3 a — ap € HY(X,F(mY")), tne ¢ € HY(X,F) ~ C — mopoxmaromias,
TTOCKOJIBKY J — TyuoK 6e3 kpydenus. [losaTomy

dim(c HO(Y/, ]'-|y/ (mY’)) = dim(c(((C[k‘l, ey kn])dm %) (C[k‘l, cey kn])dm—l@
@ (Clkr, - k) dm—1)41)- (2)

Tak xak mydok J pamra 1, To pasmepuoctn mupocrpancts HO(Y' Fly/(mY’))
u HO(Y', Oy+(mY')) jist 60JbIIMX N BBIYUC/ISIOTCA YMC/IOBbIMEI MEOTOYIeHamu Py (m) u Py(m)
C OJIMHAKOBBIMU cTapimmMu kKodddunmernramu (mpuyaem craprmmii koaddumment Maoroutena Py
OTBEYAET 32 WHJEKC CAMOTIEPECEeUeHNs), KAK 3TO BUIHO W3 PACCYYKICHUI, MPUBEJIEHHBIX BBIIIE.
Ho a1 6osbmmx m
: 0 ! "Ny _ ,m—1 n—1 n—1
dim H(Y', Fly(mY")) =C) 0+ O g ot + G (m—1)a>

oTKyza caemayer, aro crapmuii koaddunuent y P; pasen d"/(n —1)! u ungexkc camonepeceaennst
paBen d".

2.2. JlokazaTeabCTBO Teopemsbl 1.4

Hamomuawmm cragasia 04HO0 00Iee CBOMCTBO KOMMYTATUBHBIX KoJIer AuddepeHInabHbIX OIe-
PATOPOB, KOTOPBIE MBI PACCMATPUBAEM.

IIpenmoxeunne 2.1. IIycmo Ly, ..., L, — xommymupyrowue dupdepernyuarvrvie onepamo-
Dbl NOAOIAHCUMEABHOZ20 NOPAJKA, cmapuiue cumeorvs Py xomopux umetom nocmoanmvie Koapgdu-
yuenmor. Ilycmv Tapaxmepucmuseckue uGU30Pbl IMUL ONEPATNOPOE (MHOHCECTNEAE HYALT MHO-
2ouaenos Py 6 P"1) ne umerom obuuz mouer.

Tozda scaxoe Kommymamusnoe xoavuo B onepamopos, codepocawsee Ly, ..., Ly, asssemca
Koneurno noposicdennoti arzebpoti nad C 6es deaumeneti nyasa pazmeprocmu Kpyans n.

Hoxaszarennbcrso. Oupenerum ua Koabiie D dbunbrpanuio {D,} mo crenenn omepa-
topos. Torma gr(D) ~ Clzy,...z,][&1, ..., &) — kommyraTtueaas rpagyuposannas C-anre6pa
co ckobkoii Ilyaccona

{oi(L1),0j(L2)} = 0itj—1([L1, L2])
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(3mecy 0;(L1) obosuagaer cumBos oneparopa crenenu i, i = deg Ly, j = deg Lg). Torza, eciu
@ € BN D,,, umeem

0= {Puom(@)} = Za& (@),

Ho (P1,...,P,) : A" — A" — komeunsiii Mopdu3M B CHJly yC/IOBUiiI HAIIErO MPEJTOKEHH,
nosromy det(9P;/0¢;) # 0. Cnenosarensro, op(Q) umeer nocrosinabie ko3dduuuenTs.
CrenoparesbHO, TTOIyYaeM:

C[Py,...,P,)) c gr(B) c Cl¢y, ..., &)

Ho C[&,. .., &, xoneuano mopoxnen xkak C[Py, ..., P,]-moxyns, mostomy gr(B) Toxke KOHEUHO
nopoxen. Cnenosarensuo, gr(B) — KoneuHO MOpokKaeHHas anredbpa (ouesuano, 6e3 aeauresnei
mysis1) pasmepaoctu Kpymis n (em. |27, ch. 11]).

st kosbua B e ke yrBepxenust caepyior uz [28, Ch.IIL, §2.9, prop.10].

