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A new subclass of meromorphic function
with positive coefficients defined by
Hurwitz-Lerch Zeta functions

In this paper, we introduce and study a new subclass of meromorphic univalent
functions defined by Hurwitz-Lerch Zeta function. We obtain coefficient inequalities,
extreme points, radius of starlikeness and convexity. Finally we obtain partial sums
and neighborhood properties for the class o* (v, k, A\, b, s).
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1 Introduction

Let S be denote the class of all functions f(z) of the form
fR) =24 anz" (1)
n=2

which are analytic and univalent in U = {2z : z € C and |z| < 1} normalized by f(0) =0
and f’(0) = 1. Denote by S*(y) and K*(), 0 < < 1 the subclasses of functions in S
that are starlike and convex functions of order 7 respectively. Analytically f € S*(v) if
and only if f is of the form (1) and satisfies

W20V Lo

Similarly, f € K*(v) if and only if f is of the form (1) and satisfies
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Also denote by T the subclasses of S consisting of functions of the form

oo
z):z—g anz", an >0
n=2

introduced and studied by Silverman [1], let T*(y) = TNS*(y),CV(y) = TNK*(y). The
classes T*(y) and K*(y) posses some interesting properties and have been extensively
studied by Silverman [1] and others. In 1991, Goodman [2, 3] introduced an interesting
subclass uniformly convex (uniformly starlike) of the class CV of convex functions (ST
starlike functions) denoted by UCV (UST). A function f(z) is uniformly convex (uni-
formly starlike) in U if f(z) in CV (ST) has the property that for every circular arc ~
contained in U with center £ also in U, the arc f(v) is a convex arc (starlike arc) with
respect to f(£).

Motivated by Goodman [2, 3], Ronning [4, 5] introduced and studied the following
subclasses of S. A function f € S is said to be in the class Sp(7, k) uniformly k—starlike
functions if it satisfies the condition

()5

f(z)
and is said to be in the class UCV (v, k), uniformly k—convex functions if it satisfies the
condition

" "
O CCRA R

f'(2) f'(2)
Indeed it follows from (2) and (3) that

1

, 0<~v<1, k>0, z€eU (2)

, 0<y<1, k>0, zel. (3)

fEUCV(vK) & =z €S,(n.k).
Further Ahuja et al. [6], Bharathi et al. [7], Murugusundaramoorthy et al. [8] and oth-
ers have studied and investigated interesting properties for the classes S,(v,k) and

UCV (v, k).
Let o denote the class of functions of the form

=21 +Zanz",an >0 (4)
n=1

which are analytic in the punctured open disk U* ={z:2€ C,0 < |2z] <1} = U \ {0}.
Let f,g € o, where f is given by (4) and g is defined by

e i bnz", by > 0.
n=1

Then the Hadamard product (or convolution) f * g of the functions f and g is defined by

(f*g)(z) =2~ +Zanbz (g% f)(2).
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Let o5,0*(7y) and ox(7),0 < v < 1 denote the subclasses of o that are meromorphic
univalent, meromorphically starlike functions of order v and meromorphically convex
functions of order « respectively. Analytically, f € o*(v) if and only if f is of the form

(4) and satisfies ,
—R (ZJJ:(S)) >, zeU.

Similarly, f € o () if and only if f is of the form (4) and satisfies

—R (1 n Z}f,/;z)> >n, zeU

and similar other classes of meromorphically univalent functions have been extensively
studied by Altintas et al. [9], Aouf [10] and Mogra et al. [11].

The following we recall a general Hurwitz-Lerch Zeta function ¢(z,s,a) defined by
(see [12], p. 121)

d(z,8,a) = Z (nj—ia)s

n=0

for a € C\ Zy,s € C when |z| < 1; R(s) > 1 when |z| = 1, where Z; = Z\ N, Z =
{0,£1,42, ...}, N={1,2,3,...}.

Several interesting properties and characteristics of the Hurwitz-Lerch Zeta function
@(z,s,a) can be found in the recent investigation by ,for example, Choi and Srivastava
[13], Ferreira and Lopez [14], Garat et al. [15], Lin and Srivastava [16], Luo and Srivastava
[17], Srivastava et al. [18], Ghanim [19] and others.

