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Àííîòàöèÿ

Ìû èññëåäóåì ñòàòèñòè÷åñêèå ñâîéñòâà ýëëèïòè÷åñêèõ äðîáåé, êîòî-
ðûå ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì äðîáåé Ìèíêîâñêîãî. Ãëàâíûé ðåçóëüòàò
ýòîé ðàáîòû � äîêàçàòåëüñòâî àñèìïòîòè÷åñêîé ôîðìóëû äëÿ ìàòåìàòè-
÷åñêîãî îæèäàíèÿ ñëó÷àéíîé âåëè÷èíû ν(c/d), êîãäà ïåðåìåííûå c è d
ìåíÿþòñÿ â ïðåäåëàõ 1 ≤ c ≤ d ≤ R, R → ∞, ν(c/d) � äëèíà ýëëèïòè÷å-
ñêîé äðîáè ÷èñëà c/d.

Îñíîâíûå îáîçíà÷åíèÿ
1. Çàïèñü [A] îçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ óñëîâèÿ A.

2. Çàïèñü [x] îçíà÷àåò öåëóþ ÷àñòü ÷èñëà x.

3. Çàïèñü {x} îçíà÷àåò äðîáíóþ ÷àñòü ÷èñëà x, òî åñòü {x} = x− [x].

4. Çàïèñü
∑∗

1≤k≤n f(k) � ñóììà âñåõ f(k), òàêèõ, ÷òî èíäåêñ k âçàèìíî ïðîñò
ñ n.

5. Êîíñòàíòà Ýéëåðà

γ = lim
n→∞

( n∑

k=1

1

k
− log n

)
.

6. Äçåòà-ôóíêöèÿ Ðèìàíà:

ζ(s) =
∞∑

n=1

1

ns
.

7. Ôóíêöèÿ Ýéëåðà ϕ(n) � êîëè÷åñòâî âçàèìíî ïðîñòûõ ñ n ÷èñåë, íå ïðå-
âîñõîäÿùèõ n.

8. Ôóíêöèÿ Ìåáèóñà µ(n), êîòîðàÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

µ(n) =





1 åñëè n = 1,
(−1)k åñëè n = p1 · . . . · pk,
0 åñëè p2|n.

9. Äèëîãàðèôì Ýéëåðà

Li2(x) = −
∫ x

0

log(1− t)

t
dt.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ôîíäà ÐÔÔÈ, ãðàíòû N 09-01-12129-îôè-ì, N 10-01-
98001-ð-ñèáèðü-à.
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�1. Ââåäåíèå

Íåðåãóëÿðíóþ íåïðåðûâíóþ äðîáü, îïðåäåëÿåìóþ äâóìÿ ÷èñëîâûìè ïîñëå-
äîâàòåëüíîñòÿìè {an}n≥0 è {bn}n≥1 áóäåì çàïèñûâàòü â âèäå

[
a0;

ai

bi

]

i≥1

. (1)

×àñòî îêàçûâàåòñÿ, ÷òî âåëè÷èíû a1, b1, a2, b2 îïðåäåëÿþòñÿ îñîáåííûì îáðàçîì.
Â ýòîì ñëó÷àå ïðèìåíÿåì îáîçíà÷åíèÿ

[
a0;

a1

b1

,
ai

bi

]

i≥2

,

[
a0;

a1

b1

,
a2

b2

,
ai

bi

]

i≥3

. (2)

Äàëåå áóäåì ðàññìàòðèâàòü òîëüêî òå äðîáè, äëÿ êîòîðûõ a0 = 0, ai ∈ {−1, 1},
bi ∈ N. Äëÿ n ≥ 2 êîíå÷íàÿ íåïðåðûâíàÿ äðîáü

An

Bn

=

[
0;

ai

bi

]n−1

i=1

(3)

íàçûâàåòñÿ ïîäõîäÿùåé äðîáüþ íåïðåðûâíîé äðîáè (1), (2) ñ íîìåðîì n, à ÷èñëà
An è Bn � ÷èñëèòåëü è çíàìåíàòåëü ïîäõîäÿùåé äðîáè An/Bn. Èç ðàâåíñòâà
(3) è èç íà÷àëüíûõ óñëîâèé

A0 = 1, A1 = 0, B0 = 0, B1 = 1

ìû ïîëó÷àåì ðåêóððåíòíûå ñîîòíîøåíèÿ

An+1 = bnAn + anAn−1 äëÿ n ≥ 1,
Bn+1 = bnBn + anBn−1 äëÿ n ≥ 1.

(4)

Åñëè êàæäîå ÷èñëî ai ðàâíî 1, òî âûðàæåíèÿ (1), (2) íàçûâàþòñÿ ðåãóëÿðíîé
íåïðåðûâíîé äðîáüþ è îáîçíà÷àþòñÿ [0; b1, b2, . . . ], à ïîñëåäîâàòåëüíîñòü ïîä-
õîäÿùèõ äðîáåé ðåãóëÿðíîé íåïðåðûâíîé äðîáè � ÷åðåç Pn/Qn.

Ïóñòü r ∈ Q è r ∈ (0, 1/2). Õîðîøî èçâåñòíî, ÷òî r èìååò åäèíñòâåííîå
ïðåäñòàâëåíèå â âèäå êîíå÷íîé ðåãóëÿðíîé íåïðåðûâíîé äðîáè r = [0; b1, . . . , bs]
äëèíû s = s(r) ñ bs > 1. Ñîãëàñíî òåîðåìå Ëàãðàíæà î íàèëó÷øèõ ïðèáëèæå-
íèÿõ, äðîáè Pi/Qi ñ i ≥ 1 åñòü íàèëó÷øèå ïðèáëèæåíèÿ ÷èñëà r. Ýòî çàìå÷àíèå
ïðèâîäèò ê ñëåäóþùåé èíòåðïðåòàöèè íàèëó÷øèõ ïðèáëèæåíèé ÷èñëà r.

Ïîñòðîèì ðåøåòêó Γr íà ïëîñêîñòè ñ áàçèñîì (1, 0), (−r, 1).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî òî÷êà γ = (γ1, γ2) ðåøåòêè Γr �
ëîêàëüíûé ìèíèìóì ýòîé ðåøåòêè, åñëè ïðÿìîóãîëüíèê {(x, y) ∈ R2

∣∣|x| <
|γ1|, |y| < |γ2|} íå ñîäåðæèò íèêàêèõ äðóãèõ òî÷åê ðåøåòêè, êðîìå íà÷àëà
êîîðäèíàò.

Ìíîæåñòâî òàêèõ òî÷åê îáîçíà÷èì ÷åðåç M(Γr). Èç îïðåäåëåíèÿ 1 ñëåäóåò, ÷òî
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M(Γr) = {±M (i)
∣∣M (i) = (Pi − rQi, Qi), 0 ≤ i ≤ s(r) + 1}. (5)

Îïðåäåëåíèå 2. Íàçîâåì íåíóëåâóþ òî÷êó γ = (γ1, γ2) ðåøåòêè Γr � ýë-
ëèïòè÷åñêèì ìèíèìóìîì ýòîé ðåøåòêè, åñëè íàéäóòñÿ âåùåñòâåííûå ïîëîæè-
òåëüíûå ÷èñëà t1 è t2 ñ óñëîâèåì

Γr ∩ {(x, y) ∈ R2
∣∣ t1x

2 + t2y
2 < t1γ

2
1 + t2γ

2
2 = 1} = {(0, 0)}.