O

HamoMHIM 0JIHY KOHCTPYKIMIO U3 anarebpandeckoii reomerpuu. Ilycts k — anrebpandyecku
3aMKHyTOE Tosie. Torma CymecTByeT BIOJHE CTPOTmii (pyHKTOP t M3 KaTeropum MHOT0o06pasuit
Hag k B Kareropuio cxem Hag k (cm. mampmmep [18, ch. II, §2]). Tomosoruueckoe mpocrpas-
cTBO J1I000r0 MHOTO0Opa3us V' romeoMopdHO MHOXKECTBY BCEX BAMKHYTBIX TOYEK U3 TOIOJIOTHU-
yeckoro npocrpancTsa cxembl sp(t(V)), u mydok peryasapHbIx (DyHKIWH MHOT000pas3ust ABIAETCS
OrpaHuveHreM CTPYKTYPHOrO nmyuka cxembl (V') mocpeacrsom 3roro romeomopdusma. Obpazom
MPOEKTUBHBIX MHOT000pa3uii 3Toro (pyHKTOpa sIBISIOTCS MPOEKTUBHBIE cxeMbl Proj S, rime S —
rpajlyMpOBaHHOE KOJILIO ¢ Sy = k, KOHEUHO NOPOXK/IEHHOE MHOKECTBOM S1 Kak Sp-asirebpa (cu.
cnencreue 5.16 ror. 11 Tam ke). Tak, eciu X C CP™ — npoekTusHOE anreGpandeckoe MHOrooOpa-
sue, I(X) C Clxog,...z,] — osHOpOHbII 1jlea1, HOPOXKJIEHHbBIE 0JIHOPOJHBIMU MHOTOY/ICHAMY,
obpamatomuvmcs B () wa X, ompese M TpagynpoBanioe KombIo S = P52 Sq M0 KOIbIy MHOTO-
anenos Clxg, ... z,], B398 32 Sy MHOKECTBO BCEX JUHEHHBIX KOMOWHAIMIT OJHOUICHOB CTETICHH
d, v nonoxxkum S(X) = S/I1(X). Torna t(X) = Proj S(X). B nanbheiinem mbr 6y1em 0T0XK 1eCTB-
JIITH MHOT0OOpA3us U COOTBETCTBYIOIIAE UM CXEMBI.

Paccmorpum ecrecTeennyio brbTpanuio Ha KOJIbIe R, ONpeseseHHyIo o CTENEHN OTePaTo-
poB. OmpenesinM KOJBITO R = @a>0tq. Torma Mbl yrBepKmaeM, uto cxema X = Proj R IIpOeK-
THUBHA, ugean I = ]:2(—1) poCT B Ru ompejiessier HenpusoauMbIit 06mibubIi (Q-KapThe aususzop
Y CX.

HeiicTBurenbHo, 0003HAUNM depesd ¢ : [ — R ecTecTBeHHOE BIIOKEHUE. OueBuino, yro I =
(i(1)), rne 1 € I; = Ry u i(1) € Ry. Ilycts @ € Ry, b € Ry u a,b ¢ I. Torga ord(a) = k,
ord(b) = I, u cueposaresnbro, ord(ab) = k + [ (3gecy ord obo3Hadaer HOPsJIOK oLepaTopa B
kosere R). Ho torma ab € Ry ne moxer npunaaiexars I, To ecth I — IPOCTOil 01HOPOAHEIH
TTeAT.

B cuny [29, prop. 2.4.4] cxembr Proj R w Proj R/I = Projgr(R) — uemnsie. Takum oGpasom,
umean I ompesensieT HEIPUBOIUMBIiA JUBH30D Y ma X.

Tak xkak R KOHETHO TTOPOXKIEHO, R Takike KOHEYHO nopoxeno Hag C (cm. TIPEJLIOKEHIE

2.1). Torga cymecTByeT HaTypaabHOEe d TaKoe, YTO IPAJTyHPOBAHHOE KOJIBIO R@ — Dhe de
p(d)

KOHEYHO mopoxaeno muoxkectBom R; kak C-amrebpa (cm., manpumep, memmy B [30, ch. III,
§8]). Takum obpazom, Proj R@ — npoexrusnoe muoroo6pasue. Ilokaxem, uro X ~ Proj R4 u
qro dY — mguBuzop Kaprbe na X.