By making use of Hurwitz-Lerch Zeta function ¢(z, s,a), Srivastava and Attiya [20]
recently introduced and investigated the integral operator

o] 1 b S
]b’Sf(Z)ZJrZ(kj&L—b) ez, beC\Zy,s€C,zeU.

n=2
Motivated essentially by the above mentioned Srivastava-Attiya operator f, s, we now
introduce the linear operator
Wys:0—=0
defined in terms of the Hadamard product ( or convolution), by

Wysf(z) =Ops(2)* f(2), beC\ZjU{l},seC,feco,zeU", (5)

where for convenience,

s —s 1 *
One(e) = (0= 1)° [o(esb) ~ 074 | s
It can be easily be seen from (5) that
1 oo
W, s = - L 7b7 n n’
ol (2) = 2+ D Ln,bys)an (©

n=1
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—1\°
where L(n,b,s) = <Z+n> )

Indeed, the operator W, s can be defined for b € C\ Z; U {1}, where
Wosf(2) = lim {W, . f(2)}.
b—0

We observe that
Wrof(2) = f(2)

and

—1 ;
Wiy = sz /ﬂ—lf(t)dt, (R(y) > 1.
0

Furthermore, from the definition (6), we find that

Warrpf(2) = b;l /tb—lwb,sf(t)dt, R(b) > 1. (7)

0

Differentiating both sides of (7) with respect to z, we get the following useful relationship:
2 (Warraf)' (2) = (0= D) Whsf(2) = bWar1f(2)-

In order to prove our results wee need the following lemmas.

Lemma 1. If is a real number and w = —(u + iv) is a complex number then
Rw) 2y e fw+@-7)—|w-(1=7)]=0.
Lemma 2. If w = u + iv is a complex number and -y is a real number then
~R(w) > klw+ 1|+ & R (Wl + ke®) + ke®) > v, —7<O< T

Motivated by Sivaprasad Kumar et al. [21] and Atshan and Kulkarni [22], now we
define a new subclass oc*(v, k, A\, b, s) of o.

Definition 1. For0 <y <1,k >0and 0 < A < %, we let 0% (v, k, A, b, s) be the subclass
of o consisting of functions of the form (4) and satisfying the analytic criterion

(AT el AWhaf ) | | (Wl ()"

Whof(2) Wof (2) Whof(2) Wtz

+7)>k

The main object of this paper is to study some usual properties of the geometric
function theory such as the coefficient bounds, extreme points, radii of meromorphic
starlikeness and convexity for the class o*(v, k, A, b, s). Further, we obtain partial sums
and neighborhood properties for the class also.
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2 Coeflicient estimates

In this section we obtain necessary and sufficient condition for a function f to be in the
class o* (v, k, A\, b, s).

Theorem 1. Let f € o be given by (4). Then f € o*(v,k, A\, b, s) if and only if

i k+1D)A+(n—DXN) + (E+v)]L(n,b,s)an, < (1 —7v) —2X1+ k). (8)

Proof. Let f € 0*(v,k, A, b,s). Then by definition and using Lemma 1, it is enough to
show that

- Z(WbVSf(Z))I 22 (‘M/b78f(Z))// ei9 eié’ - s
%{< Wof(z) O Wha(2) >(1+’f ) +Ek }>% <f<m (9)

For convenience

C(2) = = [2(Whsf(2)) + A2 (Whs f(2))"] (1 + ke”) — ke W . f(2),
D(z) = W, . f(2).

That is, the equation (9) is equivalent to

*#(5) 2

In view of Lemma 1, we only need to prove that

[C(2) + (1 =) D(2)| = |C(2) = (1 = 7)D(2)| = 0.

Therefore

1C(z) + (1 =7)D(2)| = (2 - 7—2/\(k‘+1))*|

Z (k+1D)A+ (n—1DXN)+ (k+~v—1)]L(n,d, s)an|z|"

n=1

and

C(2) = (1 = N)D(2)] < (7 +22(k + 1>)>%+

nk+1) 1+ (n—=1X) + (k+~+1)]L(n,b, s)a,|z|".

