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Àííîòàöèÿ
Â ðàáîòå ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ñðåäíåãî çíà÷åíèÿ

äëèí êîíå÷íûõ öåïíûõ äðîáåé ñïåöèàëüíîãî âèäà çàäàííîãî çíàìåíàòåëÿ.

�1. Ââåäåíèå

Ëþáîå ðàöèîíàëüíîå ÷èñëî r åäèíñòâåííûì ñïîñîáîì ðàñêëàäûâàåòñÿ â êîíå÷-
íóþ íåïðåðûâíóþ äðîáü äëèíû s = s(r)

r = [q0; q1, q2, . . . qs] = q0 +
1|
|q1

+
1|
|q2

+ · · ·+ 1|
|qs

ñ öåëûì q0 = [r] (öåëàÿ ÷àñòü r), íàòóðàëüíûìè q1, q2, . . . qs (íåïîëíûå ÷àñò-
íûå). Äëÿ s ≥ 1 âñåãäà qs ≥ 2. Íàïîìíèì, ÷òî ïðè 1 ≤ i ≤ s + 1 äðîáü

Pi

Qi

= [q0; q1, . . . , qi−1]

åñòü i � ÿ ïîäõîäÿùàÿ äðîáü ê r ñ âçàèìíî ïðîñòûìè öåëûì Pi è íàòóðàëüíûì
Qi. Ïî îïðåäåëåíèþ P0 = 1 è Q0 = 0.

Òàêîå ïðåäñòàâëåíèå ÷èñëà r èìååò ñëåäóþùóþ ãåîìåòðè÷åñêóþ èíòåðïðå-
òàöèþ. Ðàññìîòðèì ðåøåòêó Γr c 0 < r < 1/2 íà ïëîñêîñòè:

Γr = {(n− r ·m, m)|n,m ∈ Z}.

Íàçîâåì íåíóëåâîé óçåë γ = (γ1, γ2) ðåøåòêè Γr ëîêàëüíûì ìèíèìóìîì, åñëè
íå ñóùåñòâóåò íåíóëåâîãî óçëà ðåøåòêè η = (η1, η2) (η 6= ±γ), äëÿ êîòîðîãî

|η1| ≤ |γ1| è |η2| ≤ |γ2|.

Çàìåòèì, ÷òî ïðè îãðàíè÷åíèè 0 < r < 1/2 õîòÿ áû îäíî èç íåðàâåíñòâ ñòðî-
ãîå. Ìíîæåñòâî ëîêàëüíûõ ìèíèìóìîâ áóäåì îáîçíà÷àòü ÷åðåç M(Γr). Ñîãëàñíî
òåîðåìå Ëàãðàíæà î íàèëó÷øèõ ïðèáëèæåíèÿõ âåùåñòâåííîãî ÷èñëà r [1, ãëàâà
II, �6, òåîðåìû 16, 17]

M(Γr) = {±(Pi − rQi, Qi)}, (1)
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ôîíäà ÐÔÔÈ, ãðàíò N 07-01-00306 è ïðîåêòà ÄÂÎ

ÐÀÍ 06-III-A-01-017).
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ãäå Pi è Qi � ÷èñëèòåëü è çíàìåíàòåëü ïîäõîäÿùåé äðîáè ñ íîìåðîì i ÷èñ-
ëà r. Â ñîîòâåòñòâèè ñ ýòèì #M(Γr) = 2s(r) + 4. Ýòà êîíñòðóêöèÿ äîïóñêàåò
åñòåñòâåííîå îáîáùåíèå â ñëåäóþùåì âèäå.

Ïóñòü Ω � îãðàíè÷åííàÿ è çàìêíóòàÿ âûïóêëàÿ îáëàñòü íà ïëîñêîñòè ñ
êóñî÷íî-ãëàäêîé ãðàíèöåé, êîòîðàÿ ñîäåðæèò íåêîòîðóþ îêðåñòíîñòü òî÷êè (0, 0)
è ñèììåòðè÷íà îòíîñèòåëüíî êîîðäèíàòíûõ îñåé:

(x1, x2) ∈ Ω ⇒ (−x1, x2), (x1,−x2), (−x1,−x2) ∈ Ω.

Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü òîëüêî òàêèå îáëàñòè.
Ðàññìîòðèì àôôèííîå ïðåîáðàçîâàíèå

(x1, x2) → (t1x1, t2x2) = T(x1, x2)

ñ ïîëîæèòåëüíûìè ÷èñëàìè t1 è t2. Îáîçíà÷èì ÷åðåç T(Ω) ìíîæåñòâî òî÷åê
T(x1, x2), (x1, x2) ∈ Ω.
Îïðåäåëåíèå 1. Íåíóëåâîé óçåë γ = (γ1, γ2) ðåøåòêè Γr íàçîâåì ìèíèìóìîì
îòíîñèòåëüíî Ω, åñëè äëÿ íåêîòîðîãî ïðåîáðàçîâàíèÿ T

1) íà ãðàíèöå îáëàñòè T(Ω) ëåæàò òîëüêî óçëû γ è −γ;
2) âíóòðè T(Ω) íåò íåíóëåâûõ óçëîâ èç Γr.

Ìíîæåñòâî òàêèõ ìèíèìóìîâ áóäåì îáîçíà÷àòü ÷åðåç M(Γr; Ω). Ëåãêî çàìåòèòü,
÷òî M(Γr) = M(Γr; Ω) äëÿ êâàäðàòà

Ω = {(x1, x2) ∈ R2
∣∣ |x1| ≤ 1, |x2| ≤ 1}.

Âïåðâûå ýòà êîíñòðóêöèÿ áûëà ïðåäëîæåíà Ýðìèòîì [2; ñòð. 191-216] â ñëó÷àå
êðóãà

Ω = {(x1, x2) ∈ R2
∣∣ x2

1 + x2
2 ≤ 1}.

Ïîçäíåå Ìèíêîâñêèé [3; ñòð. 41-60] ðàññìîòðåë áîëåå îáùóþ ñèòóàöèþ ñ

Ω = {(x1, x2) ∈ R2
∣∣ |x1|θ + |x2|θ ≤ 1}, ãäå θ ∈ [1,∞).

Òàêèå îáëàñòè áóäåì îáîçíà÷àòü ÷åðåç Ωθ, à ìíîæåñòâî ìèíèìóìîâ îòíîñèòåëü-
íî Ωθ � ÷åðåç Mθ(Γr). Çàìåòèì, ÷òî ñëó÷àé, ðàññìîòðåííûé Ýðìèòîì � ýòî
M2(Γr).
Çàìå÷àíèå 1. Èç îïðåäåëåíèé íåìåäëåííî ñëåäóþò âëîæåíèÿ

Mθ1(Γr) ⊆ Mθ2(Γr) ⊆ M(Γr) äëÿ 1 ≤ θ1 < θ2 < ∞.

Ïîýòîìó åñòåñòâåííî ñ÷èòàòü, ÷òî M(Γr) = M∞(Γr).
Àñèìïòîòè÷åñêîìó ïîâåäåíèþ âåëè÷èíû s(a/d) ïî a (a < d) ïîñâÿùåí ðÿä

ðàáîò. Â ðàáîòå [4] Õåéëüáðîíí äîêàçàë àñèìïòîòè÷åñêóþ ôîðìóëó
d∑

a=1
ÍÎÄ (a,d)=1

s

(
a

d

)
=

2 log 2

ζ(2)
ϕ(d) log d + O(dσ3

−1(d)).
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Òîíêîâó â ðàáîòå [5] óäàëîñü óëó÷øèòü îöåíêó, çàìåíèâ â îñòàòêå σ3
−1(d) íà

σ−1(d). Ïîçæå Ïîðòåðîì â ñòàòüå [6] ýòîò ðåçóëüòàò áûë óòî÷íåí â âèäå

d∑
a=1

ÍÎÄ (a,d)=1

s

(
a

d

)
=

2 log 2

ζ(2)
ϕ(d) log d + Cϕ(d) + Oε(d

5/6+ε).

Çäåñü C � êîíñòàíòà, îêîí÷àòåëüíî íàéäåííàÿ Ðåí÷åì [7]:

C =
log 2

ζ(2)

(
3 log 2 + 4γ − 4

ζ ′(2)

ζ(2)
− 2

)
− 3

2
.