Heficreurensho, dY onpenensercs neanom I d — (z(l)d), wi(1)? e R(d) B cuny [29, prop.
2.4.7] mmeem X = Proj R ~ Proj R u Proj R/I ~ Proj R /I(9), Takum o6pazom, nocrarod-
1o noxazars, aro naean 1@ s R onpenensier qusuzop Kapree. Ho 510 BepHO, MOCKOMBKY
orkpbiteie adbdunnbie muoxecrsa D(x;), rae x; € Rgd)
muoxkecrse D(z;) unean 19 nopoxen smementom i(1)%/z;.

, 00pa3yioT moKphIiTHE X U B KaXKIOM
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Hakonern, dY odenb oOujieH, Tak KaK sABJSIETCsl THIEPILUIOCKAM CEYeHHeM BO BJIOYKEHUH
Proj RY) — Proj C[Rgd)] ~ PN,

Kombro panmmonanpubix dynxmuit ¢ nomocom B Y Ay = Ox(X\Y) =~ R, mockombKy
X\Y = Spec(R;(1))) =~ Spec(R).

Kpowme Toro, Kak MBI BUAe N B JOKA3aTEILCTBE MpeoxkeHns 2.1,
C[Pla"'7pn] C gT’(R) C (C[§177§’n]

Orcroma caenyer, auro C(Y) < C(&y,...,&,) xomeuno, a moromy mueuzop Y = Proj(gr(R))
YHUPAIMOHAJIEH.

Ompemenum myuok F, Ha X X U chenyiomum obpaszom. Pacemorpum R ®c A-monynb, Tie
A — xonbno ananuTnyaecknx Ha U dyHkimii:

M = Dn(l/}($7 k))eleklf...fwnkn’

e ¥ — yuknus u3 reopembl 1.2. Kak ciejyer u3 91oit reopembl, M — Mojy/ib 6€3 KpydeHus.
Ha mem onpenenena ecrecrsennag cdpunbrpanus {M;} 1o crenenu oTHOCHTENBHO Kk, 1 0U9€BHUJIHO,
aro M ¢ 9roii punbrpanueii — dunbrposannbiii R ®@c A-moayns. Takum obpazom, M = Bz M
— rpagynposanabiil RO A-Mo1y/s 6e3 kpydenns. Jlasee, 3aMETHM, 4T0, KAK U B JOKA3ATEILCTEE
npegoxenus: 2.1, gr(M) ~ A&, ..., &)] D gr(R) ®¢c A — KOHEYHO NOPOKJIEHHBIH MOJLY/Ib Hal
gr(R) ®@c A. Torga B cuy |28, Ch. III, §2.9, corol. 1] M — komeuno nopoxuenubiii R @¢ A-
MOJLY/Tb, & TIOTOMY Jp 1= Proj(M ) — KorepenTHbIii 1y4oK 6e3 kpydenus na X X U.

Bamernm, WTO OmpejeseHbl Mydkn 0e3 KpydeHust Fg ., = Proj(M(m)); mnst moboro m
Fam < Frm+1, TOCKOJIBKY M(m) <= M(m+1), u Fomd = Fz(mY'), nockonbky Fp(mY') ~
Proj(M @ (m)) B cuny [18, ch.II, prop.5.12], u Proj(M(? (m)) ~ Proj(M (md)) B cuny [29, prop.
2.4.7].

VTBepxgeHue 0 ToM, 9T0 J, 337aeT cemelicTBo mydkoB Kpudesepa ciemyer u3 6oJiee CHib-
HOT'O YTBEPXKICHUS:

Jemma 2.1. (cp. [21, lemma 3.5]) Jas 6cex m HY(X x U, Fym) = M.

