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Íåðàâåíñòâà äëÿ ìîäóëåé ðàöèîíàëüíûõ ôóíêöèé

Â ðàáîòå ïîëó÷åíû íåðàâåíñòâà äëÿ ìîäóëåé ðàöèîíàëüíûõ ôóíêöèé ñ ïðåäïèñàííûìè
ïîëþñàìè, ëåæàùèìè âî âíåøíîñòè åäèíè÷íîãî êðóãà. Ðàññìîòðåí òàêæå ñëó÷àé, êîãäà
ðàöèîíàëüíàÿ ôóíêöèÿ íå èìååò íóëåé â åäèíè÷íîì êðóãå.

Êëþ÷åâûå ñëîâà: íåðàâåíñòâà äëÿ ðàöèîíàëüíûõ ôóíêöèé, ïðîèçâåäåíèå Áëÿøêå, ëåì-

ìà Øâàðöà.

Ââåäåíèå

Ââåäåì îáîçíà÷åíèÿ

Pc
n :=

{
p(z) : p(z) =

n∑
k=0

ckz
k, ck ∈ C, cn ̸= 0

}
,

Rc
n,m :=

r(z) : r(z) =
p(z)

n∏
k=1

(z − ak)

, p(z) ∈ Pc
m, ak ∈ C, |ak| > 1, k = 1, n

 .

Äëÿ ôóíêöèè r(z) ∈ Rc
n,m îïðåäåëèì ôóíêöèþ

B(z) =

n∏
k=1

1− akz

z − ak

è ïîëîæèì
||f || := max

|z|=1
|f(z)|,

r∗(z) = B(z)r

(
1

z

)
,

à äëÿ ïîëèíîìà p(z) ∈ Pc
n ðàññìîòðèì �âçàèìíûé� ïîëèíîì [3, c. 256]

p∗(z) = znp

(
1

z

)
.

Îöåíêàì ðîñòà ïîëèíîìîâ è ðàöèîíàëüíûõ ôóíêöèé ïîñâÿùåíî áîëüøîå êîëè÷åñòâî
ðàáîò (ñì., íàïðèìåð, ñòàòüè [1]�[5], à òàêæå ìîíîãðàôèþ [6, ãëàâà 12] è áèáëèîãðàôèþ â
íèõ). Êëàññè÷åñêèì ÿâëÿåòñÿ íåðàâåíñòâî
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max
|z|=ρ≥1

|p(z)| ≤ ρn||p||,

ñïðàâåäëèâîå äëÿ âñåõ ïîëèíîìîâ êëàññà Pc
n. Åñëè òàêæå èçâåñòíî, ÷òî ó ïîëèíîìà óêàçàí-

íîãî êëàññà íåò íóëåé â åäèíè÷íîì êðóãå, òî ñïðàâåäëèâî íåðàâåíñòâî Àíêåíè � Ðèâëèíà
(ñì. [1])

max
|z|=ρ≥1

|p(z)| ≤ ρn + 1

2
||p||.

Óñèëåíèå ýòîãî íåðàâåíñòâà áûëî ïîëó÷åíî â ðàáîòå [7].
Äëÿ ôóíêöèé r(z) ∈ Rc

n,m ñïðàâåäëèâî íåðàâåíñòâî (ñì. [3], [8])

|r(z)| ≤ |z|(m−n)+ |B(z)| ||r||, |z| > 1, (1)

ãäå x+ = max(x, 0). Ðàâåíñòâî â (1) äîñòèãàåòñÿ ïðè r(z) = zkB(z), k ∈ N0. Åñëè ó ðàöèî-
íàëüíîé ôóíêöèè êëàññà Rc

n,m, m ≤ n, íåò íóëåé â åäèíè÷íîì êðóãå, òî âåðíî íåðàâåíñòâî

|r(z)| ≤ |B(z)|+ 1

2
||r||, |z| > 1, (2)

ñ ðàâåíñòâîì äëÿ ôóíêöèè r(z) = αB(z) + β, ãäå |α| = |β| (ñì. [3]).
Â íåäàâíåé ðàáîòå àâòîðà [9] áûëè ïîëó÷åíû òî÷íûå äâóñòîðîííèå íåðàâåíñòâà ïðè

äîïîëíèòåëüíîì îãðàíè÷åíèè íà |z|, äîïîëíÿþùèå è óòî÷íÿþùèå íåðàâåíñòâî (1). Öåëü
íàñòîÿùåé çàìåòêè � óñèëåíèå è äîïîëíåíèå ðåçóëüòàòîâ ðàáîò [3] è [9] áåç äîïîëíèòåëüíûõ
îãðàíè÷åíèé íà |z|. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà 1, âûòåêàþùàÿ èç ëåììû Øâàðöà
(ñì. [10, ñòð. 320]). Äðóãèå ïðèëîæåíèÿ ýòîãî ðåçóëüòàòà ìîæíî íàéòè, íàïðèìåð, â ðàáîòàõ
[7], [11].