Ìíîæåñòâî ýëëèïòè÷åñêèõ ìèíèìóìîâ ðåøåòêè îáîçíà÷èì ÷åðåç E(Γr).
Ïîñêîëüêó Γr � äèñêðåòíîå ìíîæåñòâî è r ∈ (0, 1/2), òî òî÷êè ±(1, 0),

±(0, Qs+1), ±(−r, 1),±(Ps − rQs, Qs) � ýëëèïòè÷åñêèå ìèíèìóìû. Êðîìå ýòî-
ãî èìååò ìåñòî âëîæåíèå

E(Γr) ⊆ M(Γr).

Îïðåäåëèì ïîñëåäîâàòåëüíîñòè öåëûõ íåîòðèöàòåëüíûõ ÷èñåë {Ai}i≥0, {Bi}i≥0

ñ óñëîâèåì Bi < Bi+1 è òî÷åê {E(i)}i≥0 ðåøåòêè Γr ñëåäóþùèì îáðàçîì:

E(Γr) = {±E(i)
∣∣E(i) = (Ai − rBi, Bi), 0 ≤ i ≤ ν + 1}. (6)

Îïðåäåëåíèå 3. Äëÿ 0 < r ≤ 1/2 äðîáü
[
0; 1

b1
, ai

bi

]ν

i=2
íàçîâåì ýëëèïòè-

÷åñêîé äðîáüþ ÷èñëà r äëèíû ν = ν(r), åñëè ïîñëåäîâàòåëüíîñòü ïîäõîäÿùèõ
äðîáåé {Ai/Bi} ñ 1 ≤ i ≤ ν + 1 óäîâëåòâîðÿåò ñîîòíîøåíèþ (6).

Äëÿ 1/2 < r < 1 äðîáü
[
0; 1

1
, 1

b1−1
, ai

bi

]ν

i=2
íàçîâåì ýëëèïòè÷åñêîé äðîáüþ

÷èñëà r, åñëè äðîáü
[
0; 1

b1
, ai

bi

]ν

i=2
� ýëëèïòè÷åñêàÿ äðîáü ÷èñëà 1− r.

Âïåðâûå òàêóþ êîíñòðóêöèþ íåðåãóëÿðíîé äðîáè ïðåäëîæèë Ýðìèò [1].
Ìíîãî ïîçæå â 1894 ãîäó Ìèíêîâñêèé [2] èçó÷èë ðÿä ñâîéñòâ íåðåãóëÿðíûõ
äðîáåé áîëåå îáùåãî õàðàêòåðà. Ýëëèïòè÷åñêèå äðîáè ïðåäñòàâëÿþò ÷àñòíûé
ñëó÷àé ýòèõ äðîáåé. Òàì æå ïðèâåäåíû îñíîâíûå ñâîéñòâà ýëëèïòè÷åñêèõ äðî-
áåé.

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ñòàòèñòè÷åñêèå ñâîéñòâà ýëëèïòè÷åñêèõ äðî-
áåé.

Ñëåäóåò îòìåòèòü, ÷òî ñòàòèñòè÷åñêèå ñâîéñòâà ðåãóëÿðíîé íåïðåðûâíîé
äðîáè èçó÷àëèñü â ðàáîòàõ Õåéëüáðîííà [3], Òîíêîâà [4], Ïîðòåðà [5], Ðåí÷à [6],
Óñòèíîâà [7]. Â ïåðå÷èñëåííûõ ðàáîòàõ àâòîðû èññëåäîâàëè àñèìïòîòè÷åñêîå
ïîâåäåíèå ñðåäíåé äëèíû ðåãóëÿðíîé äðîáè ñ ôèêñèðîâàííûì çíàìåíàòåëåì.

Äðóãîå íàïðàâëåíèå â èññëåäîâàíèè ñòàòèñòè÷åñêèõ ñâîéñòâ ðåãóëÿðíûõ äðî-
áåé � ïîëó÷åíèå àñèìïòîòè÷åñêèõ ñâîéñòâ äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è
äèñïåðñèè âåëè÷èíû s(c/d) � ðàáîòû Äèêñîíà [17], Õåíñëè [18], Âàëëåå [9], Áû-
êîâñêîãî [19], Óñòèíîâà [10]. Äëÿ ýëëèïòè÷åñêèõ äðîáåé â íàñòîÿùèé ìîìåíò
äîêàçàíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ñðåäíåãî çíà÷åíèÿ äëèíû ýëëèïòè÷å-
ñêîé äðîáè ñ ôèêñèðîâàííûì çíàìåíàòåëåì [8].
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Èñïîëüçóÿ ìåòîäû ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ îöåíîê â ðàáîòàõ [19], [7],
[10], [8], â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ñðåä-
íåé äëèíû ýëëèïòè÷åñêîé äðîáè ÷èñëà c/d, êîãäà ïåðåìåííûå c è d ìåíÿþòñÿ â
ïðåäåëàõ 1 ≤ c ≤ d ≤ R.

Òåîðåìà. Äëÿ ïîëîæèòåëüíîãî âåùåñòâåííîãî ÷èñëà R ≥ 2 îïðåäåëèì âå-
ëè÷èíó E(R) ðàâåíñòâîì

E(R) =
2

[R]([R] + 1)

∑

d≤R

d∑
c=1

ν

(
c

d

)
.

Ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

E(R) =
log 3

ζ(2)
log R + Ce + O

(
log3 R

R

)
,

ãäå

Ce =
1

ζ(2)
·
(

log 3

(
2γ− ζ ′(2)

ζ(2)

)
+ Ψ− 2Li2

(
2

3

)
−Li2

(
3

4

)
+ ζ(2)

(
3− log

(
3

2

))
−

−5 log 3

2
+ 2 log 2 +

9 log2 3

4
+

7 log2 2

2
− 7 log 3 log 2

)
,

Ψ =
∞∑

k=1

1

k

( ∑

k<m≤2k

2m− k

m2 −mk + k2
+

∑

m≤k

2m + k

m2 + km + k2
− 2 log 3

)

� àáñîëþòíî ñõîäÿùèéñÿ ðÿä.

�2. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ

Îïðåäåëåíèå 4. Ïàðû òî÷åê (M (i),M (i+1))i≤s è (E(i), E(i+1))i≤ν , îïðåäåëåí-
íûõ ñîîòíîøåíèÿìè (5) è (6), áóäåì íàçûâàòü ñìåæíûìè ëîêàëüíûìè ìèíèìó-
ìàìè è ñìåæíûìè ýëëèïòè÷åñêèìè ìèíèìóìàìè ðåøåòêè Γr ñîîòâåòñòâåííî.

Ñëåäñòâèå 1. Ñìåæíûå ëîêàëüíûå ìèíèìóìû è ñìåæíûå ýëëèïòè÷åñêèå
ìèíèìóìû ñîñòàâëÿþò áàçèñ ðåøåòêè Γr.

Äîêàçàòåëüñòâî. Ýòî íåïîñðåäñòâåííî âûòåêàåò èç ëåììû 6 â [11].

Ñëåäñòâèå 2. Ïóñòü M (i−1),M (i),M (i+1) � òî÷êè ðåøåòêè Γr, îïðåäåëåí-
íûå ðàâåíñòâîì (5).

1. Òî÷êè M (i−1) è M (i) � ñìåæíûå ýëëèïòè÷åñêèå ìèíèìóìû ðåøåòêè òî-
ãäà è òîëüêî òîãäà, êîãäà òî÷êà M (i) + M (i−1) ëåæèò âíå ýëëèïñà, ïðî-
õîäÿùåãî ÷åðåç òî÷êè M (i−1),M (i).