HNoxaszaTenbcTso. Iloonperenennio, My, C HY(X x U, Fpm). llyets a € HO(X x
U Fem), @ ¢ Mp,. Torpa a = (a1,...,ax), tae a; € ]\Zf(m)(bi), b; € Ry — HOpOXKJAtoNue
npocrpancTsa Ry (a Tak)Ke MOPOXKIANOIINE AJTeOpDI R(d)), npudgem by = 1¢ (1 obozmauaer
31eChb Z(l)) ua;=a; B Rbibj-

Iycrs a; = di/bfi, rae a; € My,dym, a1 = dl/llfl. Bamernm, uro k1 > 0, tak kak a ¢ My,.
HetictButepuo, ecau 6b1 a1 € My, T0 @ = a1, TaK Kak M (m) — R—MO,ILyJIb 6e3 KpydJeHus.

Taxkum obpasom, a1 € (Miy+m \Mk,+m—1). Torma aus b; € R4\R4_1 (rakue smements cy-
IIECTBYIOT, OCKOJIBKY BCE 9MEMEHTH u3 Ry i C Ry NPUHAIJIEKAT WICAILY, OIPELCITIONEMY
quBuzop C') mosyuaem bfi € dei\dei—la 7 CJIeJIOBATEILHO, dlbfi € (M, +die;+m \ My +dk; +m—1)-

. =k ~ ok ~ 1k ~ ok
C apyroit cropomsr, aib’ = ;17" u @;17" € My vdk;+m—1 C My, +dk;+m, TO €cTb a1b;" ¢
(M, +dk;+m \ My +dk; +m—1) — uporuopeune. 3uauut, a € My,.
O

ITyuok F, umeer panr 1, Tak Kak Mbl paccMaTpuBaeM KoJibilo R padra 1, To ecrb B 0011€it
Touke X PasMepHOCTH MPOCTPAHCTBA cobCTBeHHBIX (yHKIMiT paBHa 1 (cp. |2, lemma 4.3|), a 310
O3HA4aeT, YTO paHr JF, B 00IIeit Touke paseH 1.

3aMeTnM, UTO U3 JIEMMbBI BBITEKAET U CyIllecTBOoBaHme nuddepenimposannii V;: mist m € M;
ompenemnm V;(m) = 0;(me*1kittankn)e=ziki——nkn ¢ N o

Tlociienree yrBeprkaenue Harneil TEOPEMbI CJIeAyeT u3 TeopeMbr 1.2.

3. Ilpumepnl cBOOOMHBIX MoayJeil Beilikepa — Axuesepa

B stom maparpade mbl ipuBejieM npuMepbl cBoOOIHBIX D-moryieit Beiikepa — Axuesepa Ha
a/IrebpanIecKux MHOT00OPa3usIX.
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3.1. Moaynu Beiikepa — Axue3epa Ha ajaredpandeckmx KpPUBbIX

IIycts I' — meocobasa anrebpamveckass kpuBasi, ¢ € I' — Boimesnennast Touka. Boeibepem B
oKpecTHOCTH ¢ J0oKanbHbll mapaMerp k! (k71(q) = 0). Brbepem Tax»Ke HecIermaIbHbIH TUBH-
30p Y =1+ -+, tae g — pox I'. Cymecrsyer equncrsennas dbyukiws (2, P), HasbiBaeMast
dyukmmeit Beiikepa — Axneszepa, KoTopast 001a1a€T CAEAYIOMUMA JBYMSI CBOWCTBAMI.

1. B ¢ dyskIus ¢ umeer cyIecTBeHHYIO0 0COOEHHOCTH BUA

¢:e$k(1+él<}f>+&k<§>+...>.

2. Ha I'\{q} dynkuumsa ¢ mepomopdna ¢ npocTbiMu 1OIIOCAME B JIUBU30DE 7.
Pacemorpum Di-Momyinb, TOpOXKIeHHbIN (hyHKITHEN 1)

M =Dyp(z, P) = Y O074(x, P).
n=0

Ha M 3amama Kak cTpykTypa D1-MOIyIs, TaK U CTPYKTYPA MOIYJIST HAJ KOJTBIIOM MEPOMOP(HBIX
dbyurimit A; va I' ¢ momocom B ¢. Takum obpazom M ssisercss momynem Beiikepa — Axuesepa
panra 1. CrpaBeyInBO paBeHCTBO

LY = M, A € A,

Onepatroper L(A), L(p), p € Ay KOMMYyTUDYIOT.

