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Optimization method for solving

the inverse problem of complex heat transfer

An optimization method for solving the inverse problem for stationary equations
of complex heat transfer with an unspecified boundary condition for the radiation
intensity on part of the boundary and an overdetermination condition on the other
part of the boundary is proposed. An analysis of a boundary optimal control problem
is presented and it is shown that the sequence of solutions of control problems
converges to the solution of the inverse problem.
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1 Inverse problem

In a Lipschitz bounded domain Ω ⊂ R3 with the boundary Γ := ∂Ω, we consider the

following system of non-linear equations [1]:

−a∆θ + bκa(|θ|θ3 − φ) = 0, −α∆φ+ κa(φ− |θ|θ3) = 0, x ∈ Ω. (1)

Here, θ is the normalized temperature, φ the normalized averaged intensity of radiation.

Positive parameters a, b, κa, and α describing inner properties of the medium are given [1].

Suppose that Γ = Γ1 ∪Γ2 such that Γ1 ∩Γ2 = ∅. At the boundary Γ, we set the heat

flow qb,
a∂nθ = qb, x ∈ Γ. (2)

The boundary condition for the intensity of radiation at Γ2 is not given. As an overter-

mination condition, at the boundary Γ1, we set the following conditions:

α∂nφ+ γ(φ− θ4b ) = 0, θ = θb x ∈ Γ1. (3)

Here, ∂n denotes the derivative in the direction of the outward normal n.
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The optimization method for solving the problem (1)–(3) is to consider the problem

of boundary optimal control for an equivalent system of elliptic equations.

Define a new unknown function ψ = aθ + αbφ. Adding the first equation in (1) with

the second one multiplied by b, we conclude that ψ is a harmonic function. Eliminating

φ from the first equation in (1) and using the boundary conditions (2) and (3), we obtain

the boundary value problem

−a∆θ + g(θ) =
κa
α
ψ, ∆ψ = 0, x ∈ Ω, (4)

a∂nθ = qb, on Γ, α∂nψ + γψ = r, θ = θb on Γ1. (5)

Here, g(θ) = bκa|θ|θ3 + aκaθ/α, r = αbγθ4b + αqb + aγθb.

The optimal control problem, which approximates the problem (4), (5), is to find a

triple {θλ, ψλ, uλ} such that

Jλ(θ, u) =
1

2

∫
Γ1

(θ − θb)
2dΓ +

λ

2

∫
Γ2

u2dΓ → inf,

−a∆θ + g(θ) =
κ

α
ψ, ∆ψ = 0, x ∈ Ω,

a∂nθ + sθ = qb + sθb, α∂nψ + γψ = r on Γ1, a∂nθ = qb, α∂nψ = u on Γ2. (6)

Here, λ, s > 0 are regularizing parameters.

2 Solvability of the control problem

Let U = L2(Γ2) is the space of controls, H = L2(Ω), V = H1(Ω) = W 1
2 (Ω), and V

′ the

dual of V . Then we identify H with its dual space H ′ such that V ⊂ H = H ′ ⊂ V ′, and

denote by ∥ ·∥ the norm in H, and by (f, v) the value of functional f ∈ V ′ on the element

v ∈ V coinciding with the inner product in H if f ∈ H.

Assume that the following conditions hold:

(i) a, b, α, κa, λ, s = Const > 0,

(ii) 0 < γ0 ≤ γ ∈ L∞(Γ1), θb, r ∈ L2(Γ1), qb ∈ L2(Γ).

Let A1,2 : V → V ′, B1 : L
2(Γ1) → V ′, B2 : U → V ′ such that for any y, z ∈ V ,

f, v ∈ L2(Γ1), and h,w ∈ U

(A1y, z) = a(∇y,∇z) + s

∫
Γ1

yz dΓ, (A2y, z) = α(∇y,∇z) +
∫
Γ1

γyz dΓ,

(B1f, v) =

∫
Γ1

fv dΓ, (B2h,w) =

∫
Γ2

hw dΓ.

A weak formulation of the boundary value problem, on the solutions of which the func-

tional (1) is minimized, has the form:

A1θ + g(θ) =
κa
α
ψ + f1, A2ψ = f2 +B2u, (7)
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where f1 = B1(qb + sθb) +B2qb and f2 = B1r.