2. Òî÷êè M (i−1) è M (i+1) � ñìåæíûå ýëëèïòè÷åñêèå ìèíèìóìû ðåøåòêè
òîãäà è òîëüêî òîãäà, êîãäà òî÷êà M (i) ëåæèò âíå ýëëèïñà, ïðîõîäÿùåãî
÷åðåç òî÷êè M (i−1),M (i+1) è M (i+1) = M (i) + M (i−1).
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Äîêàçàòåëüñòâî. Ýòè óòâåðæäåíèÿ íåìåäëåííî âûòåêàþò èç (4), ñëåäñòâèÿ 1
è èç òîãî ôàêòà, ÷òî â êàæäîé èç êîîðäèíàòíûõ ÷åòâåðòåé ìíîæåñòâî M(Γr) �
âûïóêëàÿ îáîëî÷êà òî÷åê ðåøåòêè, êðîìå íóëÿ [12], [13].

Ïóñòü
β(x) =

1 + 2x

2 + x
, (x ∈ [0, 1])

è x = α(y) (y ∈ [1/2, 1]) � ôóíêöèÿ, îáðàòíàÿ ê β(x). Íèæå ìû áóäåì ðàññìàò-
ðèâàòü òîëüêî òàêèå ôóíêöèè β(x) è α(y).

Ëåììà 1. Äëÿ íåêîòîðîãî i ≥ 1 ïîäõîäÿùàÿ äðîáü Pi/Qi ðåãóëÿðíîé íåïðå-
ðûâíîé äðîáè ÷èñëà c/d ∈ (0, 1/2) áóäåò ïîäõîäÿùåé äðîáüþ ýëëèïòè÷åñêîé
äðîáè ÷èñëà c/d òîëüêî â ñëó÷àå âûïîëíåíèÿ íåðàâåíñòâà

∣∣∣∣
dPi − cQi

dPi−1 − cQi−1

∣∣∣∣ ≤ β

(
Qi−1

Qi

)
.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü ëåììó â ñëåäóþùåé ôîðìóëèðîâêå:

M (i) 6∈ E(Γc/d) ⇔
∣∣∣∣

dPi − cQi

dPi−1 − cQi−1

∣∣∣∣ > β

(
Qi−1

Qi

)
.

Äîïóñòèì, ÷òî äëÿ íåêîòîðîãî i ≥ 1 òî÷êà M (i) � íå ýëëèïòè÷åñêèé ìè-
íèìóì ðåøåòêè Γc/d. Òîãäà ñîãëàñíî ñëåäñòâèé 1 è 2 òî÷êè M (i−1), M (i+1) �
ñìåæíûå ýëëèïòè÷åñêèå ìèíèìóìû, M (i+1) = M (i) + M (i−1) è òî÷êà M (i) ëåæèò
âíå ýëëèïñà, ïðîõîäÿùåãî ÷åðåç òî÷êè M (i−1) è M (i+1). Ñ ó÷åòîì (5) ïåðåïèøåì
ýòè óñëîâèÿ â òåðìèíàõ ïåðåìåííûõ

x =
Qi−1

Qi

, y =

∣∣∣∣
dPi − cQi

dPi−1 − cQi−1

∣∣∣∣. (7)

Â ðåçóëüòàòå ïîëó÷àåì y > β(x).
Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî i ≥ 1 âûïîëíÿþòñÿ óñëîâèÿ

|(dPi − cQi)/(dPi−1 − cQi−1)| > β(Qi−1/Qi), M (i) ∈ E(Γc/d).

Ïðèâåäåì ýòî óòâåðæäåíèå ê ïðîòèâîðå÷èþ. Ó íàñ èìåþòñÿ òîëüêî äâå âîçìîæ-
íîñòè:

M (i−1) ∈ E(Γc/d) èëè M (i−1) 6∈ E(Γc/d),

êîòîðûå ìû ðàññìîòðèì îòäåëüíî, èñïîëüçóÿ ñëåäñòâèå 2.
1 ñëó÷àé. Òî÷êà M (i−1) + M (i) ëåæèò âíå ýëëèïñà, ïðîõîäÿùåãî ÷åðåç òî÷êè

M (i−1), M (i). Â òåðìèíàõ ïåðåìåííûõ x è y (7) óñëîâèå ïåðåïèøåòñÿ â âèäå
y < β(x).

2 ñëó÷àé. Òî÷êà M (i−1) ëåæèò âíå ýëëèïñà, ïðîõîäÿùåãî ÷åðåç òî÷êè M (i),
M (i) − M (i−1). Â òåðìèíàõ ïåðåìåííûõ x è y (7) óñëîâèå ïåðåïèøåòñÿ â âèäå
y < (2x− 1)/(2− x) < β(x).

Òàêèì îáðàçîì, è â ïåðâîì è âî âòîðîì ñëó÷àÿõ ìû ïîëó÷èëè ïðîòèâîðå÷èå
è ïðåäïîëîæåíèåì. Ëåììà äîêàçàíà.
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Îïðåäåëåíèå 5. Áóäåì ãîâîðèòü, ÷òî ÷åòâåðêà íàòóðàëüíûõ ÷èñåë (k, l, m, n)
åñòü E− ïðåäñòàâëåíèå ÷èñëà d, åñëè

km + ln = d, m ≤ n, k ≤ lβ(m/n), ÍÎÄ(m,n) = ÍÎÄ(k, l) = 1. (8)

Ìíîæåñòâî E− ïðåäñòàâëåíèé ÷èñëà d îáîçíà÷èì ÷åðåç T ∗(d).
Ëåììà 2. Äëÿ âñåõ íàòóðàëüíûõ ÷èñåë d > 2 âûïîëíÿåòñÿ ðàâåíñòâî

∗∑

1≤c≤d

ν

(
c

d

)
= 2 ·#T ∗(d) +

1

2
ϕ(d).

Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèÿ 3 è (6)

ν

(
c

d

)
=





#E(Γc/d)/2− 2 åñëè c < d/2,
1 åñëè c = d/2,
#E(Γ1−c/d)/2− 1 åñëè c > d/2.

Ïîýòîìó äëÿ d > 2

∗∑

1≤c≤d

ν

(
c

d

)
=

∑

1≤c<d/2
ÍÎÄ(c,d)=1

#E(Γc/d)− 3

2
ϕ(d). (9)

Çàôèêñèðóåì ÷èñëî d ∈ N, d > 2 è äîïîëíèì ìíîæåñòâî T ∗(d) ÷åòâåðêàìè
íåîòðèöàòåëüíûõ öåëûõ ÷èñåë (0, l,m, n), (k, l, 0, n) (0, l, 0, n), äëÿ êîòîðûõ âû-
ïîëíÿåòñÿ óñëîâèå (8) è m ≤ d/2, à çàòåì âûêèíåì âñå ÷åòâåðêè (k, l, m, n), ó
êîòîðûõ ëèáî k = l, ëèáî m = n. Ïîëó÷åííîå ìíîæåñòâî îáîçíà÷èì ÷åðåç T ′(d).
Çàìåòèì, ÷òî

#T ′(d) = #T ∗(d) +
ϕ(d)

2
. (10)

Îòîáðàçèì T ′(d) → {c ∈ N| 0 < c ≤ d/2, ÍÎÄ(c, d) = 1} ïîñðåäñòâîì ïðàâè-
ëà: ÷èñëî c òàêîâî, ÷òî ïðè ðàçëîæåíèè ÷èñëà c/d â ðåãóëÿðíóþ íåïðåðûâíóþ
äðîáü ñóùåñòâóþò ñîñåäíèå ïîäõîäÿùèå äðîáè Pi/Qi è Pi+1/Qi+1 ñ óñëîâèåì

m

n
=

Qi

Qi+1

,
k

l
=

∣∣∣∣
dPi+1 − cQi+1

dPi − cQi

∣∣∣∣

è Pi+1/Qi+1 � ïîäõîäÿùàÿ äðîáü ýëëèïòè÷åñêîé äðîáè ÷èñëà c/d. Èç ëåììû 1
ñëåäóåò, ÷òî ýòî îòîáðàæåíèå áèåêòèâíî. Ýòî îçíà÷àåò, ÷òî

#T ′(d) =
∑

1≤c≤d/2
ÍÎÄ(c,d)=1

(
#E(Γc/d)

2
− 1

)
.