3.2. Moaynu Beiikepa — Axue3epa Ha IJIaBHO HOJISPU30BAHHBIX
abejieBbIX MHOT000pa3usax

O6osraanm uepes X9 = CYI/{Z9 + QZ9} rnasHO TONAPU30BAHHOE KOMILIEKCHOE abeeBo
MHOTOO0Opasue, rie ) — cuMMerpuuHasd g X g-marpuia ¢ ImQ > 0. Tara-yHKIMSI onpeaeasaeTcs
psaoM

0(z) = Z exp(mi(Qn,n) + 2mwi(n, z)), z € CY,
neZ9

rae (n,z) =niz1 + -+ - + ngzg. Pynkius 0(2) obrajaer CBORCTBAME HEPHOAUIHOCTH
0(z + Qm + n) = exp(—mi(Qm, m) — 2wi(m, 2))0(z), m,n € Z9.

Mpgr 6ymem mpe/nosiaraTh, 9T0 TITA-IUBH30D (Hyau TITa-byHKIWN) HecHHTyassper. O603HaInM
uepes Le,c € CI c ¢ 79 + QZI nuneitnoe paccioenne nag X9, rinobanbubie (MepomopdHbie)
cedennst KoToporo 3agarorcsa dyaknuavu f(z) na CI co cBoiicTBOM

f(z+Qm+n) = exp(—2mi(m,c)) f(z), m,n € Z9.

Hampuwmep, mepomopdHubIiM cedennem L. sIBISIETCS egf(j)c). IIycrs

g
Mc(n) =< f(z,x)exp | — ijaq logf(2) |, f(z,2) € HO(ngCch:Jc(n@)) )
j=1

riae © — T3Ta-gMBU30pD,
MC == U?Lo:]_Mc(n).

Teopema 3.1. (A. Haxaswuru) Ecau moma-dususop necunzyaspen, mo M. asasemcs ceo-
6001vim Dy-modysem panea g'!
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CaencrBue 3.1. Cywecmeyem saoocenue
L:Ae — Mat(g!,Dy)

KOALUA MePOMOPPHUT Pynkuut na X9 ¢ noatocom 6 © 6 xoavuo (g! x g!)-mampuunwmz Jugdpe-
PEHUUAADHBLL ONEPAMOPOS.

Ha camom nesre Teopema 3.1 gBysierca ciaencrBueM 0oJiee CHIBHOTO yTBEpKIeHUsA. BBemem
0003HAUEHNA:

gr,M.= M.(n)/M.(n —1), grM. = @grnMc,
n

(n) ={ > fal2)0 € Dy}, gng_@D )/Dy(n —1).

|laj<n

Teopema 3.2. (A. Haxaswuru) Ecau moma-dususop necuneyaspen, mo gril. aeasemca
c606001vim grDy-modysem panea g!
IIpu g = 2 B M, moxHO BbIOpaTh Gazuc ciepyomero sujga [31]:

O(z+c+x)

="y B

exp(—x10;, log0(z) — 220, log 6(z)),

O0(z+c+ci+x)0(z—c1)

¢2 = 02(2) eXp(—x1821 IOg 9(2!) — anzg log 9(2))
Torsa, nanpumep, A1 MepoMopduOlt dyHKIHH %&S’Z*o‘) 10 Teopeme Haxasmmkn cymecTsy-

10T eMHCTBeHHbIe Juddepennmanbabie oneparopsr Ly € Dy raxue, uTo

0(z + a) (z — )
62(2)

0(z+ a)f(z — )
)

IIpy pasIMYHBIX (v MATPHYHbIE ONEPATOPEI ¢ KommonenTamu L kommytupyior. Onepatoper Ha-
KasilMKU u3ydannch B paborax [31, 32].

LY1Y1 + Lisye =

1/]17

L3191 + Logype = a.