Óñòèíîâ â íåäàâíî îïóáëèêîâàííîé ðàáîòå [8] äîêàçàë àñèìïòîòè÷åñêóþ ôîð-
ìóëó â âèäå

d∑
a=1

ÍÎÄ (a,d)=1

s

(
a

d

)
=

2 log 2

ζ(2)
ϕ(d) log d + Cϕ(d) + Oε(d

5/6 log7/6+ε d).

Ïðèìåíÿÿ ïîäõîä, ïðåäëîæåííûé â [8], ìû äîêàçûâàåì ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü ôóíêöèÿ ψ(x, y) = 0 îïèñûâàåò ãðàíèöó îáëàñòè Ω è
íå ñóùåñòâóåò ïðåîáðàçîâàíèÿ T, äëÿ êîòîðîãî âûïîëíÿëîñü áû ðàâåíñòâî
Ω∞ = T(Ω). Îáîçíà÷èì ÷åðåç (a0, b0), (a1, b1) òî÷êè ñ óñëîâèåì

ψ(2a0, 0) = ψ(a0, b0) = ψ(a1, b1) = ψ(0, 2b1) = 0.

Äëÿ âñåõ α èç [0, 1] áóäåì ðàññìàòðèâàòü ôóíêöèþ βΩ = β(α) ñî ñâîéñòâàìè




ψ(u, v) = 0, äëÿ a0 ≤ u ≤ a1;
ψ(s, t) = 0, u = sβ, t = vα äëÿ a1 ≤ s ≤ 2a0;
ψ(x, y) = 0, x = s− u, y = t + v äëÿ 0 ≤ x ≤ a0.

Îïðåäåëèì ôóíêöèè g(α), g(β) ðàâåíñòâàìè

g(α) =
β(α)

1 + αβ(α)
, g(β) =

α(β)

1 + βα(β)
,

ãäå α = α(β) � ôóíêöèÿ, îáðàòíàÿ ê β = β(α).
Ïóñòü
1) g(α), g(β) íåïðåðûâíî äèôôåðåíöèðóåìû íà îòðåçêàõ [0, 1], [1/2, 1] ñîîòâåò-
ñòâåííî;
2) íå ñóùåñòâóåò ÷èñåë α1, α2 ∈ [0, 1], β1, β2 ∈ [1/2, 1], äëÿ êîòîðûõ

g(α) = c1α + c2 (c1 6= 0) äëÿ âñåõ α ∈ (α1, α2],
g(β) = c1β + c2, (c1 6= 0) äëÿ âñåõ β ∈ (β1, β2].
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Òîãäà äëÿ íàòóðàëüíîãî ÷èñëà d > 2 cïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà
d∑

a=1
ÍÎÄ (a,d)=1

#M(Γa/d; Ω) = ϕ(d)
(
φ1(Ω) log d + φ2(Ω)

)
+ OΩ,ε(d

5/6 log7/6+ε d), (2)

ãäå ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî, φ1(Ω), φ2(Ω) (φ1(Ω) > 0) �
íåêîòîðûå êîíñòàíòû, êîòîðûå ìû îïðåäåëèì ïîçæå.

�2. Ëîêàëüíûå ìèíèìóìû è íåïðåðûâíûå äðîáè
Îïðåäåëåíèå 2. Äâà ëèíåéíî íåçàâèñèìûõ óçëà γ è η èç M(Γr; Ω) íàçîâåì
ñìåæíûìè ìèíèìóìàìè â M(Γr; Ω), åñëè äëÿ íåêîòîðîãî ïðåîáðàçîâàíèÿ T

1) óçëû ±γ è ±η áóäóò ëåæàòü íà ãðàíèöå T(Ω);
2) âíóòðè T(Ω) íå áóäåò íåíóëåâûõ óçëîâ èç Γr.
Ñôîðìóëèðóåì íåêîòîðûå ñâîéñòâà ìèíèìóìîâ îòíîñèòåëüíî Ω.
10. Óçëû γ è −γ òîëüêî îäíîâðåìåííî ìîãóò áûòü ìèíèìóìàìè îòíîñèòåëü-

íî Ω.
Ýòî ñâîéñòâî ïîçâîëÿåò â äàëüíåéøåì ðàññìàòðèâàòü òîëüêî óçëû ðåøåòêè

ñ íåîòðèöàòåëüíûìè âòîðûìè êîîðäèíàòàìè.
20. Óçëû ±(1, 0) âñåãäà ïðèíàäëåæàò ìíîæåñòâó M(Γr; Ω).
30. Óçåë (0, d) âñåãäà ïðèíàäëåæèò ìíîæåñòâó M(Γa/d; Ω).
40. Èìåþò ìåñòî âëîæåíèÿ M1(Γr) ⊆ M(Γr; Ω) ⊆ M(Γr).
50. Ïàðû óçëîâ (1, 0), (−r, 1) è (−1, 0), (−r, 1) � ñìåæíûå ìèíèìóìû â M(Γr; Ω).
60. Ïóñòü Ps/Qs, Ps+1/Qs+1 � ñîîòâåòñòâåííî ïðåäïîñëåäíÿÿ è ïîñëåäíÿÿ

ïîäõîäÿùèå äðîáè ÷èñëà r. Òîãäà óçëû (Ps − rQs, Qs), (0, Qs+1) � ñìåæíûå ìè-
íèìóìû â M(Γr; Ω).

70. Ëþáûå äâà ñìåæíûõ ìèíèìóìà â M(Γr; Ω) îáðàçóþò áàçèñ â Γr.
Ñâîéñòâà 10 − 30 ñëåäóþò èç îïðåäåëåíèé.
Äîêàæåì ÷åòâåðòîå ñâîéñòâî. Ïîñêîëüêó â ëþáóþ âûïóêëóþ îáëàñòü, ñèì-

ìåòðè÷íóþ îòíîñèòåëüíî êîîðäèíàòíûõ îñåé, âñåãäà ìîæíî âïèñàòü ïðÿìî-
óãîëüíèê {(x1, x2) ∈ R2

∣∣ |x1| ≤ |γ1|, |x2| ≤ |γ2|} c òî÷êîé (γ1, γ2), ëåæàùåé
íà ãðàíèöå Ω, òî M(Γr; Ω) ⊆ M(Γr).

Òåïåðü ïîêàæåì, ÷òî M1(Γr) ⊆ M(Γr; Ω). Ïóñòü γ = (γ1, γ2) ∈ M1(Γr). Åñëè
ó ýòîãî óçëà õîòÿ áû îäíà êîîðäèíàòà � íóëåâàÿ, òî ñîãëàñíî ñâîéñòâàì 20, 30

γ áóäåò ïðèíàäëåæàòü M(Γr; Ω). Äëÿ òàêèõ óçëîâ ñâîéñòâî äîêàçàíî. Ïîýòîìó
äàëüøå áóäåì ðàññìàòðèâàòü òîëüêî óçëû èç M1(Γr) ñ íåíóëåâûìè êîîðäèíà-
òàìè è, íå òåðÿÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî γ1, γ2 > 0.

Ñîãëàñíî îïðåäåëåíèÿ M1(Γr) äëÿ íåêîòîðûõ âåùåñòâåííûõ ïîëîæèòåëüíûõ
÷èñåë a è b âíóòðè îáëàñòè {(x, y) ∈ R2| |x|/a + |y|/b ≤ 1} íåò íåíóëåâûõ óçëîâ
èç Γr è γ1/a + γ2/b = 1.

Õîðîøî èçâåñòíî, ÷òî äëÿ ëþáîãî âåùåñòâåííîãî íåîòðèöàòåëüíîãî t íàéäåò-
ñÿ òî÷êà P = (u, v), ëåæàùàÿ íà ãðàíèöå îáëàñòè Ω, â êîòîðîé Ω èìååò îïîðíóþ
ïðÿìóþ

l(t, P ) = {(x, y) ∈ R2| y + tx = v + tu}.
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Îáîçíà÷èì ÷åðåç Lx, Ly òî÷êè ïåðåñå÷åíèÿ ïðÿìîé l(t, P ) ñ êîîðäèíàòíûìè
îñÿìè OX è OY ñîîòâåòñòâåííî. Íåïðåðûâíî ïðîäâèãàÿñü ïî ãðàíèöå îáëàñòè Ω
ïî ÷àñîâîé ñòðåëêå îò òî÷êè ñ íóëåâîé ïåðâîé êîîðäèíàòîé äî òî÷êè ñ íóëåâîé
âòîðîé êîîðäèíàòîé, áóäåì ðàñìàòðèâàòü ñîîòâåòñòâèå

hP =
|LyP |
|LxP | → {t ∈ [0,∞]| l(t, P ) � îïîðíàÿ ïðÿìàÿ îáëàñòè Ω â òî÷êå P}.