M8

+

Il
-

n

It is to show that
|C(z) + (1 =7)D(2)| = |C(2) = (L +7)D(2)| =

> (2(1=7) —4A(k + 1))% =2 [n(k + 1)(1+ (n = DA) + (k +7)]L(n,b, s)an|2[" > 0,

n=1
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by the given condition (8). Conversely suppose f € o*(v,k, A, b, s). Then by Lemma 1,
we have (9).
Choosing the values of z on the positive real axis, the inequality (9) reduces to

[1-y—2X\(1+ke?)] 5 —|—§ [n(1+(n—1)A) (1+ke®) + (y+ke) | L(n, b, s)z" "
R =l > 0.
Z% + > L(n,b,s)apz""1

n=1

Since R(—e?) > —|e?| = —1, the above inequality reduces to

[1—y—2X1+Fk) &+ § n(1+k)(1+ (n—1)A) + (v + k)| L(n, b, s)a,r"*
N n=l _ > 0.
L+ > L(n,b,s)rm1

n=1

Letting » — 1~ and by the mean value theorem, we have obtained the inequality (8). O
Corollary 1.1. If f € 0*(v,k, A\, b, s) then
o < (I—=7)—2\k+1) .
" I+ k)1 + (n—1A) + (v + k)| L(n, b, 5)
By taking A = 0 in Theorem 1, we get the following corollary.
Corollary 1.2. If f € 0*(v,k, A\, b, s) then

1—nv

n . 10
= BT R+ RIEGb) 1o
Theorem 2. If f € o*(v,k, A\, b,s) then for 0 < |z| =7 < 1,
L Q- -2k+1) <<ty L0 )—2>\(l~c+1)r
T (2k+’y—|—1)L(1,b,s) (2k+7+1) (1,b,8)
This result is sharp for the function
1 (1—7)=2Xk+1) .
— - = . 11
f(2) z+(2k+’y+1)L(1,b,s) z, at z =r,ir (11)
Proof. Since f(z) =14 3 a,2", we have
n=2
—l—i—ia r"<1+ria (12)
- r n=1 " o n=2 v

Since n > 1, (2k+~v+1) < n(k+1)(k+ v)L(n,b, s), using Theorem 1, we have

(2k+7+1)ia Z (k+1)(k+~v)L(n,b,s) < (1—7)—2X\k+1)
n=1 n=1
> (1—7)—=2Xk+1)
D an s 2k +~+ 1)L(1,b, )

n=1
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Using the above inequality in (12), we have
1 (1—7v)—2Xk+1)

< =
< ot Gy T DL b, o)
and |f(z)|>1_ (L—9)—2A\(k+1)
—r  (2k+~y+1)L(1,b,s)
The result is sharp for the function f(z) = 1 + %z O
Corollary 2.1. If f € 0*(v,k, A\, b, s) then
1 (1—9)—2X\(k+1 1—7) —2\(k +1
U B TCES | P W (= B 23 1
r2  (2k+~y+1)L(1,b,s) (2k+~v+1)L(1,b, s)
The result is sharp for the function given by (11).
3 Extreme points
Theorem 3. Let fo(z) = 1 and
1 kad (1—7)—2A(k+1)
- n > 1. 13
P z:: A+ k)1 + @ - DN+ A+ RLnb,s) "= (13)
Then f € o*(v, k, A, b, s) if and only if it can be expressed in the form
(e o] (oo}
= Zunfn(z),un >0 and Zun =1. (14)
n=0 n=1

Proof. Suppose f(z) can be expressed as in (14). Then

Z)zzunfn( —UOfO +Zunfn =
n=0

=2+ NI+ (m—DN+ O+ RLmbs)

Therefore

(1—7)—2Xk+1) y
n(1+k)(1+ (n—1N) 4+ (A+k)]L(n,b,s)

[n(1 + )( +(n=DAN) + A+ k)L, bs) o~
X - 7)—2)\(k—|—1) Z)Zunlzmgl.