Let us define the constraint operator F (θ, ψ, u) : V × V × U → V ′ × V ′,

F (θ, ψ, u) = {A1θ + g(θ)− κa
α
ψ − f1, A2ψ − f2 −B2u}.

Problem (Pλ). Find a triple {θλ, ψλ, uλ} ∈ V × V × U such that

Jλ(θ, u) =
1

2
∥θ − θb∥2L2(Γ1)

+
λ

2
∥u∥2U → inf, F (θ, ψ, u) = 0. (8)

Theorem 1. Let conditions (i), (ii) hold. Then there is at least one solution of the

problem (Pλ).

3 Optimality conditions

By the virtue of the Lagrange principle for smooth convex extremal problems [2], the

nondegeneracy of the optimality conditions is guaranteed by the condition that the image

of the derivative of the operator F (y, u), where y = {θ, ψ} ∈ V ×V , coincides with V ′×V ′.

This means that the system

A1ξ + g′(θ)ξ − κa
α
η = q1, A2η = q2

is solvable for all θ ∈ V , q1, q2 ∈ V ′. Here, g′(θ) = 4bκa|θ|3 + κa/α. From the second

equation we get η = A−1
2 q2. The solvability of the first equation with known η ∈ V

obviously follows from the Lax–Milgram lemma. The validity of the remaining conditions

of the Lagrange principle is obvious.

The Lagrangian of the problem (Pλ) has the form

L(θ, ψ, u, p1, p2) = Jλ(θ, u) + (A1θ + g(θ)− κa
α
ψ − f1, p1) + (A2ψ − f2 −B2u, p2),

where p = {p1, p2} ∈ V × V is a conjugate state.

Let {θ̂, φ̂, û} be a solution of the problem (Pλ). By the Lagrange principle [2, Th. 1.5],

we obtain the following equalities ∀v ∈ V, w ∈ U :

(B1(θ̂ − θb), v) + (A1v + g′(θ̂)v, p1) = 0, −κa
α
(v, p1) + (A2v, p2) = 0, (9)

λ(B2û, w)− (B2w, p2) = 0. (10)

From (9), (10), it follows equations for the conjugate state.

Theorem 2. Let conditions (i), (ii) hold and {θ̂, ψ̂, û} be a solution of the problem (Pλ),

then there is a unique pair {p1, p2} ∈ V × V such that

A1p1 + g′(θ̂)p1 = −B1(θ̂ − θb), A2p2 =
κa
α
p1, λû = p2|Γ2

. (11)
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4 Approximation of the inverse problem

Let us prove that if the pair {θ, φ} ∈ V × V is a solution of the problem (1)–(3) and,

moreover, q = a∂nφ|Γ2
∈ L2(Γ2), then solutions of the problem (Pλ) as λ→ +0 approx-

imate a solution of the problem (1)–(3). Note that the pair for all v ∈ V satisfies the

equalities

a(∇θ,∇v) + bκa(|θ|θ3 − φ, v) =

∫
Γ

qbvdΓ, (12)

α(∇φ,∇v) +
∫
Γ1

γφvdΓ + κa(φ− |θ|θ3, v) =
∫
Γ1

γθ4bvdΓ +

∫
Γ2

qvdΓ, (13)

and wherein θ|Γ1
= θb.

Theorem 3. Let conditions (i), (ii) hold and there is a solution of the problem (1)–(3)

satisfying the equalities (12) and (13). If {θλ, ψλ, uλ} is a solution of the problem (Pλ)

for λ > 0, then there is a sequence λ → +0 such that θλ → θ∗, (ψλ − aθλ)/αb → φ∗
weakly in V , strongly in H, where θ∗, φ∗ is a solution of the problem (1)–(3).
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АННОТАЦИЯ

Предложен оптимизационный метод решения обратной задачи для ста-
ционарных уравнений сложного теплообмена с незаданным краевым
условием для интенсивности излучения на части границы и условием
переопределения на другой части границы. Представлен анализ задачи
граничного оптимального управления и показано, что последователь-
ность решений задач управления сходится к решению обратной задачи.
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