Èç ñâîéñòâ ãðàíèöû îáëàñòè Ω ñëåäóåò, ÷òî êàæäîìó ÷èñëó hP ∈ [0,∞] ñîîò-
âåòñòâóåò ëèáî îäíî çíà÷åíèå t, ëèáî îòðåçîê {t ∈ R| t ∈ [0, t0]}. Ïîñëåäíèé
ñëó÷àé âîçíèêàåò òîãäà, êîãäà â òî÷êå P = (0, v0) îáëàñòü Ω èìååò íåñêîëüêî
îïîðíûõ ïðÿìûõ (ïðè ýòîì hP = 0). Çäåñü t0, v0 � íåêîòîðûå âåùåñòâåííûå
ïîëîæèòåëüíûå ÷èñëà.

Ïîñêîëüêó âûïîëíÿåòñÿ ðàâåíñòâî hP = t · u/v, òî ÷èñëó hP = γ1/γ2 · b/a
ñîîòâåòñòâóåò òîëüêî îäíà îïîðíàÿ ïðÿìàÿ l(t, P ) è òîëüêî îäíà òî÷êà P ñ íåíó-
ëåâûìè êîîðäèíàòàìè.

Ïðè ïðåîáðàçîâàíèè T(x, y) = (x · γ1/u, y · γ2/v) îïîðíàÿ ïðÿìàÿ l(t, P ) ïå-
ðåõîäèò â îïîðíóþ ïðÿìóþ l(b/a, γ) îáëàñòè T(Ω) â òî÷êå γ. Ñëåäîâàòåëüíî
γ ∈ M(Γr; Ω).

Ñâîéñòâî 50 äîêàæåì ñíà÷àëà äëÿ óçëîâ γ = (1, 0), η = (−r, 1). Ïðåæäå
óáåäèìñÿ â òîì, ÷òî γ, η � ñìåæíûå ìèíèìóìû â M1(Γr). Äëÿ ýòîãî ïîñòðîèì
îáëàñòü T(Ω1) ñ t1 = 1, t2 = 1/(1− r). Ãðàíèöà {(x, y) ∈ R2| |x|+ |y|(1− r) = 1}
ïîñòðîåííîé îáëàñòè ïðîõîäèò ÷åðåç γ è η. Òàê êàê r ∈ (0, 1/2), òî âíóòðè ýòîé
îáëàñòè íåò íåíóëåâûõ óçëîâ èç Γr. Ïîýòîìó γ, η � ñìåæíûå ìèíèìóìû â
M1(Γr). Òàêæå [9; ñòð. 214-215] γ è η � ñìåæíûå ìèíèìóìû â M(Γr).

Ñîãëàñíî ñâîéñòâó 30 γ, η � ëîêàëüíûå ìèíèìóìû â M(Γr; Ω). Ïðîâåäåì
÷åðåç ýòè óçëû îáëàñòü T(Ω). Ïîñêîëüêó óçåë γ + η íå ëåæèò âíóòðè ðîìáà
{(x, y) ∈ R2||x| + |y|(1 − r) ≤ 1}, òî âíóòðè îáëàñòè T(Ω) íåò íåíóëåâûõ óçëîâ
ðåøåòêè Γr. Òàêèì îáðàçîì, γ, η � ñìåæíûå óçëû â M(Γr; Ω). Îòíîñèòåëüíî
óçëîâ (−1, 0), (−r, 1) ýòî æå äîêàçàòåëüñòâî ïðîâîäèòñÿ áåç èçìåíåíèé.

Ñâîéñòâî 60 ñëåäóåò èç òîãî, ÷òî ðåøåòêà Γr îäíîçíà÷íî îïðåäåëÿåò ðåøåòêó

Γr′ =

{( −γ2

Qs+1

,
γ1

Ps − rQs

)∣∣∣∣(γ1, γ2) ∈ Γr

}
,

ïðè ýòîì ìèíèìàëüíîñòü è ñìåæíîñòü óçëîâ ñîõðàíÿåòñÿ. À òàê êàê óçëû
(Ps − rQs, Qs), (0, Qs+1) ðåøåòêè Γr ïåðåõîäÿò â óçëû (−Qs/Qs+1, 1), (−1, 0)
ðåøåòêè Γr′ è [1; ãëàâà 1, �2, òåîðåìà 6] Qs/Qs+1 = [0; qs, . . . , q1] < 1/2, òî ñî-
ãëàñíî ñâîéñòâó 50 (Ps − rQs, Qs), (0, Qs+1) � ñìåæíûå ìèíèìóìû â M(Γr; Ω).

Äîêàçàòåëüñòâî ñâîéñòâà 70 ïðèíàäëåæèò Êàññåëñó [10; ãëàâà III, �6, ëåììà
6].

Ñîãëàñíî îïðåäåëåíèÿ ìèíèìóìà îòíîñèòåëüíî Ω ìíîæåñòâî óçëîâ M(Γr; Ω)
ìîæíî ïðåäñòàâèòü â âèäå êîíå÷íîé ïîñëåäîâàòåëüíîñòè

M(Γr; Ω) = {±γ
(0)
Ω , . . . ,±γ

(i)
Ω , . . . ,±γ

(s)
Ω }, (3)
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â êîòîðîé γ
(i)
Ω = (xi,Ω, yi,Ω), {|xi,Ω|} � ñòðîãî ìîíîòîííî óáûâàþùàÿ ïîñëåäîâà-

òåëüíîñòü, {yi,Ω} � ñòðîãî ìîíîòîííî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íåîò-
ðèöàòåëüíûõ ÷èñåë. Èç ïåðå÷èñëåííûõ ñâîéñòâ ñëåäóåò, ÷òî

1) γ
(0)
Ω = (1, 0), γ

(1)
Ω = (−r, 1), γ

(s)
Ω = (0, d) (d � çíàìåíàòåëü ÷èñëà r);

2) γ
(i)
Ω , γ

(i+1)
Ω � ñìåæíûå ìèíèìóìû â M(Γr; Ω).

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå ñâîéñòâà ïîñëåäîâàòåëüíîñòè {γ(i)
Ω }.

80 Äëÿ êàæäîãî i ≥ 0 íàéäåòñÿ öåëîå ïîëîæèòåëüíîå ÷èñëî m, ïðè êîòîðîì

γ
(i+2)
Ω = ±γ

(i)
Ω + mγ

(i+1)
Ω .

90. Äëÿ âñåõ i ≥ 0
1) óçëû γ

(i)
Ω∞ , γ

(i+1)
Ω∞ ëåæàò â ñîñåäíèõ ÷åòâåðòÿõ;

2) γ
(i+2)
Ω∞ = γ

(i)
Ω∞ + mγ

(i+1)
Ω∞ ñ m > 0;

3) åñëè γ
(i)
Ω∞ è γ

(i+2)
Ω∞ ñîñòàâëÿþò áàçèñ ðåøåòêè, òî m = 1;

4) γ
(i)
Ω∞ è γ

(i+k)
Ω∞ íå ñîñòàâëÿþò áàçèñ ðåøåòêè ïðè k ≥ 3.

100. Ñðåäè äâóõ ñìåæíûõ ìèíèìóìîâ â M(Γr) îäèí óçåë îáÿçàòåëüíî áóäåò
èç M(Γr; Ω).

110. Åñëè γ
(i+1)
Ω∞ /∈ M(Γr; Ω), òî γ

(i+2)
Ω∞ = γ

(i+1)
Ω∞ + γ

(i)
Ω∞ .