So by Theorem (1), f € o*(v,k, A, b, s).
Conversely suppose that f € o*(v,k, A, b, s). Since

(1—7)=2X\k+1) 01
[P(1+K) 1+ (n—1DN) + A+ k)]L(n,b,s)  —

an <
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We set [n(1+ k)L + (0 = DA) + (3 + K)L(n,b, 5)
Uy = Qnp, n 2 1
(I—7)—2X\k+1)
and s
ug = 1-— Z Up, -
n=1
Then we have i
:Zunfn( _'UJOfO +Zunfn
n=0
Hence the result follows. O

4 Radii of meromorphically starlike and convexity

Theorem 4. Let f € o*(7,k, A\, b, s). Then f is meromorphically starlike of order 6, (0 <
d < 1) in the disc |z| < 1, where

v —inf [1=0) AR+ (1)) + A+ KL b 5) r

> 1.
n [(n+2-0) 1—~)—27\(k +1) » e
The result is sharp for the extremal function f(z) given by (13).

Proof. The function f € o*(7v,k, A, b, s) of the form (4) is meromorphically starlike of
order ¢ is the disc |z| < ry if and only if it satisfies the condition

ij(ij) n 1‘ <(1-9). 1)
Since . N
n+1 n+1
2f'(2) . 1’ g n;(n + anz ) n;(n +1)|an]|2|
f(2) 14+ ioj a, 2"+ 1— i (][ 2]n 1
n=1 n=1

o0
The above expression is less than (1 —0) if > nf(s)‘s)an|z|’”r1 < 1.
=1

n=

Using the fact that f(z) € o*(v,k, A, b, s) if and only if

a, <1.

i n(1+k)(1+ (n—1)A) + (A + k)] L(n, b, s)
— (1—7)—2X(k+1)
Thus, (15) will be true if

(n+2-9) 2+ < [n(1+k)(L+ (n—1)A) + (v + k)]L(n, b, 5)
1-9) (1—7) =2k +1)

or equivalently

< (1—-¢0) [nA+E)A+ -1+ (y+E)]L(n,b,s)
(n+2—9) (I—7)—=2AEk+1)

|z
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which yields the starlikeness of the family.

d

The proof of the following theorem is analogous to that of Theorem 4, and so we omit

the proof.

Theorem 5. Let f € o*(v,k,\,b,s). Then f is meromorphically convex of order §,

(0 <6 < 1) in the disc |z| < ry, where

[ 120 AR+ (= DN+ (+ BIL(n,b )]
2 n n(n+2—5) (1_'7)_2)\(]64—1) ,

The result is sharp for the extremal function f(z) given by (13).

5 Partial Sums

Let f € o be a function of the form (4). Motivated by Silverman [23] and Silvia [24] and

also see [25], we define the partial sums f,,, defined by

1 m
fm(2) = 2 + Z:lanz", m € N.

In this section we consider partial sums of function from the class o* (v, k, A, b, s) and

obtain sharp lower bounds for the real part of the ratios of f to f,, and f’ to f/..

Theorem 6. Let f € o*(vy,k, A\, b,s) be given by (4) and define the partial sums fi(z)

and fp(z) by

fi(2) = 7 and fuz) = -+ laale", meN\ {1}
n=1

oo
Suppose also that > dnla,| < 1, where

n=1

1, if n=1,2,...,m
dn 2 4 AR 14+ (1= DA + (4R L (mabos)

(1—7)—2A(k+1) ’

Then f € 0*(v,k, A, b, s). Furthermore

! <f§2>> - d:ﬂ
and %(f}j‘(iz))) > 117’;;1“.

Proof. For the coefficient d,, given by (16) it is not difficult to verify that

A1 > dp > 1.

Therefore we have

m o0 oo

D lan] +dmir D lanl <Y lanldm <1

n=1 n=m-+1 n=1

if n=m+1,m+2,....