Ó÷èòûâàÿ ïîëó÷åííîå ðàâåíñòâî è ñîîòíîøåíèÿ (9) è (10), ïîëó÷àåì óòâåðæäå-
íèå ëåììû.
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�3. Àñèìïòîòè÷åñêèå ôîðìóëû

Çäåñü ìû ïðèâåäåì íåñêîëüêî âñïîìîãàòåëüíûõ óòâåðæäåíèé, ïîëåçíûõ äëÿ
äàëüíåéøåãî èçëîæåíèÿ. Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè

s1(x)− ñóììà âñåõ íåïîëíûõ ÷àñòíûõ ðåãóëÿðíîé íåïðåðûâíîé äðîáè ÷èñëà x,

ρ(x) =
1

2
− {x}, σ(x) =

∫ x

0

ρ(t)dt.

Ëåììà 3 (ôîðìóëà ñóììèðîâàíèÿ Ýéëåðà-Ìàêëîðåíà). Ïóñòü ôóíêöèÿ
f(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà îòðåçêå [a, b]. Òîãäà èìååò ìå-
ñòî ðàâåíñòâî

∑

a<n≤b

f(n) =

∫ b

a

f(x)dx+ρ(b)f(b)−ρ(a)f(a)+σ(a)f(a)−σ(b)f(b)+

∫ b

a

σ(x)f ′′(x)dx.

Äîêàçàòåëüñòâî. Ñìîòðèòå, íàïðèìåð, â [14].

Èç ëåììû 3 ñëåäóþò àñèìïòîòè÷åñêèå ðàâåíñòâà
∑

0<n≤U

1 = U + ρ(U), (11)

∑
0<n≤U

1

n
= log U + γ +

ρ(U)

U
+ O

(
1

U2

)
, (12)

∑
0<m≤n

β(m
n
)

1 + m
n
β(m

n
)

= n · log 3

2
+ O

(
1

n

)
, (13)

∑

0<m≤n
2

1

m + n
= log

(
3

2

)
+

1

3n
[n ≡ 0(2)]− 1

2n
+ O

(
1

n2

)
, (14)

∑

k≤m<2k

(
1

m + kα( k
m

)
− 1

m + k

)
= log 2− log 3

2
− 1

12k
+ O

(
1

k2

)
. (15)

Ëåììà 4. Ïóñòü x = P/Q � ðàöèîíàëüíîå ÷èñëî, y, a, b � âåùåñòâåííûå
÷èñëà è a ≤ b. Òîãäà

∑

a<n≤b

{nx + y} =
b− a

2
− b− a

Q
ρ(yQ)[b− a > Q] + O(s1(x)).
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Äîêàçàòåëüñòâî. Ïîëîæèì K = [b]− [a], γ = {y + x[a]}, îïðåäåëèì õàðàêòåðè-
ñòè÷åñêóþ ôóíêöèþ χ(x) óñëîâèÿìè

χ(x) =

{
1 åñëè x ∈ [1− γ, 1),
0 åñëè x ∈ [0, 1− γ),

χ(x) = χ(x + 1).

Òîãäà ∑

a<n≤b

{nx + y} =
∑

0<n≤K

{nx} −
∑

0<n≤K

χ(nx) + Kγ.

Åñëè K < Q, òî íà îñíîâàíèè [15] ñïðàâåäëèâû îöåíêè
∑

0<n≤K

{nx} =
K

2
+ O(s1(x)),

∑
0<n≤K

χ(nx) = Kγ + O(s1(x)).

Ïóñòü òåïåðü K > Q. Âûáåðåì ÷èñëà K1 ≡ K(modQ), T = [K/Q],
rn ≡ nP (modQ) äëÿ âñåõ n èç îòðåçêà [1, K] è çàìåòèâ, ÷òî rn = rn(modQ) è
òî, ÷òî åñëè n ïðîáåãàåò ïîëíóþ ñèñòåìó âû÷åòîâ ïî ìîäóëþ Q, òî rn ïî îäíî-
ìó ðàçó ïðèíèìàåò êàæäîå èç çíà÷åíèé 0, 1, . . . , Q− 1, ïîëó÷àåì

∑
0<n≤K

{nx} =
∑

0<n≤K

{
nP

Q

}
=

∑
0<n≤K

rn

Q
=

T ·Q∑
n=1

rn

Q
+

T ·Q+K1∑
n=T ·Q+1

rn

Q
= T

Q−1∑
n=1

n

Q
+

K1∑
n=1

rn

Q
=

=
T ·Q

2
− T

2
+

K1∑
n=1

{
nP

Q

}
=

T ·Q
2

− T

2
+

K1

2
+ O(s1(x)) =

K

2
− K

2Q
+ O(s1(x)).

Èñïîëüçóÿ òå æå ðàññóæäåíèÿ, ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîðìóëó
∑

0<n≤K

χ(nx) = γK − K

Q
{yQ}[K > Q] + O(s1(x)).

Ó÷èòûâàÿ K = b− a + O(1), ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ëåììà 5. Ïóñòü U > 1 � âåùåñòâåííîå ÷èñëî, n,m � íàòóðàëüíûå ÷èñëà
è m ≤ n. Èìåþò ìåñòî îöåíêè:

1.
∑n

m=1 s1(
m
n
) ¿ n log2 n,

2.
∑

n≤U

∑n
m=1 s1(β(m

n
)) ¿ U2 log2 U,

3.
∑

n≤U

∑
n
2

<m≤n s1(α(m
n
)) ¿ U2 log2 U.
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Äîêàçàòåëüñòâî. Îöåíêà 1 ïîëó÷åíà â ðàáîòå [16].
Äîêàæåì âòîðóþ àñèìïòîòè÷åñêóþ ôîðìóëó, èñïîëüçóÿ ïðåäûäóùóþ àñèìï-

òîòèêó. Ìû èìååì

∑
n≤U

n∑
m=1

s1

(
β

(
m

n

))
=

∑
n≤U

n∑
m=1

s1

(
n + 2m

2n + m

)
¿

∑

l≤3U

∑
n≤U,
m≤n,

l=2n+m

s1

(
n + 2m

l

)
¿

¿
∑

l≤3U

∑
l
3
≤n≤ l

2

s1

(
2l − 3n

l

)
¿

∑

l≤3U

∑

k≤l

s1

(
k

l

)
¿

∑

l≤3U

l log2 l ¿ U2 log2 U.

Òå æå ðàññóæäåíèÿ, êîòîðûå ïðèìåíÿëèñü ïðè äîêàçàòåëüñòâå âòîðîãî óòâåð-
æäåíèÿ äàþò îöåíêó

∑
n≤U

∑
n
2

<m≤n s1(α(m
n
)) ¿ U2 log2 U.