Ëåììà 1. Ïóñòü f(z) � àíàëèòè÷åñêàÿ â åäèíè÷íîì êðóãå |z| < 1 ôóíêöèÿ òàêàÿ,

÷òî |f(z)| < 1 ïðè |z| < 1. Òîãäà ïðè |z| < 1

|f(z)| ≤ |z|+ |f(0)|
1 + |f(0)||z|

, (3)

ïðè÷åì ïðè z ̸= 0 ðàâåíñòâî â (3) áóäåò äîñòèãàòüñÿ òîëüêî â òîì ñëó÷àå, êîãäà f(z) =

ε
z + a

1 + az
, |ε| = 1, |a| < 1, è arg z = arg a, åñëè a ̸= 0.

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Ïóñòü ðàöèîíàëüíàÿ ôóíêöèÿ r(z) ïðèíàäëåæèò êëàññó Rc
n,m è ||r|| = 1.

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

|r(z)| ≤

n∏
k=1

|ak|+ |cmz|

|cm|+ |z|
n∏

k=1

|ak|
|B(z)||z|m−n, |z| > 1. (4)

Åñëè r(z) = zkB(z), k ∈ N0, òî íåðàâåíñòâî (4) ñòàíîâèòñÿ ðàâåíñòâîì äëÿ ëþáîãî z,
|z| > 1.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ

f(ζ) = ζm−nr

(
1

ζ

)
B(ζ) =

cm

(−1)n
n∏

k=1

ak

+ ....

Îíà àíàëèòè÷åñêàÿ â åäèíè÷íîì êðóãå, òàê êàê ïîëþñà ôóíêöèè r(1/ζ) ÿâëÿþòñÿ íóëÿìè
ôóíêöèè ζm−nB(ζ) ñ ó÷åòîì êðàòíîñòè. Òîãäà èç òîãî, ÷òî

|f(ζ)| = |ζm−n|

∣∣∣∣∣r
(
1

ζ

)∣∣∣∣∣ |B(ζ)| =

∣∣∣∣∣r
(
1

ζ

)∣∣∣∣∣ ≤ 1, |z| = 1,

ñëåäóåò, ÷òî f(z) îãðàíè÷åíà ïî ìîäóëþ åäèíèöåé â åäèíè÷íîì êðóãå è, òàêèì îáðàçîì,

óäîâëåòâîðÿåò óñëîâèÿì ëåììû 1, ïðè ýòîì f(0) = (−1)ncm/

(
n∏

k=1

ak

)
.

Âûïèøåì íåðàâåíñòâî (3) äëÿ ôóíêöèè f(ζ)

|ζm−nr

(
1

ζ

)
B(ζ)| ≤

|ζ|+ |cm|/
(

n∏
k=1

|ak|
)

1 + |ζ||cm|/
(

n∏
k=1

|ak|
) , |ζ| < 1.

Äåëàÿ çàìåíó ïåðåìåííîé z = 1/ζ, ïðèõîäèì ê íåðàâåíñòâó

|r(z)B(1/z)| ≤ |zm−n|
1 + |z||cm|/

(
n∏

k=1

|ak|
)

|z|+ |cm|/
(

n∏
k=1

|ak|
) , |z| > 1,

à çàìå÷àÿ, ÷òî B(1/z) = 1/B(z), ïîëó÷àåì íåðàâåíñòâî (4).

Ïóñòü òåïåðü r(z) = zkB(z), k ∈ N0, òîãäà ÿñíî, ÷òî m − n = k, à |cm| =
n∏

k=1

|ak|, è

ðàâåíñòâî â (4) î÷åâèäíî. Òåîðåìà äîêàçàíà.

Èç ïðèíöèïà ìàêñèìóìà ìîäóëÿ è óáûâàíèÿ ïðè x ≥ 1 ôóíêöèè h(x) =
1 + ax

a+ x
, 0 < a <

1, ïîëó÷àåì, ÷òî

n∏
k=1

|ak|+ |cmz|

|cm|+ |z|
n∏

k=1

|ak|
≤ 1, äëÿ âñåõ z òàêèõ, ÷òî |z| > 1.