Äîêàæåì ñâîéñòâî 80. Òàê êàê êàæäàÿ èç ïàð γ
(i)
Ω , γ

(i+1)
Ω è γ

(i+1)
Ω , γ

(i+2)
Ω ñî-

ñòàâëÿåò áàçèñ Γr, òî äëÿ íåêîòîðîé óíèìîäóëÿðíîé öåëî÷èñëåííîé ìàòðèöû A
âûïîëíÿåòñÿ ðàâåíñòâî

(
γ

(i+1)
Ω

γ
(i+2)
Ω

)
= A ·

(
γ

(i)
Ω

γ
(i+1)
Ω

)
, A =

(
0 1
±1 m

)
.

Ïîëîæèòåëüíîñòü ÷èñëà m âûòåêàåò èç òîãî, ÷òî ïîñëåäîâàòåëüíîñòü {yi,Ω} âîç-
ðàñòàåò è ñîñòîèò èç íåîòðèöàòåëüíûõ ÷èñåë.

Ïåðâûå äâà ïóíêòà ñâîéñòâà 90 ñëåäóþò èç (1) è ñâîéñòâà 80, à òðåòèé ïóíêò
� èç [10; ãëàâà III, �6, ëåììà 6]. Äëÿ äîêàçàòåëüñòâà ïîñëåäíåãî ïóíêòà ñâîéñòâà
90 ïîòðåáóåòñÿ ñëåäóþùåå óòâåðæäåíèå:
Ëåììà 1. Ïóñòü r = [q0; q1, . . . , qs] � íåêîòîðîå ðàöèîíàëüíîå ÷èñëî. Äëÿ ôèê-
ñèðîâàííîãî öåëîãî ÷èñëà i ≥ 0 ðàññìîòðèì öåëî÷èñëåííóþ ôóíêöèþ Si(k) =
(−1)i(PiQi+k −QiPi+k), â êîòîðîé Pi, Qi � ÷èñëèòåëü è çíàìåíàòåëü ïîäõîäÿ-
ùåé äðîáè ÷èñëà r. Òîãäà äëÿ ëþáîãî k ≥ 2 èìååì

Si(k) = Si(k − 2) + qi+k−1Si(k − 1), Si(k) > 0.

Äîêàçàòåëüñòâî. Ýòîò ðåçóëüòàò íåïîñðåäñòâåííî ñëåäóåò èç ñîîòíîøåíèé

Pi+2 = Pi + qi+1Pi+1, Qi+2 = Qi + qi+1Qi+1, PiQi+1 −QiPi+1 = (−1)i.
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Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó ÷åòâåðòîãî ïóíêòà ñâîéñòâà 90. Ïóñòü
óçëû γ

(i)
Ω è γ

(i+k)
Ω ñîñòàâëÿþò áàçèñ ðåøåòêè Γr. Ñòàëî áûòü, âûïîëíÿåòñÿ ðà-

âåíñòâî ∣∣∣∣det

(
Pi − rQi Pi+k − rQi+k

Qi Qi+k

) ∣∣∣∣ = Si(k) = 1.

Ñ äðóãîé ñòîðîíû, èç ëåììû 1 ïîëó÷àåì Si(k) ≥ Si(1) + Si(2) ≥ 2. Ñâîéñòâî 90

äîêàçàíî.
Ñâîéñòâî 100 � ïðÿìîå ñëåäñòâèå ïðåäûäóùåãî ñâîéñòâà. Äåéñòâèòåëüíî,

ïóñòü γ
(i)
Ω∞ , γ

(i+1)
Ω∞ /∈ M(Γr; Ω). Òàê êàê ëþáûå äâà ñìåæíûõ ìèíèìóìà â M(Γr; Ω)

îáðàçóþò áàçèñ Γr, òî íàéäóòñÿ ÷èñëà m < i è n > i+1 òàêèå, ÷òî óçëû γ
(n)
Ω∞ , γ

(m)
Ω∞

ïðèíàäëåæàò M(Γr; Ω) è ñîñòàâëÿþò áàçèñ ðåøåòêè Γr. Íî, òàê êàê n−m ≥ 3,
òî îíè íå ìîãóò îáðàçîâûâàòü áàçèñ Γr. Ïîýòîìó íàøå ïðåäïîëîæåíèå íåâåðíî
è ñâîéñòâî 100 äîêàçàíî.

Ñâîéñòâî 110 íåïîñðåäñòâåííî âûòåêàåò èç ñâîéñòâ 90 è 100.
Ðàññìîòðèì êîíå÷íóþ äðîáü

b0 +
a1|
|b1

+
a2|
|b2

+ · · ·+ as|
|bs

(ai∈{−1, 1}, b0 ∈ Z, bi ∈ N äëÿ âñåõ i ≥ 1, bs ≥ 2). (4)

Ïî îïðåäåëåíèþ, äëÿ i ≥ 1

Pi

Qi

= b0 +
a1|
|b1

+
a2|
|b2

+ · · ·+ ai−1|
|bi−1

i− òàÿ ïîäõîäÿùàÿ äðîáü ê (4) ñ Pi− ÷èñëèòåëåì è Qi− çíàìåíàòåëåì äðîáè.
Õîðîøî èçâåñòíî [11; ââåäåíèå, ñîîòíîøåíèÿ (8), (9)], ÷òî ïðè P0 = 1, Q0 = 0,

P1 = b0, Q1 = 1 èìåþò ìåñòî ðàâåíñòâà

Pi+2 = ai+1Pi + bi+1Pi+1, Qi+2 = ai+1Qi + bi+1Qi+1 (5)

äëÿ âñåõ i ≥ 0.
Îïðåäåëåíèå 3. Íàçîâåì äðîáü (4) îáîáùåííîé Ω � äðîáüþ ÷èñëà r
(0 < r < 1/2), åñëè êîíå÷íûå ïîñëåäîâàòåëüíîñòè ÷èñåë {ai} è {bi} óäîâëå-
òâîðÿþò óñëîâèÿì:

1) b0 = 0;

2) äëÿ âñåõ Pi− rQi 6= 0 ñ i ≥ 1 ÷èñëà ai, bi òàêèå, ÷òî óçåë γ
(i+1)
Ω = aiγ

(i−1)
Ω +

biγ
(i)
Ω � ñìåæíûé ñ γ

(i)
Ω â M(Γr; Ω).

Â ñîîòâåòñòâèè ñ (5) è îïðåäåëåíèåì 3, äëÿ âñåõ i ≥ 0 âûïîëíÿåòñÿ

γ
(i)
Ω = (Pi − rQi, Qi). (6)

Ñîãëàñíî ñâîéñòâó 80 è òîìó, ÷òî ïîñëåäîâàòåëüíîñòü {|xi,Ω|} ìîíîòîííî óáûâà-
åò, ïîëó÷àåì

ai =

{
1 åñëè γ

(i−1)
Ω , γ

(i)
Ω ëåæàò â ñîñåäíèõ ÷åòâåðòÿõ,

−1 â ïðîòèâíîì ñëó÷àå,
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à òàê êàê âûïîëíÿåòñÿ (6), òî

bi =

{
k åñëè aiγ

(i−1)
Ω + kγ

(i)
Ω − ñìåæíûé ñ γ

(i)
Ω â M(Γr; Ω),

k + 1 â ïðîòèâíîì ñëó÷àå,
ãäå k = [|Pi−1 − rQi−1|/|Pi − rQi|].
Îïðåäåëåíèå 4. Äðîáü

1|
|1 +

a1|
|b1

+
a2|
|b2

+ · · ·+ as|
|bs

íàçîâåì îáîáùåííîé Ω � äðîáüþ ÷èñëà r (1/2 < r < 1), åñëè
a1 |

|b1 + 1
+

a2|
|b2

+ · · ·+ as|
|bs

�îáîáùåííàÿ Ω � äðîáü ÷èñëà 1− r.
Â ñîîòâåòñòâèè ñ îïðåäåëåíèÿìè çàâèñèìîñòü ìåæäó âåëè÷èíîé s = s(r, Ω) �
äëèíîé îáîáùåííîé Ω− äðîáè ÷èñëà r è ìîùíîñòüþ ìíîæåñòâà M(Γr; Ω) èìååò
âèä

s(r, Ω) =

{
#M(Γr; Ω)/2− 2 åñëè r < 1/2,
#M(Γ1−r; Ω)/2− 1 åñëè r > 1/2.