Ëåììà 6. Îïðåäåëèì àáñîëþòíî ñõîäÿùèåñÿ ðÿäû Ψ1, Ψ2, Ψ3 ðàâåíñòâàìè

Ψ1 =
∞∑

k=1

1

k

( ∑

m≤ k
2

1

m + k
− log

(
3

2

))
,

Ψ2 =
∞∑

k=1

1

k

( ∑

k≤m<2k

(
1

2
· 2m− k

m2 −mk + k2
− 1

m + k

)
− log 2 +

log 3

2

)
,

Ψ3 =
∞∑

k=1

1

k

( ∑

m≤k

2m + k

m2 + km + k2
− log 3

)
.

Òîãäà
2Ψ1 + 2Ψ2 + Ψ3 = Ψ− log

(
3

2

)
(2 + 2 log 2 + ζ(2)),

ãäå ðÿä Ψ îïðåäåëåí â ôîðìóëèðîâêå òåîðåìû âî ââåäåíèè.

Äîêàçàòåëüñòâî. Åñëè ïîëîæèòü

Ψ′ = Ψ− 2Ψ1 − 2Ψ2 −Ψ3,

òî èç îïðåäåëåíèÿ ðÿäîâ Ψ, Ψ1, Ψ2, Ψ3 ñëåäóåò

Ψ′ = 2Ψ′′ +
ζ(2)

3
,

ãäå

Ψ′′ =
∞∑

k=1

1

k

( ∑

k<m≤2k

1

m + k
−

∑

m≤ k
2

1

m + k

)
.
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Ïðåäñòàâèì ðÿä Ψ′′ â âèäå ðàçíîñòè äâóõ àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ:

Ψ′′ =
∞∑

k=1

1

k

( ∑

k<m≤2k

1

m + k
− log

(
3

2

))
−

∞∑

k=1

1

k

( ∑

m≤ k
2

1

m + k
− log

(
3

2

))
.

Èññëåäóÿ âòîðîé ðÿä, îòäåëüíî ïîñ÷èòàåì ñóììó ýëåìåíòîâ ðÿäà ñ èíäåêñàìè
(k, m) ∈ {(2m,m)|m ∈ N}, à ó äðóãîé ñóììû ðÿäà ïîìåíÿåì ïîðÿäîê ñóììèðî-
âàíèÿ, çàòåì âîñïîëüçóåìñÿ ðàâåíñòâîì 1

k(m+k)
= 1

km
− 1

m(m+k)
è ñäåëàåì çàìåíó

ïåðåìåííûõ ñóììèðîâàíèÿ k → m, m → k. Â ðåçóëüòàòå ïîëó÷àåì ñëåäóþùåå
ïðåäñòàâëåíèå âòîðîãî ðÿäà:
∞∑

k=1

1

k

( ∑

m≤ k
2

1

m + k
−log

(
3

2

))
= ζ(2)

(
1

6
− log 3

2

2

)
+

∞∑

k=1

1

k

∑

m>2k

(
1

m
− 1

m + k
−k log(3

2
)

m[m
2
]

)

è
Ψ′′ = log

(
3

2

) ∞∑

k=1

( ∑

m>2k

1

m[m
2
]
− 1

k

)
− ζ(2)

(
1

6
− log 3

2

2

)
.

Äàëåå ïîêàæåì, ÷òî äëÿ ëþáîãî N ∈ N âûïîëíÿåòñÿ ðàâåíñòâî
N∑

k=1

( ∑

m>2k

1

m[m
2
]
− 1

k

)
= log 2 +

1

2
+ N

(
log

(
2 +

1

N

)
− log 2

)
+ O

(
1

N

)
.

Îáîçíà÷èì ñóììó, ñòîÿùóþ â ëåâîé ÷àñòè ðàâåíñòâà ÷åðåç S(N) è ðàçäåëèì åå
íà òðè ñóììû:

S(N) =
N∑

k=1

∑

2k<m≤2N

1

m[m
2
]
+

N∑

k=1

∑
2N<m

1

m[m
2
]
−

N∑

k=1

1

k
.

Â ïåðâûõ äâóõ ñëàãàåìûõ ïîìåíÿåì ïîðÿäîê ñóììèðîâàíèÿ, à çàòåì âîñïîëü-
çóåìñÿ ôîðìóëîé Ýéëåðà- Ìàêëîðåíà � ïîëó÷èì òðåáóåìîå àñèìïòîòè÷åñêîå
òîæäåñòâî. Äîêàçàòåëüñòâî ëåììû ñëåäóåò èç ñîîòíîøåíèÿ limN→∞ S(N) =
log 2 + 1.

Ëåììà 7. Äëÿ ëþáîãî ïîëîæèòåëüíîãî âåùåñòâåííîãî ÷èñëà R îïðåäåëèì
ñóììó H1(R) ðàâåíñòâîì

H1(R) =
∑

l≤R

∑

k≤ l
2

1

k

(
1

l
−max

(
1

R
,

1

k + l

))
.

Òîãäà ïðè R →∞

H1(R) = log R log

(
3

2

)
+ C1 +

1

2R

(
1− log

(
3

2

))
+ O

(
log R

R2

)
,
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ãäå

C1 = Ψ1 + γ log

(
3

2

)
− log

(
3

2

)
− log2(3

2
)

2
− log

(
3

2

)
log 3 + Li2(1)− Li2

(
2

3

)
,

ðÿä Ψ1 îïðåäåëåí â ôîðìóëèðîâêå ëåììû 6.

Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèÿ

H1(R) =
∑

l≤R

1

l

∑

k≤ l
2

1

k + l
−

∑

l≤R

∑

k≤ l
2

l+k>R

1

k

(
1

R
− 1

k + l

)
.

Åñëè â ñóììàõ ïðîèçâåñòè îòäåëüíî ñóììèðîâàíèå ïî èíäåêñàì l = [R],
k ∈ [1, [R]/2], òî

H1(R) =
∑

l≤R−1

1

l

∑

k≤ l
2

1

k + l
−

∑

l≤R−1

∑

k≤ l
2

l+k>R

1

k

(
1

R
− 1

k + l

)
+ O

(
log R

R2

)
. (16)

Èç (12) è (14) ñëåäóåò
∑

l≤R

1

l

∑

k≤ l
2

1

k + l
= log

(
3

2

)
· log R + Ψ1 + log

(
3

2

)(
γ +

ρ(R)

R

)
+

1

3R
+ O

(
1

R2

)
.

Ïðèíèìàÿ âî âíèìàíèå îöåíêè

1

R− 1
− 1

R
¿ 1

R2
, log(R− 1)− log R +

1

R
¿ 1

R2
, (17)

ïîëó÷èì
∑

l≤R−1

1

l

∑

k≤ l
2

1

k + l
= log

(
3

2

)
·log R+Ψ1+log

(
3

2

)(
γ+

ρ(R)

R

)
+

1

R

(
1

3
−log

(
3

2

))
+O

(
1

R2

)
.

(18)
Ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ âòîðîãî ñëàãàåìîãî (îáîçíà÷èì åãî

÷åðåç S(R)) â ïðàâîé ÷àñòè ðàâåíñòâà (16). Ñíà÷àëà ïðèìåíèì ê âíóòðåííåé
ñóììå ôîðìóëó Ýéëåðà-Ìàêëîðåíà:

S(R) =
∑

l∈( 2R
3

,R−1]

∑

k∈(R−l, l
2
]

1

k

(
1

R
− 1

k + l

)
=

=
∑

l∈( 2R
3

,R−1]

(
f(R, l)+

log 3

l
− log 2

R
+

ρ(l/2)

l/2

(
1

R
− 2

3l

)
+O

(
1

l3

)
+O

(
1

R2(R− l)

))
,
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ãäå
f(R, l) =

log l − log(R− l)

R
− log R− log(R− l)

l
.