Òàêèì îáðàçîì, íåðàâåíñòâî (4) óëó÷øàåò íåðàâåíñòâî (1).

Ñëåäñòâèå 1. Ïóñòü ïîëèíîì p(z) ïðèíàäëåæèò êëàññó Pc
n è ||p|| = 1, òîãäà âûïîë-

íÿåòñÿ íåðàâåíñòâî

|p(z)| ≤ 1 + |cnz|
|cn|+ |z|

|z|n, |z| > 1.

Ðàâåíñòâî äëÿ ëþáîé òî÷êè z : |z| > 1 äîñòèãàåòñÿ â ñëó÷àå ïîëèíîìà P (z) = cnz
n,

|cn| = 1.
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Ñëåäñòâèå 2. Ïóñòü ðàöèîíàëüíàÿ ôóíêöèÿ r(z) ïðèíàäëåæèò êëàññó Rc
n,m è ||r|| = 1.

Òîãäà äëÿ |z| > 1 ñïðàâåäëèâî íåðàâåíñòâî

|r∗(z)| ≤

n∏
k=1

|ak|+ |c0z|

|c0|+ |z|
n∏

k=1

|ak|
|B(z)|.

Äîêàçàòåëüñòâî. Èç òîãî, ÷òî r(z) ∈ Rc
n,m, ñëåäóåò

r(z) =
p(z)

n∏
k=1

(z − ak)

.

Òîãäà
r∗(z)

zn−m
= zm−nB(z)r

(
1

z

)
=

p∗(z)
n∏

k=1

(z − ak)

,

òî åñòü ôóíêöèÿ r∗(z)/zn−m ïðèíàäëåæèò êëàññó Rc
n,m. Òàê êàê ||r∗|| = ||r|| = 1, òî ê

r∗(z)/zn−m ïðèìåíèìà òåîðåìà 1. Ñëåäñòâèå äîêàçàíî.

Ëåììà 2. Ïóñòü r(z) ∈ Rc
n,m. Åñëè ôóíêöèÿ r(z) íå èìååò íóëåé â åäèíè÷íîì êðóãå

|z| < 1, òî

|zn−mr(z)| ≤ |r∗(z)|, |z| > 1. (5)

Äëÿ ôóíêöèè r(z) = αB(z) + β, ãäå |α| = |β|, ñïðàâåäëèâî ðàâåíñòâî â (5).

Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèÿ r íå èìååò íóëåé â åäèíè÷íîì êðóãå, òî ðàöèîíàëüíàÿ
ôóíêöèÿ

r∗(z)

zn−m
= zm−nB(z)r

(
1

z

)
=

p∗(z)
n∏

k=1

(z − ak)

èìååò êîíå÷íûå íóëè òîëüêî â çàìêíóòîì åäèíè÷íîì êðóãå. Ñëåäîâàòåëüíî, ôóíêöèÿ
zn−mr(z)/r∗(z) àíàëèòè÷åñêàÿ â |z| ≥ 1. Íà åäèíè÷íîé îêðóæíîñòè |z| = 1∣∣∣∣zn−mr(z)

r∗(z)

∣∣∣∣ = ∣∣∣∣ p(z)p∗(z)

∣∣∣∣ = 1.

Èç ïðèíöèïà ìàêñèìóìà ìîäóëÿ ñëåäóåò

|zn−mr(z)|
|r∗(z)|

≤ 1, |z| ≥ 1,

÷òî ýêâèâàëåíòíî íåðàâåíñòâó (5). Ñëó÷àé ðàâåíñòâà ïðîâåðÿåòñÿ íåïîñðåäñòâåííî. Ëåììà
äîêàçàíà.

Èç ñëåäñòâèÿ 2 è ëåììû 2 âûòåêàåò òåîðåìà.

Òåîðåìà 2. Ïóñòü ðàöèîíàëüíàÿ ôóíêöèÿ r(z) ïðèíàäëåæèò êëàññó Rc
n,m, íå èìååò

íóëåé â îòðûòîì åäèíè÷íîì êðóãå, è ||r|| = 1. Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

|r(z)| ≤

n∏
k=1

|ak|+ |c0z|

|c0|+ |z|
n∏

k=1

|ak|
|B(z)||z|m−n, |z| > 1. (6)
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Íåðàâåíñòâî (6) â óñëîâèÿõ ïðåäûäóùåãî ñëåäñòâèÿ, êàê è íåðàâåíñòâî (4), óëó÷øàåò
íåðàâåíñòâî (1). Ñëåäóþùàÿ òåîðåìà óòî÷íÿåò íåðàâåíñòâî (2).