(7)

�3. Ìíîæåñòâà Ωd, Ω

Äëÿ êàæäîé ïàðû ñìåæíûõ â M(Γa/d) (a, d ∈ N, a ≤ d/2, ÍÎÄ(a, d) = 1)
ìèíèìóìîâ γ = (γ1/d, γ2) è η = (η1/d, η2) ñ γ1, γ2, η1, η2 ∈ Z, 0 ≤ |η1| < |γ1|,
0 ≤ γ2 < η2 îïðåäåëèì

(α, β) = (γ2/η2, |η1/γ1|).
Ñîãëàñíî ñâîéñòâó 100 èç ýòèõ äâóõ óçëîâ õîòÿ áû îäèí ïðèíàäëåæèò M(Γa/d; Ω).
Òàêæå èç (1) è èç óñëîâèÿ ÍÎÄ(a, d) = 1 ñëåäóåò ÍÎÄ(γ1, η1) =ÍÎÄ(γ2, η2) = 1.
Ýòè äâà çàìå÷àíèÿ ïîçâîëÿþò íàì ââåñòè åùå îäíî ïîíÿòèå.

Äëÿ ôèêñèðîâàííîãî íàòóðàëüíîãî ÷èñëà d > 2 îáîçíà÷èì ÷åðåç Ωd ìíî-
æåñòâî òî÷åê (α, β), äëÿ êîòîðûõ γ, η � ñìåæíûå ìèíèìóìû â M(Γa/d) è η ∈
M(Γa/d; Ω) ïî âñåì Γa/d èç (. . .). Çäåñü è â äàëüíåéøåì (. . .) îçíà÷àåò ìíîæåñòâî
ðåøåòîê Γa/d äëÿ âñåõ a ñ îãðàíè÷åíèÿìè 1 ≤ a < d/2,ÍÎÄ(a, d) = 1.
Ëåììà 2. Ïóñòü ôóíêöèÿ ψ(x, y) = 0 îïèñûâàåò ãðàíèöó îáëàñòè Ω è íå ñóùå-
ñòâóåò ïðåîáðàçîâàíèÿ T, äëÿ êîòîðîãî âûïîëíÿëîñü áû ðàâåíñòâî
Ω∞ = T(Ω). Äëÿ ôóíêöèè βΩ = β(α), îïðåäåëåííîé â ôîðìóëèðîâêå òåîðåìû 1
(ñì. ââåäåíèå), ïîñòðîèì îáëàñòü

Ω = {(α, β) ∈ R2 | 0 ≤ α ≤ 1, 0 ≤ β ≤ β(α)}.
Òîãäà äëÿ âñåõ d > 2

Ωd =

{
(α, β) ∈ Q2,
(α, β) ∈ Ω

∣∣∣∣
α = γ2/η2, β = η1/γ1,
ÍÎÄ(γ1, η1) = ÍÎÄ(γ2, η2) = 1,
γ1η2 + η1γ2 = d

}
.
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Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ôóíêöèè βΩ ñëåäóåò, ÷òî β(α) ∈ [1/2, 1] äëÿ
âñåõ α ∈ [0, 1] è β(0) = 1/2, β(1) = 1.

Âîçüìåì êàêóþ-íèáóäü òî÷êó (α, β′) èç ìíîæåñòâà Ω ñ ðàöèîíàëüíûìè êî-
îðäèíàòàìè α = γ2/η2, β′ = η′1/γ

′
1 è ñ îãðàíè÷åíèåì γ′1η2 + γ2η

′
1 > 2. Ïîäáåðåì

÷èñëî a/d = [0; q1, . . . , qs] (a, d � âçàèìíî ïðîñòûå ÷èñëà, q1 ≥ 2), ó êîòîðîãî äëÿ
íåêîòîðîãî i ≥ 0 ïîäõîäÿùèå äðîáè Pi/Qi, Pi+1/Qi+1 â êàíîíè÷åñêîì ðàçëîæå-
íèè a/d â íåïðåðûâíóþ öåïíóþ äðîáü óäîâëåòâîðÿþò óñëîâèÿì: α = Qi/Qi+1,

β′ =

∣∣∣∣
Pi+1 − a

d
Qi+1

Pi − a
d
Qi

∣∣∣∣. (8)

Åñëè α=0, òî i= 0 è a/d=β′. À òàê êàê β′ ≤ β(0) è d > 2, òî a/d < 1/2.
Åñëè α = 1, òî i = 1, P1 = 0, P2 = 1, Q1 = 1, Q2 = 1. Èç ðàâåíñòâà (8) íàõîäèì
a/d=1/(β′ + 1). Ó÷èòûâàÿ îãðàíè÷åíèå a/d≤1/2, ïîëó÷àåì β′=1 è a/d=1/2. Â
äðóãîé ñèòóàöèè èñõîäÿ èç ñîîòíîøåíèÿ γ2/η2 = [0; qi, . . . , q1] [1; òåîðåìà 6, ñòð.
14], îïðåäåëèì ïîäõîäÿùèå äðîáè Pi/Qi, Pi+1/Qi+1 ÷èñëà a/d. Çàòåì èç óðàâíå-
íèÿ (8) íàéäåì ÷èñëà a è d è äëÿ d áóäåò âûïîëíÿòüñÿ ðàâåíñòâî γ′1η2 +η′1γ2 = d.
Òàêèì îáðàçîì, ïàðà ÷èñåë (α, β′) îäíîçíà÷íî îïðåäåëÿåò ðåøåòêó Γa/d, è óç-
ëû γ′ = ((−1)iγ′1/d, γ2), η

′ = ((−1)i+1η′1/d, η2) � ñìåæíûå ëîêàëüíûå ìèíèìóìû
Γa/d.

Ïðåäïîëîæèì, ÷òî (α, β′) 6∈ Ωd. Òî åñòü, η′ 6∈ M(Γa/d; Ω). Òîãäà óçëû γ′ è γ′+η′

� ñìåæíûå ìèíèìóìû â M(Γa/d; Ω) (ñâîéñòâî 110). Ïîýòîìó äëÿ íåêîòîðûõ
âåùåñòâåííûõ ÷èñåë t1, t2 (t1t2 6= 0)

ψ(γ′1t1, γ2t2) = ψ((γ′1 − η′1)t1, (γ2 + η2)t2) = 0 è ψ(η′1t1, η2t2) > 0.

Îáîçíà÷èì s′ = γ′1t1, v′ = η2t2, t′ = v′α, u′ = s′β′, x′ = s′(1− β′), y′ = v′(α + 1)
è ïåðåïèøåì ñîîòíîøåíèÿ â äðóãîì âèäå:

ψ(s′, t′) = ψ(x′, y′) = 0, ψ(u′, v′) > 0.

Ñ äðóãîé ñòîðîíû, ïàðà ÷èñåë α, β(α) îïðåäåëÿåò íà ãðàíèöå îáëàñòè Ω òðîé-
êó òî÷åê (s, t), (−u, v), (x, y), óäîâëåòâîðÿþùèõ óñëîâèÿì t = vα, u = sβ,
x = s(1− β), y = v(α + 1).

Åñëè òî÷êà (s′, t′) ëåæèò íèæå îòðåçêà {(λs, λt) | λ ∈ [0, 1]}, òî ìû èìååì
v′ < v. Ïîýòîìó òî÷êà (−u′, v′) ëåæèò íèæå ëó÷à B, ïðîõîäÿùåãî ÷åðåç òî÷êè
(0, 0) è (−u, v). Îäíàêî â ñèëó òîãî, ÷òî îòðåçîê {(−λu′, λv′)|λ ∈ [0, 1]} ïîëó÷åí
â ðåçóëüòàòå ïàðàëëåëüíîãî ïåðåíîñà îòðåçêà {(λx′+(1−λ)s′, λy′+(1−λ)t′)| λ ∈
[0, 1]} è y > y′, òî÷êà (−u′, v′) ëåæèò âûøå ëó÷à B.