3.3. Moaynun Beiikepa — Axue3epa Ha MOAMHOrooopa3usax
B IVIABHO IMOJIAPU30BAHHBIX abe/ieBbIX MHOTroo0pa3msax

Ilycts mo-mipeskaemy XY — riaBHO MOJISIpU30BaHHOE abesIeBO MHOTOOOpaswne C HECUHTYJISIP-
HBIM T3Ta-IuBH30poM. Jepes O, obosHaunM capur Tata-aususopa Ha a € CI. Beegem obo3naue-
HUdA

=0y N---NBO,,, k<yg,
Q*=v*ne.
Mer npesmosaraem, aro nogMuoroobpasue Y ¥ mepecekaerce ¢ O, ,, 1 © TpancBepcaabHO I UTO
nommuoroobpasus Y, QF C X9 mecunryaapusr. Yepes LF o6o3nadmv orpanmdenne paccIoeHms
L.ua YFE.
Bsemem monyin Beiikepa — Axuesepa Mf = Ugolef(n) Has Dy

ME(n) = { f(z,2) exp ija log 9(2)yx |, f(z,2) € HO(Y®, £F  (nQ¥))

CropaseuBa cieaytomias Teopema |33, 34].

29



Teopema 3.3. s a;,c ¢ obwem noaoocenuu MF asasemes ceo600mvim Dy_g-modyaem
panea g'.

Kpowme Toro ngf ABJIIeTCA CBOOOAHBIM grD,_j-MomyneM panra g!.

CaencrBue 3.2. Cywecmeyem saodicenue

L:Age — Mat(g!,Dy_y)

Koavua mepomopdros dynruut na Y ¢ noamocom na QF 6 xoavuo (9! x g!)-mampusnviz dud-
PeEPEHUUANOHBIT ONEPATNOPOS.

3.4. BA-moaynam Ha panMOHAJIBHBIX MHOT0O0Opa3max

B sTom maparpade B KauecTBe CIeKTPaILHOTO MHOTOO0pa3usd MBI OyIeM pacCMaTpuBaTh MHO-
roobpaszwe, kotopoe morydaercss n3 CP! x CP™ ! oroxmecTrienneM IByX TAEPIIOBEPXHOCTEIH.

DurcHpyeM deThbipe Uncia ai, az, by, by € C Takue, 9To a; u b; OJHOBpEMEHHO He 0DPAIIAIOTCS
B HOstb U (ay @ b1) # (a2 : by). @ukcupyem Takzke HEBBIPOXK/EHHOE JIMHElHOEe Tpeobpas3oBaHue
P : C" — C". Dro npeobpazoBanue HHIYIUPYET IpoeKTHBHOe npeobpazosanue CP" ! koropoe
Oyzaem obozuagars Tem xke cumBoioM P. Uepes I' obo3maunm muOTOOOpa3me, MOJIydIe€HHOE U3
CP! x CP"! oroxecTBiienneM JByX HellepeceKalomuxcs THneprosepxuocTei p; X CP" 1 ~
p2 x CP"™! ¢ nmomompio nmpoektusroOro npeobpasosanus P, rae p; = (a; : b;). A umenno: 6ymem
OTOXKJIECTBIATH TOUKA

(a1 : bl,t) ~ (CLQ : bg,’P(t)), t= (tl T tn) ecpr.

HecoxH0 moKa3aTh, 9To Ha I’ MOXKHO BBECTH CTPYKTYPY aaredpandeckKoro MHOI0OOPa3ns.
O603naqnm uepes f(P) caemyrontyio dopumy ma C?F2

n

flzr, 2oty tn) = Y _(aizmti + Bizats), (2)
=1
rae g, i € C. Ilpuuem Gygem npeanonarars, 9ro ais Beex t = (t1,...,t,) BBIIOJHEHO TOXK/1e-
CTBO
fla,b1,t) — Af(az, b2, P(t)) =0, A€ C, (3)

KOTOPOE JlaeT OrpaHuyerne Ha BhIOOP KOHCTAHT a;, by, v, B;. B cuy pasencrsa (3) ypaBHenue
f(zlizg,tl : -"Ztn):O