(19)
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by using the hypothesis (16). By setting

&)

dmi1 Y. apz™ 1

91(2)=dm+1<f(z) —(1— 1 )):1+ n=mitl

fm(2) dm+1 1+ ioj |an|zn—1
n=1
then it sufficient to show that
qi(z) —1
R(g1(z)) >0 or <1, zeU
(gl( )) = 1(2)-!—1‘
and applying (19), we find that
dm+1 D lan]
q1(z) — 1’ < n=m4+1 <1
n(z)+1]7 5, ; |an| — dpmst ;H |an|

which ready yields the assertion (17) of Theorem 6. In order to see that

1 Zerl
_ - 20
f)= 54— (20)
gives sharp result, we observe that for
m—+2 1
z=rem that Fz) _ ! —1-— as r— 17
fm(z) dm+1 dm+1

Similarly, if we takes

02(2) = (14 di) (

and making use of (19), we denote that

00
(I+dmnt1) > lan|
n=m-+1

2-2% lan| = (1 =dmy1) D, |an]
n=1

n=m-+1

fm(z) _ dm+1 >
f(z) 1+ dmy1

ga(z) — 1
g2(2) + 1

<

which leads us immediately to the assertion (18) of Theorem 6.

The bound in (18) is sharp for each m € N with extremal function f(z) given by (20).
a

The proof of the following theorem is analogous to that of Theorem 6, so we omit the
proof.

Theorem 7. If f € 0*(~, k, A\, b, s) be given by (4) and satisfies the condition (8) then

f'(2) m+1 m(2) dm+1
§R<f¥n(2)) > %<f’(Z)> e

; >{n, if n=23,...,m

where

n(l14+k)(1+(n—1)A)+(y+k)|L(n,b,s . _ .
(R DN CHOILOS) i =g 1t 2, .

The bounds are sharp with the extremal function f(z) of the form (10).
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6 Neighbourhoods for the class o*¢(7, k, \, b, s)

In this section, we determine the neighborhood for the class o*¢(v, k, A, b, s) which we
define as follows:

Definition 2. A function f € o is said to be in the class 0*¢(v, k, A, b, 5) if there exits a
function g € o*(~, k, A\, b, s) such that

‘2—1 <1-¢ 2eU0<€<1.

Following the earlier works on neighbourhoods of analytic functions by Goodman [26]
and Ruscheweyh [27], we define the j—neighbourhoods of function f € o by

Ns(f) = {g c€o:g(z) = % + anz" and Zn|an —by| < (5}. (21)
n=1 n=1

Theorem 8. If g € 0*(v,k, A\, b, s) and

B 852k +~+ 1)L(1,b,s)
E=1- (2k +~v+ 1)L(1,b,8) — (1 — ) + 2X\(k + 1) (22)

then Ns(g) C 0*¢(v,k, A\, b, s).

Proof. Let f € Ns(g). Then we find from (21) that

in\an —b,| <4

n=1

which implies the coefficient inequality
o0
> lan —ba| <6, neN.
n=1

Since g € o* (v, k, A\, b, s), we have

= (1—7)—=2X\(k+1)
; b0 < Gkt y+ DL(L b, s)

So that
o) 2k + 7 + DL(Lb.5) .
g(2) 1_§b  (2k+y+1)L(A,b,s)— (T—y)+2Ak+1)
n=1

provided ¢ is given by (22). Hence by definition, f € 0*¢(v,k, \, b, s), which completes
the proof. a
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Hoseprit mopkitacc MepoMopdHBIX (DYHKINNA € TOJOXKUTETLHBIMUA KO dU-
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AHHOTAIINS

B crarbe BBOAUTCS ¥ M3y4YaeTCsi HOBBII IOJIKJIACC MEPOMOP(HBIX OJIHOJIHCT-
HBIX (DYHKINH, onpeienisgeMbiX a3eta-byuknueit ['ypsuma —Jlepxa. IToxyte-
HBI HEPABEHCTBA /U1 KOI(DDUIMEHTOB, OMICAHBI IKCTPEMAJIbHBIE TOYKH, Pa-
JIMYCHI 3BE3/THOCTU U BBITYKJIOCTH. HaKoHel, m3yIeHbl CBOMCTBA IaCTUIHBIX
CYMM ¥ JIOK&JIbHbIE CBOMCTBA Jyia byHKIMA u3 Kiacca o* (v, k, A, b, s).

Kirogessie cioBa: wmepomopdpras dynrxyus, kpatinas mowka, “acmuwhole
CYMMDL, OKPECTNHOCTND.