Ñ ïîìîùüþ (11), (12), (17) è àñèìïòîòèê
∑

l∈( 2R
3

,R−1]

1

l3
¿ 1

R2
,

∑

l∈( 2R
3

,R−1]

1

R2(R− l)
¿ log R

R2
,

ïðèõîäèì ê ñîîòíîøåíèþ

S(R) =
∑

l∈( 2R
3

,R−1]

f(R, l) +
ρ(2R/3)

2R/3

(
2

3
log 2− log 3

)
+

+ log

(
3

2

)
log 3− log 2

3
− log(3/2)

R
+

ρ(R)

R
log

(
3

2

)
+

∑

l∈( 2R
3

,R−1]

ρ(l/2)

l/2

(
1

R
− 2

3l

)
+O

(
log R

R2

)
.

Òàê êàê
∫ R

R−1
f(R, t)dt ¿ O( log R

R2 ), òî èç ëåììû 3 è èç (17) ñëåäóåò

∑

l∈( 2R
3

,R−1]

f(R, l) +
ρ(2R/3)

2R/3

(
2

3
log 2− log 3

)
=

∫ R

2R
3

f(R, t)dt + O

(
log R

R2

)
,

ïðè ýòîì
∫ R

2R
3

f(R, t)dt =
2

3
log

(
3

2

)
+

1

3
log 3 +

1

2
log2

(
3

2

)
− Li2(1) + Li2

(
2

3

)
.

Ñ ó÷åòîì âûâåäåííûõ ñîîòíîøåíèé è (16), (18) ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ëåììà 8. Äëÿ ëþáîãî ïîëîæèòåëüíîãî âåùåñòâåííîãî ÷èñëà R îïðåäåëèì
ñóììó H2(R) ðàâåíñòâîì

H2(R) =
∑

l≤R

∑

k∈( l
2
,l]

l+kα( k
l
)<R

1

k

(
1

l + kα(k
l
)
−max

(
1

R
,

1

k + l

))
,

Òîãäà ïðè R →∞

H2(R) =

(
log 2− log 3

2

)
· log R + C2 +

1

2R
log

(
3

2

)
+ O

(
log R

R2

)
,

ãäå

C2 = Ψ2+γ

(
log 2− log 3

2

)
+

3 log2 3

8
−5 log2 2

4
−Li2(

3
4
)

2
+

Li2(
1
2
)

2
+

log 3

2
−log 2+

log 2 log 3

2
,

ðÿä Ψ2 îïðåäåëåí â ôîðìóëèðîâêå ëåììû 6.
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Äîêàçàòåëüñòâî. Åñëè ÷åðåç Ω1, Ω2, Ω3, Ω4 îáîçíà÷èòü îáëàñòè

Ω1 = {(x, y) ∈ R2|y ∈ (0, R/3], x ∈ [y, 2y)},
Ω2{(x, y) ∈ R2|y ∈ (R/3, R/2], x ∈ [y,R− y]},

Ω3 = {(x, y) ∈ R2|y ∈ (R/3, R/2], x ∈ (R− y, 2y)},
Ω4 = {(x, y) ∈ R2|y ∈ (R/2, R/

√
3], x + yα(y/x) < R},

òî
H2(R) = S1(R)− S2(R), (19)

S1(R) =
∑

(l,k)∈Ω1∪Ω2

1

k

(
1

l + kα(k
l
)
− 1

k + l

)
,

S2(R) =
∑

(l,k)∈Ω3∪Ω4

1

k

(
1

R
− 1

l + kα(k
l
)

)
.

Îöåíèâàÿ S1(R), âîñïîëüçóåìñÿ îïðåäåëåíèåì ôóíêöèè α(x). Ïîëîæèì

F (t, k) =
1

2
· 2t− k

t2 − tk + k2
− 1

t + k
.

Òîãäà
S1(R) =

∑

k≤R
3

1

k

∑

k≤l<2k

F (l, k) +
∑

k∈(R
3

, R
2

]

1

k

∑

l∈[k,R−k]

F (l, k).

Äâàæäû ïðèìåíèì â êàæäîì ñëàãàåìîì ôîðìóëó Ýéëåðà-Ìàêëîðåíà è ñîîòíî-
øåíèÿ (12), (15). Ðàâåíñòâî ïðèìåò âèä

S1(R) =

(
log 2− log 3

2

)
log R + c1 +

1

4R
+

ρ(R)

R

(
log 2− log 3

2

)
+ O

(
1

R2

)
,

ãäå

c1 = Ψ2 + γ

(
log 2− log 3

2

)
+

log2 3

2
− log2 2 +

1

2

∫ 1/2

1/3

log(1− 3x + 3x2)

x
dx.

Òåïåðü ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ S2(R). Ìû èìååì

S2(R) =
∑

k∈(R
3

, R
2

]

1

k

∑

l∈(R−k,2k)

F (l, k) +
∑

k∈(R
2

, R√
3
]

1

k

∑

l∈(l1,l2)

F (l, k),

ãäå
F (t, k) =

1

R
− 1

2
· 2t− k

t2 − tk + k2
,

l1 =
k + R−√R2 − 3k2

2
, l2 =

k + R +
√

R2 − 3k2

2
.
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Â ýòîì ñëó÷àå ðàññóæäåíèÿ ïî÷òè òàêèå æå. Îêîí÷àòåëüíûé ðåçóëüòàò èìååò
âèä

S2(R) = c2 +
ρ(R)

R

(
log 2− log 3

2

)
+ O

(
log R

R2

)
,

c2 =
Li2(

3
4
)

2
−Li2(

1
2
)

2
+

1

2

∫ 1/2

1/3

log(1− 3x + 3x2)

x
dx+log 2− log 3

2
− log 2 log 3

2
+

log2 3

8
+

log2 2

4
.

Çàâåðøàÿ äîêàçàòåëüñòâî, ïîäñòàâèì ïîëó÷åííûå àñèìïòîòè÷åñêèå ôîðìóëû
äëÿ âåëè÷èí S1(R), S2(R) â (19).

�4. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Ïóñòü R � âåùåñòâåííîå ïîëîæèòåëüíîå ÷èñëî. Îáîçíà÷èì ÷åðåç N(R) � ìíî-
æåñòâî ÷åòâåðîê, ñîñòîÿùèõ èç íàòóðàëüíûõ ÷èñåë:

N(R) =



 (k, l, m, n) ∈ N4

∣∣∣∣∣∣

km + ln ≤ R,
1 ≤ m ≤ n,
1 ≤ k ≤ lβ(m/n)



 . (20)

Ëåììà 9. Äëÿ ïîëóöåëîãî ÷èñëà U ≤ R îïðåäåëèì ìíîæåñòâî N1(R, U)
êàê ìíîæåñòâî ýëåìåíòîâ (k, l,m, n) èç N(R) ñ óñëîâèåì n ≤ U. Èìååò ìåñòî
îöåíêà

#N1(R, U) =
log 3

4
R2 log U+

R2

4
(Ψ3+γ log 3)−RU

2
+O

(
R log2 R+U2 log2 R+

R2

U2

)
,

ãäå ðÿä Ψ3 îïðåäåëåí â ôîðìóëèðîâêå ëåììû 6.