KOPPEKTHO OIpE/IeIsieT THIIePIOBEPXHOCTh Ha, .
Ob6o3naunM gepes3 A\j 1 Wj COOTBETCTBEHHO COOCTBEHHBIE YUC/Ia M COOCTBEHHBIC BEKTOPHI IIPe-
obpazoBanug P. B nanbueiinem OyeM mpejno/iararh, 9To

A # Ay mpi £ b @
u dopma f(P) Beibpana Tak, 9To

f(al,bl,wj)#O, jzl,...,n. (5)

Ha C"*2 Beesiem omosauTenH0 1 hopm

3

filz1, 22, t1, .. tp) = (igpzity + Binzoty) -
=1



[Ipu sToM Gymem mpemosaraTh, 9To aad Beex t = (t1,...,t,) € C" BBIIOJHEHO TOXKECTBO

fi(ah b17t) _ fi(a27 b277)(t))

Flanbt)  flanboP(p) 7% GEC )

B cusy (3) 910 TOKIECTBO 9KBUBAJIEHTHO
fila1,b1,t) — Afi(ag,ba, P(t)) — ¢if(a1,b1,t) = 0. (7)
PasmeprocTs npocrpancTsa takux ¢popm pasaa (n+1). Beibepem f1, ..., f,, Tax, arobsl f1,..., fu

u f 6L MHERHO He3aBucHMbI (Ji0bag apyrag ¢dopma, yaoBaeTBopsiomas (6), sBisercs Ju-
HelHoit kKomOunanmeit f, fi1,..., fn).
O6oznaunm vepes Mr (k) muoxectBo yHKImit BuIa

o, P) = h(z1,...,2n, P) exp Zn: fj(P)xj 7
j=1

fH(P) f(P)
ISt KOTOPBIX 1pu Beex t = (t 1 -+ : t,) € CP" ! Bhinmoameno Tox1ecTBO
P(x, a1 :b1,t) — Ap(x, a2 : by, P(t)) =0, A € C. (8)

Breck P = (21 : 22,t) € CP' x CP" ! u h(z, P) — dopma cieayomero Bua;

-
h(z, P) = Z hjo(z) ]2y 7 2, 9)
0<j<h|al=k
rae a = (o, ..., 0p) — MyabTUHHJEKC, 1 =171 ton.

BameruMm, 9TO B CHJIy TOrO, 9TO A He 3aBUCUT OT T, TOXKJIECTBO (8) coxpaHsier BHJ [PHU
Y Y Y
nuddepenrnupoBannn ¢ mo ;. CaenoBaTeabHO, MBI IMEeM 1 0TOOpazKeHHi

8%. :Mp(k) —>Mp(k+1), j=1...,n.

Takum 06pa3oM HA MHOXKECTBE

o
My = ] Mr(k)
k=1
3ajJaHa CTPYKTypa Moy st beiikepa — Axnesepa Hal KOJIBIOM AuddepeHralIbHbBIX 0TIepaTOPOR
Dy.
Nwmeer mecto Teopema (cm. [35]).
Teopema 3.4. Modyav Betixepa — Axuesepa Mr ssasemca c60600ubim Dy -modysem parza
n, noposcdernvim n Pynryuamu us Mp(1).
Caencrue 3.2. Cywecmeyem saooicenue

D: Ay — Mat(n,Dy)

KoAUG MEPOMOPPHBLT Pynkyut na I ¢ noatocom na 2unepnoseprrocmu f =0 6 xoavyo dugddpe-
PEHUUAAOHBLL ONEPAMOPOS NO NEPEMEHHBIM X1, . .., Ty € MAMPUYHHLMU KOIPHUUUEHMAMU DA3-
MepHOCTIU T X N.

B cuny pammonasnproctu ' k0adduimentsr omnepaTopoB BEIPAXKAIOTCS depe3 3JIEMEeHTAPHBIE

dbyuxmn (cum. [35]).
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4. 3akJjro4deHune

s kyraccudukanuy KOMMYTUPYIOMUX Kojel AudepeHnabHbIX OePaTOPOB B YaCTHBIX
[IPOU3BO/IHBIX PEIIeHUe CeYIONINX 3a/1a49, KAK MbI [I0JIAraeM, SIBJIAE€TCH BAXKHBIM.