Åñëè òî÷êà (s′, t′) ëåæèò âûøå îòðåçêà {(λs, λt)| λ ∈ [0, 1]}, òî u′ ≤ u è
v′ > v. Îòñþäà, òî÷êà (−u′, v′) ëåæèò âûøå ëó÷à B. Ñ äðóãîé ñòîðîíû, òî÷êà
(−u′, v′) ëåæèò íèæå ëó÷à B (â ðåçóëüòàòå ïàðàëëåëüíîãî ïåðåíîñà è îãðàíè÷å-
íèÿ y′ > y). Ñòàëî áûòü, s′ = s è t′ = t, ïîýòîìó òî÷êà (u′, v′) ëåæèò íà ãðàíèöå
îáëàñòè Ω. Ýòî îçíà÷àåò, ÷òî íàøå ïðåäïîëîæåíèå íåâåðíî è (α, β′) ∈ Ωd.
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Äîêàæåì òåïåðü îáðàòíîå óòâåðæäåíèå. Ïóñòü d > 2 � íàòóðàëüíîå ÷èñëî.
Âîçüìåì ëþáóþ òî÷êó (α, β′) ñ ðàöèîíàëüíûìè êîîðäèíàòàìè α = γ2/η2, β′ =
η′1/γ

′
1 èç Ωd. Ñîãëàñíî îïðåäåëåíèÿ ìíîæåñòâà Ωd íàéäåòñÿ íàòóðàëüíîå ÷èñëî

a (ÍÎÄ(a, d) = 1, a < d/2) òàêîå, ÷òî óçëû γ = (±γ′1/d, γ2), η = (∓η′1/d, η2) �
ëîêàëüíûå ìèíèìóìû ðåøåòêè Γa/d è η ∈ M(Γa/d; Ω).

Âîçìîæíû äâà ñëó÷àÿ: γ ∈ M(Γa/d; Ω) è γ 6∈ M(Γa/d; Ω). È â òîì è äðóãîì
ñëó÷àÿõ íàéäåòñÿ ïðåîáðàçîâàíèå T, ïðè êîòîðîì óçëû γ è γ + η ëåæàò íà ãðà-
íèöå îáëàñòè T(Ω), à η íàõîäèòñÿ âíóòðè èëè íà ãðàíèöå T(Ω). Ñëåäîâàòåëüíî
áóäóò âûïîëíÿòüñÿ ñîîòíîøåíèÿ

ψ(s′, t′) = ψ(x′, y′) = 0, ψ(u′, v′) ≤ 0,
ψ(s, t) = ψ(x, y) = ψ(u, v) = 0.

Çäåñü ìû èñïîëüçóåì îáîçíà÷åíèÿ, ïðèíÿòûå ïðè äîêàçàòåëüñòâå ïðÿìîãî óòâåð-
æäåíèÿ ëåììû.

Åñëè òî÷êà (s′, t′) ëåæèò âûøå îòðåçêà {(λs, λt) | λ ∈ [0, 1]}, òî v′ > v, y′ > y.
Çàìåòèì, ÷òî îòðåçîê {(−λu′, λv′) | λ ∈ [0, 1]} ïîëó÷åí â ðåçóëüòàòå ïàðàëëåëü-
íîãî ïåðåíîñà îòðåçêà {(λs′ + (1 − λ)x′, λt′ + (1 − λ)y′) | λ ∈ [0, 1]}. Ïîýòîìó
òî÷êà (−u′, v′) ëåæèò íèæå ëó÷à B, ïðîõîäÿùåãî ÷åðåç òî÷êè (0, 0) è (−u, v). À
ó÷èòûâàÿ, ÷òî (−u′, v′) ëåæèò âíóòðè äåôîðìèðóåìîé îáëàñòè, ïîëó÷àåì v′ < v.

Â äðóãèõ ñëó÷àÿõ ïîëó÷àåì s ≤ s′, v′ ≤ v. Òàêæå çàìå÷àåì, ÷òî òî÷êà
(−u′, v′) ëåæèò âûøå ëó÷à B è ïîýòîìó u′ ≤ u. È, íàêîíåö, èç ñîîòíîøåíèé
sβ′ ≤ u′ = s′β′ ≤ u = sβ ñëåäóåò β′ ≤ β. Ëåììà äîêàçàíà.

Ëåììà 3. β(α)�íåïðåðûâíàÿ, ìîíîòîííî âîçðàñòàþùàÿ ôóíêöèÿ è β(α) ∈
[1/2, 1].

Äîêàçàòåëüñòâî. Ìû óæå çíàåì, ÷òî β(α) ∈ [1/2, 1]. Äîêàæåì, ÷òî ôóíêöèÿ
t(α) ìîíîòîííî âîçðàñòàåò è íåïðåðûâíà. Âîçüìåì äâå òðîéêè òî÷åê íà ãðàíèöå
îáëàñòè Ω : (si, ti), (−ui, vi), (xi, yi), i ∈ {1, 2}, êîòîðûå ñâÿçàíû ñîîòíîøåíèÿìè

0 ≤ xi ≤ a0 ≤ ui ≤ a1 ≤ si ≤ 2a0,
(si, ti) = (ui/β(αi), viαi),

(xi, yi) = (−ui, vi) + (si, ti), αi ∈ [0, 1], α1 6= α2.

Íå òåðÿÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî s1 ≤ s2. Ïîêàæåì, ÷òî x2 ≥ x1. Åñëè
ýòî íå òàê, òî, ñ îäíîé ñòîðîíû, òî÷êà (x2, y2) ëåæèò âûøå ïðÿìîé, ïðîõîäÿ-
ùåé ÷åðåç òî÷êè (−u1, v1), (x1, y1), ñ äðóãîé ñòîðîíû, òî÷êà (x2, y2) ëåæèò âûøå
ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè (−u1, v1), (x1, y1) (òàê êàê s1 ≤ s2 è u1 < u2).
Ñëåäîâàòåëüíî, x2 ≥ x1.

Îñòàåòñÿ òîëüêî çàìåòèòü, ÷òî ïðè s1 ≤ s2 âûïîëíÿåòñÿ íåðàâåíñòâî t1 ≥ t2,
èç êîòîðîãî ñëåäóåò v1α1 ≥ v2α2. À òàê êàê x2 ≥ x1, òî v2 ≥ v1. Ñëåäîâàòåëü-
íî α1 ≥ α2. Òàêèì îáðàçîì, t(α) ìîíîòîííî âîçðàñòàåò. Èç ñâîéñòâ îáëàñòè Ω
ñëåäóåò, ÷òî t(α) ïðîáåãàåò âñå çíà÷åíèÿ èç îòðåçêà [0, b1]. Ñîãëàñíî êðèòåðèþ
íåïðåðûâíîñòè ìîíîòîííîé ôóíêöèè t(α) � íåïðåðûâíàÿ ôóíêöèÿ. Èç òåõ æå
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ñîîáðàæåíèé ñëåäóåò, ÷òî u(α) � ìîíîòîííî âîçðàñòàþùàÿ íåïðåðûâíàÿ ôóíê-
öèÿ, s(α) � ìîíîòîííî óáûâàþùàÿ íåïðåðûâíàÿ ôóíêöèÿ.

Èç ðàâåíñòâà β(α) = u(α)s−1(α) ñëåäóåò âîçðàñòàíèå ôóíêöèè β(α) è åå
íåïðåðûâíîñòü.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé.
Ëåììà 4. Äëÿ îáëàñòåé Ω, ïðåäñòàâèìûõ â âèäå T(Ωθ) èìåþò ìåñòî ðàâåí-
ñòâà

Ω = Ωθ =

{
(α, β) ∈ R2

∣∣∣∣
0 ≤ α, β ≤ 1,

((1 + α)θ − αθ)βθ + 1− (1− β)θ ≤ (1 + α)θ − αθ(1− β)θ

}
.

Äîêàçàòåëüñòâî. Ïîëîæèì

Ω
′
=

{
(α, β) ∈ R2

∣∣∣∣
0 ≤ α, β ≤ 1,

((1 + α)θ − αθ)βθ + 1− (1− β)θ > (1 + α)θ − αθ(1− β)θ

}
.

Ìû èìååì Ω ∩ Ω
′
= ∅ è

Ω ∪ Ω
′
= {(x, y) ∈ R2| (x, y) ∈ [0, 1]× [0, 1]}.