Äîêàçàòåëüñòâî. Óñëîâèÿ

km + ln ≤ R, 1 ≤ m ≤ n, 1 ≤ k ≤ lβ

(
m

n

)
, n ≤ U

ýêâèâàëåíòíû óñëîâèÿì

1 ≤ n ≤ U, 1 ≤ m ≤ n, 1 ≤ l ≤ R

n
, 1 ≤ k ≤ lβ

(
m

n

)
, km + ln ≤ R,

ïîýòîìó
#N1(R,U) =

∑
n≤U

∑
m≤n

∑

l≤R
n

∑

k≤lβ(m
n

)

[km + ln ≤ R].

Èçìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ â ïðàâîé ÷àñòè ðàâåíñòâà, ïîëó÷èì

#N1(R,U) =
∑

d≤U

N∗
(

R

d
,
U

d

)
, (21)
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ãäå

N∗(R, U) =
∑
n≤U

∗∑
m≤n

N(R, U ; n,m), (22)

N(R, U ; n,m) � ÷èñëî öåëûõ òî÷åê (l, k), ëåæàùèõ â òðåóãîëüíèêå
{

(x, y) ∈ R2

∣∣∣∣ x ∈
(

0,
R

n

]
, y ∈ (0, F (x)]

}
, F (x) = min

(
xβ

(
m

n

)
,
R− xn

m

)
.

Ïîýòîìó
N(R, U ; n,m) =

∑

l≤R
n

F (l)−
∑

l≤R
n

{F (l)}.

Ïðèìåíèì ê ïåðâîé ñóììå ôîðìóëó ñóììèðîâàíèÿ Ýéëåðà-Ìàêëîðåíà, à êî âòî-
ðîé ñóììå � ëåììó 4, ïîñêîëüêó ôóíêöèÿ F (x) äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìà íà îòðåçêå [0, R/n], çà èñêëþ÷åíèåì îäíîé òî÷êè. Äëÿ ýòîãî ðàçîáüåì
èíòåðâàëû ñóììèðîâàíèÿ íà äâà èíòåðâàëà, â êàæäîì èç êîòîðûõ ôóíêöèÿ
F (x) ëèíåéíà. Çàòåì íà êàæäîì èíòåðâàëå âîñïîëüçóåìñÿ ëåììîé 3 è ëåììîé
4. Â ðåçóëüòàòå ñ ó÷åòîì óñëîâèÿ ÍÎÄ(m,n) = 1 ïîñëåäíåå ðàâåíñòâî ïðèíèìà-
åò âèä

N(R, U ; n,m) =
R2β(m

n
)

2n(n + mβ(m
n
))
− R

2n
+O

(
n

m

)
+O

(
R

n2

)
+O

(
s1

(
β

(
m

n

)))
+O

(
s1

(
m

n

))
.

Ó÷èòûâàÿ ëåììó 5 è îöåíêè
∑

n≤U

∑
m≤n

n
m
¿ U2 log R,

∑
n≤U

∑
m≤n

1
n2 ¿ log R,

ïîëó÷àåì ïðåäñòàâëåíèå äëÿ âåëè÷èíû N∗(R,U) èç (22):

N∗(R, U) =
∑
n≤U

∗∑
m≤n

(
R2β(m

n
)

2n(n + mβ(m
n
))
− R

2n

)
+ O(U2 log2 R) + O(R log R).

Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ âåëè÷èíû #N1(R, U) ñëåäóåò èç ñîîòíîøåíèÿ
(21) ñ ïîìîùüþ (12), (13),

∑

d≤U

∑

n≤U
d

∗∑
m≤n

(R/d)2β(m
n
)

2n(n + mβ(m
n
))

=
R2

2

∑
n≤U

1

n2

∑
m≤n

β(m
n
)

1 + m
n
β(m

n
))

=

=
log 3

4
R2 log U +

R2

4
(Ψ3 + γ log 3) + O

(
R2

U2

)
,

∑

d≤U

∑

n≤U
d

∗∑
m≤n

R/d

2n
=

RU

2
+ O(R),

è îöåíîê
∑

d≤U

log2(R
d

)

d2 ¿ log2 R,
∑

d≤U

log(R
d

)

d
¿ log2 R. Ëåììà äîêàçàíà.
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Ëåììà 10. Äëÿ ïîëóöåëîãî ÷èñëà U ≤ R îïðåäåëèì ìíîæåñòâî N2(R, U)
êàê ìíîæåñòâî ýëåìåíòîâ (k, l,m, n) èç N(R) ñ óñëîâèåì n > U. Èìååò ìåñòî
îöåíêà

#N2(R, U) =
log 3

4
R2 log

(
R

U

)
+C3·R2+

RU

2
+O

(
R log2 R+

R2

U2
log2 R+U2 log2 R

)
,

ãäå

C3 =
1

2

(
Ψ1 + Ψ2 +

γ log 3

2
+ Li2(1)− Li2

(
2

3

)
− Li2(

3
4
)

2
+

Li2(
1
2
)

2

)
−

−1

4

(
3 log 3

2
− 9 log2 3

4
− 7 log2 2

2
+ 5 log 3 log 2

)
,

ðÿäû Ψ1, Ψ2 îïðåäåëåíû â ôîðìóëèðîâêå ëåììû 6.

Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå âîñïîëüçóåìñÿ ôóíêöèåé t(x), îïðåäåëÿ-
åìîé ðàâåíñòâîì

t(x) = max(0, α(x)). (23)
Êîìáèíèðóÿ îãðàíè÷åíèÿ íà ýëåìåíòû èç ìíîæåñòâà N2(R,U) è ó÷èòûâàÿ, ÷òî
÷èñëî ÷åòâåðîê (k, l, m, n) ∈ N2(R, U) ñ óñëîâèåì m = nt(k/l) ðàâíî O(R log2 R),
ïîëó÷àåì

#N2(R, U) =
∑

l< R
U

∑

k≤l

∑

U<n≤R
l

∑

nt( k
l
)<m≤n

[km + ln ≤ R] + O(R log2 R).

Èçìåíèì ïîðÿäîê ñóììèðîâàíèÿ â ïðàâîé ÷àñòè ðàâåíñòâà. Òîãäà

#N2(R,U) =
∑

d< R
U

N∗
(

R

d
,U

)
+ O(R log2 R) (24)

è
N∗(R, U) =

∑

l≤R
U

∗∑

k≤l

N(R,U ; l, k), (25)

N(R, U ; l, k) � ÷èñëî öåëûõ òî÷åê (n,m), ëåæàùèõ â îáëàñòè

Ω =

{
(x, y) ∈ R2

∣∣∣∣ x ∈
(

U,
R

l + kt(k
l
)

]
, y ∈

(
xt

(
k

l

)
, F (x)

]}
, (26)

F (x) = min

(
x,

R− xl

k

)
.

Ïîýòîìó

N(R, U ; l, k) =
∑

U<n≤ R

l+kt( k
l
)

(
F (n)−nt

(
k

l

))
−

∑

U<n≤ R

l+kt( k
l
)

{F (n)}+
∑

U<n≤ R

l+kt( k
l
)

{
nt

(
k

l

)}
.
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Ïðèìåíÿÿ ê äâóì ïîñëåäíèì ñóììàì ëåììó 4, ïåðåïèøåì ïîëó÷åííîå ñîîòíî-
øåíèå â âèäå

N(R,U ; l, k) =
∑

U<n≤ R

l+kt( k
l
)

(
F (n)− nt

(
k

l

))
− 1

2

(
R

l + kt(k
l
)
− R

l + k

)[
U ≤ R

l + k

]
−

−1

2

(
R

l + kt(k
l
)
−U

)[
R

l + k
< U ≤ R

l + kt(k
l
)

]
+

1

2

(
R

l + kα(k
l
)
−U

)[
l

2
< k ≤ l

][
U ≤ R

l + kα(k
l
)

]
+

+O

(
s1

(
α

(
k

l

))[
k >

l

2

])
+ O

(
s1

(
k

l

))
+ O

(
R

l2

)
.