Òåîðåìà 3. Ïóñòü ðàöèîíàëüíàÿ ôóíêöèÿ r(z), íå èìåþùàÿ íóëåé â îòðûòîì åäèíè÷-

íîì êðóãå, ïðèíàäëåæèò êëàññó Rc
n,m, m ≤ n. Òîãäà äëÿ z : |z| > 1 ñïðàâåäëèâî íåðàâåíñòâî

|r(z)| ≤ |B(z)|+ 1

|z|n−m + 1
||r||.

Ðàâåíñòâî äîñòèãàåòñÿ äëÿ ôóíêöèè r(z) = αB(z) + β, ãäå |α| = |β|.

Äîêàçàòåëüñòâî íåìåäëåííî ñëåäóåò èç ëåììû 2 è ñëåäóþùåãî óòâåðæäåíèÿ.

Ëåììà 3. [3] Ïóñòü ðàöèîíàëüíàÿ ôóíêöèÿ r(z) ïðèíàäëåæèò êëàññó Rc
n,m, m ≤ n è

||r|| = 1. Òîãäà äëÿ z : |z| > 1 ñïðàâåäëèâî íåðàâåíñòâî

|r(z)|+ |r∗(z)| ≤ (|B(z)|+ 1) .

Ñïèñîê ëèòåðàòóðû

[1] N.C. Ankeny, T. J. Rivlin, “On a theorem of S. Bernstein”, Pacific J. Math., 5:suppl. 2 (1955),
849–852.

[2] À.À. Ãîí÷àð, �Îöåíêè ðîñòà ðàöèîíàëüíûõ ôóíêöèé è íåêîòîðûå èõ ïðèëîæåíèÿ�, Ìàòåì.
ñá., 72(114):3 (1967), 489�503.

[3] N.K. Govil, R.N. Mohapatra, “Inequalities for Maximum Modulus of Ratioanl Functions with
Prescribed Poles”, Approximation Theory: In Memory of A.K. Varma, Marcel Dekker, Inc., New
York, 1998, 255–263.

[4] M.A. Qazi, “On the maximum modulus of polynomials”, Proc. Amer. Math. Soc., 115:2 (1992),
337–349.

[5] W.M. Shah, A. Liman, “Integral estimates for the family of B-operators”, Operators and matrices,
5:1 (2011), 79–87.

[6] Q. I. Rahman, G. Schmeisser, Analytic theory of polynomials, Oxford University Press, Oxford, 2002.

[7] Â.Í. Äóáèíèí, �Î ïðèìåíåíèè ëåììû Øâàðöà ê íåðàâåíñòâàì äëÿ öåëûõ ôóíêöèé ñ îãðàíè-
÷åíèÿìè íà íóëè�, Çàï. íàó÷í. ñåì. ÏÎÌÈ, 337 (2006), 101�112.

[8] À.À. Ãîí÷àð, �Î çàäà÷àõ Å.È. Çîëîòàðåâà, ñâÿçàííûõ ñ ðàöèîíàëüíûìè ôóíêöèÿìè�, Ìàòåì.
ñá., 78(120):4 (1969), 640�654.

[9] Ñ.È. Êàëìûêîâ, �Îá îöåíêå ìîäóëÿ ðàöèîíàëüíîé ôóíêöèè�, Çàï. íàó÷í. ñåì. ÏÎÌÈ, 371
(2009), 109�116.

[10] Ã.Ì. Ãîëóçèí, Ãåîìåòðè÷åñêàÿ òåîðèÿ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî, Íàóêà, Ì, 1966.

[11] N.K. Govil, Q. I. Rahman, G. Schmeisser, “On the derivative of a polynomial”, Illinois Journal of
Mathematics, 23 (1979), 319–329.

Ïðåäñòàâëåíî â Äàëüíåâîñòî÷íûé ìàòå-
ìàòè÷åñêèé æóðíàë 12 ìàðòà 2012 ã.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîä-
äåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé (ãðàíò 11-01-
00038)



Kalmykov S. I. Inequalities for Modulus of Rational Functions. Far Eastern Mathe-
matical Journal. 2012. V. 12. � 2. P. 231�236.

ABSTRACT

Inequalities for modulus of rational functions with prescribed poles lying in the ex-
terior of the unit disk were obtained in this research. The case when the rational
function has no zeros in the unit disk has also been considered.
Key words: inequalities for rational functions, Blaschke product, Schwarz lemma.
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