Ïîýòîìó äîñòàòî÷íî äîêàçàòü ëåììó â ñëåäóþùåé ôîðìóëèðîâêå:

η 6∈ Mθ(Γa/d) ⇔ (α, β) ∈ Ω
′
.

Çàôèêñèðóåì ðåøåòêó Γa/d (ïî-ïðåæíåìó ñ÷èòàåì, ÷òî ÍÎÄ (a, d) = 1).
Ðàññìîòðèì äâà ñìåæíûõ ëîêàëüíûõ ìèíèìóìà γ = (γ1/d, γ2), η = (η1/d, η2)
(γ1, γ2, η1, η2 ∈ Z). Åñëè η 6∈ Mθ(Γa/d), òî γ ∈ Mθ(Γa/d) (câîéñòâî 100). À òàê
êàê ëþáûå äâà ñìåæíûõ ìèíèìóìà â Mθ(Γa/d) îáðàçóþò áàçèñ â Γa/d (ñâîé-
ñòâî 70), òî ñîãëàñíî ñâîéñòâó 110 óçåë γ′ = (γ′1/d, γ′2), ñìåæíûé ñ η â M(Γa/d)
ïðèíàäëåæèò Mθ(Γa/d) è γ′ = γ + η ñ |γ1| > |η1| > |γ′1| è 0 ≤ γ2 < η2 < γ′2.

Ïðèìåíèì ïðåîáðàçîâàíèå ïëîñêîñòè (Oxy) → (Ouv), çàäàííîå ðàâåíñòâàìè
u = (dx)θ, v = yθ. Èç îïðåäåëåíèÿ ñìåæíûõ ìèíèìóìîâ â Mθ(Γa/d) ñëåäóåò, ÷òî
âíóòðè ðîìáà

|u| det

(
1 γθ

2

1 γ′θ2

)
+ |v| det

( |γ1|θ 1
|γ′1|θ 1

)
≤ det

( |γ1|θ γθ
2

|γ′1|θ γ′θ2

)

íåò òî÷åê (|dx|θ, |y|θ), ñ (x, y) ∈ Γa/d \ {(0, 0)}. Ïîýòîìó

|η1|θ det

(
1 γθ

2

1 γ′θ2

)
+ ηθ

2 det

( |γ1|θ 1
|γ′1|θ 1

)
> det

( |γ1|θ γθ
2

|γ′1|θ γ′θ2

)
.

Ïåðåïèñûâàÿ ýòî íåðàâåíñòâî îòíîñèòåëüíî α = γ2/η2 è β = |η1|/|γ1|, ïîëó÷àåì
(α, β) ∈ Ω

′
, òî åñòü âåðíî óòâåðæäåíèå

η 6∈ Mθ(Γa/d) ⇒ (α, β) ∈ Ω
′
.
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Òåïåðü âîçüìåì ïðîèçâîëüíóþ òî÷êó (α, β) ñ ðàöèîíàëüíûìè êîîðäèíàòàìè
èç ìíîæåñòâà Ω

′
. Îáîçíà÷èì α = γ2/η2, β = η1/γ1 è ïðåäïîëîæèì, ÷òî äëÿ

ñîîòâåòñòâóþùåé ðåøåòêè Γa/d óçëû γ = (γ1/d, γ2), η = (−η1/d, η2) � ñìåæíûå
ëîêàëüíûå ìèíèìóìû è η ∈ Mθ(Γa/d).

Èç óñëîâèÿ (α, β) ∈ Ω
′ ñëåäóåò, ÷òî β > 1/2. Òàêæå äëÿ óçëà γ′ = γ + mη èç

M(Γa/d) âûïîëíÿåòñÿ íåðàâåíñòâî

ηθ
1 det

(
1 γθ

2

1 γ′θ2

)
+ ηθ

2 det

(
γθ

1 1
γ′θ1 1

)
≤ det

(
γθ

1 γθ
2

γ′θ1 γ′θ2

)
.

Èç îïðåäåëåíèÿ ìèíèìóìà â M(Γa/d) ñëåäóåò, ÷òî 0 ≤ γ1−mη1 < η1, òî åñòü m =
[γ1/η1] = [1/β] = 1. Òîãäà ïîñëåäíåå íåðàâåíñòâî ïåðåïèøåòñÿ îòíîñèòåëüíî
ïåðåìåííûõ α, β â âèäå

((1 + α)θ − αθ)βθ + 1− (1− β)θ ≤ (1 + α)θ − αθ(1− β)θ,

÷òî ïðîòèâîðå÷èò óñëîâèþ (α, β) ∈ Ω
′
. Òàêèì îáðàçîì, ïðåäïîëîæåíèå íå âåðíî

è ñïðàâåäëèâî óòâåðæäåíèå

(α, β) ∈ Ω
′ ⇒ η 6∈ Mθ(Γa/d).

Òåì ñàìûì ëåììà äîêàçàíà.

Èç ýòîé ëåììû, ñâîéñòâà 40 è çàìå÷àíèÿ 1 íåïîñðåäñòâåííî ñëåäóåò
Çàìå÷àíèå 2.
1) Äëÿ 1 ≤ θ1 ≤ θ2 < ∞ èìåþò ìåñòî âëîæåíèÿ

Ωθ1 ⊆ Ωθ2 ⊆
{
(x, y) ∈ R2| (x, y) ∈ [0, 1]× [0, 1]

}
,

2) äëÿ ïðîèçâîëüíîé îáëàñòè Ω ñïðàâåäëèâû âëîæåíèÿ

Ωθ1 ⊆ Ω ⊆ {
(x, y) ∈ R2| (x, y) ∈ [0, 1]× [0, 1]

}
.

�4. Âñïîìîãàòåëüíûå àñèìïòîòè÷åñêèå ôîðìóëû

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ.
1. Äëÿ íàòóðàëüíûõ ÷èñåë n è d ôóíêöèÿ δn(d) � õàðàêòåðèñòè÷åñêàÿ ôóíê-

öèÿ äåëèìîñòè íà n

δn(d) =

{
1, åñëè d ≡ 0( mod n)
0, åñëè d 6≡ 0( mod n).

2. Äëÿ íàòóðàëüíûõ ÷èñåë d, n, m ôóíêöèÿ µn,d(m) � ÷èñëî ðåøåíèé ñðàâ-
íåíèÿ mx ≡ d(mod n) îòíîñèòåëüíî ïåðåìåííîé x ∈ N â ïðåäåëàõ 1 ≤ x ≤ n.
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3. Îïðåäåëèì äëÿ ÷èñåë n, d (n ∈ N, d ∈ Z) ñóììó

Kn(d) =
n∑

m1,m2=1

δn(m1m2 − d).

4. Äëÿ öåëûõ ÷èñåë n, d (n ≥ 1) è âåùåñòâåííûõ ÷èñåë Q1, Q2, P1, P2

(0 < P1, P2 ≤ n) îáîçíà÷èì

Φn,d(Q1, Q2; P1, P2) =
∑

Q1<m1≤Q1+P1
Q2<m2≤Q2+P2

δn(m1m2 − d).

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå àñèìïòîòè÷åñêèå ðàâåíñòâà.

Φn,d(Q, 0; P, n) =
P

n
Kn(d) + O(R0(n, d)), (9)

R0(n, d) = σ0(n)σ0(a)a, a = ÍÎÄ(n, d) [8; çàìå÷àíèå 2]. (10)

Φn,d(Q1, Q2; P1, P2) =
Kn(d)

n2
P1P2 + O(R1(n, d) + R2(n, d)), (11)

R1(n, d) = σ0(n)σ2
0(a)σ2

−1/2(a) log2(n + 1)n1/2,

R2(n, d) = σ0(n)σ0(a) log(n + 1)a, a = ÍÎÄ(n, d) [8; ëåììà 3], (12)

Ëåììà 5. Ïóñòü Q,P � äåéñòâèòåëüíûå ÷èñëà è P ≥ 2. Îïðåäåëèì âåëè÷èíû
Φn,d(f,Q, P ), Sn,d(f,Q, P ) ðàâåíñòâàìè

Φn,d(f, Q, P ) =
∑

Q<m1≤Q+P
0<m2≤f(m1)

δn(m1m2 − d),

Sn,d(f, Q, P ) =
1

n

∑
Q<m1≤Q+P

µn,d(m1)f(m1).