Ïîäñòàâèì ýòî ðàâåíñòâî â (25), ó÷èòûâàÿ îöåíêó
∑

l≤R
U

∑
k≤l

1
l2
¿ log R è ëåììó

5, çàòåì âîñïîëüçóåìñÿ (24). Òàêèì îáðàçîì ïîëó÷àåì

#N2(R, U) =
∑

d< R
U

∑

l≤R/d
U

∗∑

k≤l

∑

U<n≤ R/d

l+kt( k
l
)

(
F (n)−nt

(
k

l

))
+O

(
R log2 R+

R2

U2
log2 R

)
,

(27)
ïîñêîëüêó

∑
d≤R

U

∑
l≤ R

dU

∑
k≤l

1
dl2
¿ log2 R,

∑
d≤R

U

∑
l≤ R

dU
l log2 l ¿ R2

U2 log2 R è

∑

d< R
U

∑

l≤R/d
U

∗∑

k≤l

(
R/d

l + kt(k
l
)
− R/d

l + k

)[
U ≤ R/d

l + k

]
+

+
∑

d< R
U

∑

l≤R/d
U

∗∑

k≤l

(
R/d

l + kt(k
l
)
− U

)[
R/d

l + k
< U ≤ R/d

l + kt(k
l
)

]
−

−
∑

d< R
U

∑

l≤R/d
U

∗∑

k≤l

(
R/d

l + kα(k
l
)
− U

)[
l

2
< k ≤ l

][
U ≤ R/d

l + kα(k
l
)

]
¿ R log R.

Ïîñëåäíÿÿ îöåíêà ñëåäóåò èç ëåììû 3.

Ó÷èòûâàÿ, ÷òî îøèáêà ïðè çàìåíå ñóììû
∑

U<n≤ R

l+kt( k
l
)

èíòåãðàëîì
∫ R

l+kt( k
l
)

U

ðàâíà O( l
k
) è

∑
l≤R/U

∑
k≤l l/k ¿ R2

U2 log R, çàïèøåì ãëàâíûé ÷ëåí â (27) (îáî-
çíà÷èì åãî ÷åðåç S(R,U)) â âèäå

S(R, U) =
∑

l≤R
U

∑

k≤l

∫ R

l+kt( k
l
)

U

(
F (x)− xt

(
k

l

))
dx

[
U <

R

l + kt(k
l
)

]
+ O

(
R2

U2
log R

)
.

Òàê êàê â ïîëó÷åííîì âûðàæåíèè èíòåãðàë � ïëîùàäü îáëàñòè Ω, îïðåäåëÿå-
ìîé ñîîòíîøåíèåì (26), òî

∫ R

l+kt( k
l
)

U

(
F (x)− xt

(
k

l

))
dx =

∫ R

U

dx

∫ x

xt( k
l
)

[lx + ky ≤ R]dy.

17



Â ïðàâîé ÷àñòè ðàâåíñòâà çàìåíèì y íà lx + ky, ïîìåíÿåì ïîðÿäîê èíòåãðèðî-
âàíèÿ, ïîñëå çàìåíèì y íà y/U. Ïðîäåëàâ ýòî, ïîëó÷èì
∫ R

l+kt( k
l
)

U

(
F (x)−xt

(
k

l

))
dx =

U2

k

∫ R
U

1
U

y

(
1

l + kt(k
l
)
−max

(
1

y
,

1

k + l

))[
l+kt

(
k

l

)
< y

]
dy.

Òàê ÷òî
S(R, U) = U2

∫ R
U

1
U

yH(R, U, y)dy + O

(
R2

U2
log R

)
,

ãäå
H(R, U, y) =

∑

l≤R
U

∑

k≤l

l+kt( k
l
)<y

1

k

(
1

l + kt(k
l
)
−max

(
1

y
,

1

k + l

))
.

Ó÷èòûâàÿ (23) è óñëîâèå y < R/U, ïðåäñòàâèì ñóììó H(R, U, y) â âèäå H(R,U, y) =
H1(y) + H2(y), ãäå âåëè÷èíû H1(y) è H2(y) îïðåäåëåíû â ëåììå 7 è ëåììå 8.
Âîñïîëüçóåìñÿ ðåçóëüòàòàìè ýòèõ ëåìì. Â èòîãå äëÿ S(R,U) ïîëó÷àåì

S(R, U) =
log 3

4
·R2 log

(
R

U

)
+ C3 ·R2 +

RU

2
+ O(U2 log2 R) + O

(
R2

U2
log R

)
.

Çàìåíèâ â (27) ãëàâíûé ÷ëåí ïîëó÷åííûì âûðàæåíèåì, ïîëó÷àåì óòâåðæäåíèå
ëåììû.

Òåïåðü ìîæíî äîêàçàòü òåîðåìó.

Äîêàçàòåëüñòâî. Ñ îäíîé ñòîðîíû, ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ
÷èñëà ýëåìåíòîâ âî ìíîæåñòâå N(R) (20). Äëÿ ýòîãî â ëåììàõ 9 è 10 âîçüìåì
U = [

√
R] + 1/2. Òîãäà

#N(R) =
log 3

4
R2 log R +

R2

4
· (Ψ3 + γ · log 3 + 4 · C3) + O(R log2 R),

ãäå êîíñòàíòà C3 çàäàíà â ëåììå 10, à ðÿä Ψ3 îïðåäåëåí â ôîðìóëèðîâêå ëåììû
6.

Ñ äðóãîé ñòîðîíû, ïðèìåíÿÿ ëåììó 2 ê âåëè÷èíå

S(R) =
∑

d≤R

d∑
c=1

ν

(
c

d

)
,

ïîëó÷àåì
S(R) = 2

∑
n≤R

∑

m≤R
n

#T ∗(m) +
R2

4
+ O(R),

18



ïðè ýòîì èç îïðåäåëåíèÿ 5 è î÷åâèäíûõ ñâîéñòâ ôóíêöèè Ìåáèóñà ëåãêî âûâî-
äèòñÿ, ÷òî ∑

n≤R

∑

m≤R
n

#T ∗(m) =
∑
n≤R

µ(n) ·#N

(
R

n

)
.

Ñ ó÷åòîì ðàâåíñòâ ∑
n≤R

µ(n)

n2
=

1

ζ(2)
+ O

(
1

R

)
,

∑
n≤R

µ(n) log n

n2
=

ζ ′(2)

ζ(2)
+ O

(
log R

R

)
,

âûòåêàþùèõ èç òåîðåìû óìíîæåíèÿ àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ Äèðèõëå, ïî-
ëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ âåëè÷èíû S(R) :

S(R) =
log 3

2ζ(2)
R2 log R +

Ce

2
·R2 + O(R log3 R).

Ñïðàâåäëèâîñòü òåîðåìû âûòåêàåò èç ëåììû 6, ðàâåíñòâ Li2(1) = ζ(2), Li2(
1
2
) =

ζ(2)
2
− log2 2

2
è ñîîòíîøåíèÿ

E(R) =
2

[R]([R] + 1)
· S(R).
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