1. Knaccudunuposars anrebpanueckue MHOrooOpasus (cunrysiaspabie) X ¢ CUHIYJISIPDHBIM
yaupanuonanbabiv gusuzopom Q-Kapree Y, unjgekc n-KpaTHoro caMoriepecedeHus KOTOPOTO
pasen d" (cum. Teopemy 1.3).

2. Knaccudunuposars aarebpantdeckrne MHOroobpasus u3 1.1, momyckaromme mydkn Kpuae-
Bepa.

3. Haiitu qomnoiHuTEIbHBIE YCA0BHUS, KOTOPBIM JIOJIZKHBI YI0BIETBOPITH T€OMETPUIECKHE TaH-
wople n3 1.1 u myukn Kpuaesepa, 9To0BI MOXKHO OBLIO BOCCTAHOBUTEL MOy b Beiikepa — Axmezepa
i ko610 quddepennuanibHbIX oneparopos (M. Teopemy 1.5).

Ormernm, aro B pabote |21] 6b1a mana KiaccuduKaIys KOMMYTATUBHBIX OJKOJIEI] B KOJIBIE
D (monotHeHHOM KOJIbIE D dhepPeHalbHBIX OEPATOPOB) B TEPMUHAX ME€OMETPUYECKUX JIaH-
HBIX U IIy9KOB 0e3 KpydeHus (CM. BBEJEHIUE), MPUYEM TaKMe IIOJKOJIbIA BKIYAT B cebs, Kak
YACTHBIA Caydail, n KoJabla JAud@epeHuaj bHbIX 0MepaTOpOB, PACCMATPUBAEMbIE B HACTOSIIEH
pabore. [Toxxoz k knaccudukamnum, paccMarpuBasimiicss B pabore [21], ornuaaercs: ot noaxoza,
CBSI3aHHOTO ¢ M3yueHneM Momaynei Beiikepa — Axnesepa, n ocHOBaH Ha 06061mennn treopun Caro.
B cayuae mmoroobpaswmit pasmeproctu 1 0ba mojaxoma COTIACOBAHBI M MPUBOIAT K HU3BECTHOI
KJTacCuUKAIUU KOJIel 0ObIKHOBEHHBIX nudpepeHInaj bHbIX orepaTopoB. B ciaydae MaHOTOOODA-
3Uil PA3MEPHOCTH 2 MMOJIE3HO CPABHUTH ITU JBA MMOIXO/IA.

Borpoc o j1omotHuTETBHBIX YCJIOBUSAX, KOTOPBIM JTOJI2KEH Y/IOBJIETBOPSITD IIY90K, OTHOCUTCS 1
K IydkaMm U3 paborsl [21]: KAKOBBI JIONOJIHUTEIBHBIE YCI0BUS, KOTOPHIM JIOJIZKEH Y/I0B/JIETBOPATH
MIy90K, YTOOBI KOJIBIIO OIEpaTOPOB B IOMOJHEHHOM KOJIbIIE 15, IIOCTPOEHHOE 0 STUM JAHHBIM,
SIBJISLIIOCH KOJIBITOM JTudDeperuaibibix oneparopos? Kak Mbr gymaem, 0b6a BOIpoca COrIaco-
BaHBI.
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ABSTRACT

In this work we give a review of several results about commutative subrings of par-
tial differential operators. We show that n-dimensional commutative ring of partial
differential operators with scalar (not matrix) coefficients (with certain mild condi-
tions) corresponds to a Baker — Akhiezer module on the spectral algebraic variety.
We also show that there is a family of coherent torsion free sheaves of special type.
The existence of such sheaves gives a strong restriction on the structure of the spec-
tral variety, in particular, it is possible to find the selfintersection index of a divisor
at infinity.

Key words: commuting partial differential operators, spectral wvarieties, Baker-
Akhieser modules
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