Ïóñòü íà âñåì îòðåçêå [Q,Q + P ] âåùåñòâåííàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ
f(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà è äëÿ íåêîòîðîãî A > 0

1

A
¿ |f ′′(x)| ¿ 1

A
.

Òîãäà ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

Φn,d(f, Q, P ) = Sn,d(f, Q, P )− P

2
· δn(d) + O(R3(P, f, n, d)),

â êîòîðîé

R3(P, f, n, d) = σ
2/3
0 (n)σ2

0(a)PA−1/3 + (A1/2a1/2 + n1/2 + a)P ε, a = ÍÎÄ(n, d).
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Äîêàçàòåëüñòâî. ñì. â [8; òåîðåìà 1, çàìå÷àíèå 3].

Ëåììà 6. Ïóñòü Q,P � äåéñòâèòåëüíûå ÷èñëà è 0 < P ≤ n. Íà âñåì îò-
ðåçêå [Q,Q + P ] íåîòðèöàòåëüíàÿ âåùåñòâåííàÿ ôóíêöèÿ f(x) = const. Òîãäà
ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

Φn,d(f, Q, P ) = Sn,d(f, Q, P ) + Oε(R4(n, d)),

â êîòîðîé
R4(n, d) = (n1/2 + a)nε, a = ÍÎÄ(n, d).

Äîêàçàòåëüñòâî. ñì. â [12; ëåììà 5].

Äëÿ îáëàñòè Ω (ñì. ëåììó 2) è ôóíêöèé β(α), g(α), g(β), óäîâëåòâîðÿþùèõ
óñëîâèÿì òåîðåìû 1 (â äàëüíåéøåì áóäåì ðàññìàòðèâàòü òîëüêî òàêèå ôóíê-
öèè), ðàññìîòðèì âåëè÷èíû ïðè 0 ≤ α1 < α2 ≤ 1

Φ(Ω, α1, α2) =

α2∫

α1

g(α)dα, (13)

h(Ω, α1, α2) =
∞∑

n=1

1

n

( ∑
m
n
∈(α1,α2]

β(m/n)

n + mβ(m/n)
− Φ(Ω, α1, α2)

)
. (14)

Îáîçíà÷èì
Φ(Ω) = Φ(Ω, 0, 1) =

∫

Ω

∫
dαdβ

(1 + αβ)2
, (15)

hβ(Ω) = h(Ω, 0, 1) =
∞∑

n=1

1

n

( ∑
m≤n

β(m/n)

n + mβ(m/n)
− Φ(Ω)

)
, (16)

hα(Ω) =
∞∑

n=1

1

n

( ∑

n/2≤m≤n

α(m/n)

n + mα(m/n)
− log 2 + Φ(Ω)

)
, (17)

h =
∞∑

n=1

1

n

( ∑
n≤m<2n

1

m
− log 2

)
, (18)

h(Ω) = h− hα(Ω) + hβ(Ω). (19)
Çàìåòèì, ÷òî âñå ïðåäñòàâëåííûå ðÿäû ñõîäÿòñÿ.
Ëåììà 7. Ïóñòü d ∈ N, α1, α2, u ∈ R è 0 ≤ α1 < α2 ≤ 1, u > 0. Ïîëîæèì

S(g, α1, α2, d, u) = d
∑

1≤n<u

1

n

∑
m
n
∈(α1,α2]

µn,d(m)
g(m/n)

n
.
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Èìååò ìåñòî àñèìïòîòè÷åñêàÿ ôîðìóëà

S(g, α1, α2, d, u) =
1

ζ(2)

∑

a|d

d

a

(
Φ(Ω, α1, α2)

(
log

(
u

a

)
+γ− ζ ′(2)

ζ(2)

)
+h(Ω, α1, α2)

)
+

+OΩ

(
dσ0(d) log(u)

u

)
,

â êîòîðîé γ � êîíñòàíòà Ýéëåðà, ζ(s) � äçåòà-ôóíêöèÿ Ðèìàíà.

Äîêàçàòåëüñòâî. Îïðåäåëèì ôóíêöèè

Ψ(u, α1, α2) =
∑
n<u

1

n2

∑
m
n
∈(α1,α2]

g

(
m

n

)
, Ψ∗(u, α1, α2) =

∑
n<u

1

n2

∑
m
n
∈(α1,α2]

ÍÎÄ(n,m)=1

g

(
m

n

)

è ïîëó÷èì äëÿ Ψ(u, α1, α2) àñèìïòîòè÷åñêóþ ôîðìóëó, èñïîëüçóÿ (13).

Ψ(u, α1, α2) = Φ(Ω, α1, α2)
∑
n<u

1

n
+

∑
n<u

1

n

(
1

n

∑
m
n
∈(α1,α2]

g

(
m

n

)
− Φ(Ω, α1, α2)

)
=

= Φ(Ω, α1, α2)(log u+γ)+h(Ω, α1, α2)−
∑
n≥u

1

n

(
1

n

∑
m
n
∈(α1,α2]

g

(
m

n

)
−Φ(Ω, α1, α2)

)
+OΩ

(
1

u

)
.

Òàê êàê g(α) � íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, 1], òî

1

n

∑
m
n
∈(α1,α2]

g

(
m

n

)
= Φ(Ω, α1, α2) + OΩ

(
1

n

)
.

Ñëåäîâàòåëüíî,

Ψ(u, α1, α2) = Φ(Ω, α1, α2)(log u + γ) + h(Ω, α1, α2) + OΩ(u−1). (20)

Òåïåðü îöåíèì Ψ∗(u, α1, α2). Ñîãëàñíî âòîðîé ôîðìóëå îáðàùåíèÿ Ìåáèóñà

Ψ∗(u, α1, α2) =
∑
a<u

µ(a)

a2
Ψ

(
u

a
, α1, α2

)
.

Ê ýòîìó ðàâåíñòâó ïðèìåíèì (20) è ñîîòíîøåíèÿ
∑
n<u

µ(n)

n2
=

1

ζ(2)
+ O

(
1

u

)
,

∑
n<u

µ(n) log n

n2
=

ζ ′(2)

ζ2(2)
+ O

(
log u

u

)
:
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Ψ∗(u, α1, α2) =
Φ(Ω, α1, α2)

ζ(2)

(
log u + γ − ζ ′(2)

ζ(2)

)
+

h(Ω, α1, α2)

ζ(2)
+ OΩ

(
log u

u

)
.

Ïðåäñòàâèì µn,d(m) = aδa(d), ãäå a =ÍÎÄ(m,n). Òîãäà, ó÷èòûâàÿ ïîëó÷åííóþ
àñèìïòîòè÷åñêóþ ôîðìóëó, ïåðåïèøåì S(g, α1, α2, d, u) â âèäå

S(g, α1, α2, d, u) =
∑

a|d

d

a

∑

n<u/a

1

n2

∑
m
n
∈(α1,α2]

ÍÎÄ(n,m)=1

g

(
m

n

)
=

∑

a|d

d

a
Ψ∗

(
u

a
, α1, α2

)
=

=
1

ζ(2)

∑

a|d

d

a

(
Φ(Ω, α1, α2)

(
log

(
u

a

)
+γ−ζ ′(2)

ζ(2)

)
+h(Ω, α1, α2)

)
+OΩ

(
dσ0(d) log(u)

u

)
.

Ëåììà äîêàçàíà.

Äëÿ ôóíêöèè α = α(β) (ñì. ôîðìóëèðîâêó òåîðåìû 1) îïðåäåëèì îáëàñòü

Ω
′
=

{
(x, y) ∈ R2| 1/2 ≤ x ≤ 1, 0 ≤ y ≤ α(x)

}
.

Ëåììà 8. Ïóñòü d ∈ N, u ∈ R. Äëÿ ñóììû

S(Ω, d, u) = d
∑

1≤n<u

1

n

∑
m
n
∈(1/2,1]

µn,d(m) min

{
g(m/n)

n
,

1

m
− n

mu

}

ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

S(Ω, d, u) =
1

ζ(2)

∑

a|d

d

a

((
log 2−Φ(Ω)

)(
log

(
u

a

)
+γ−ζ ′(2)

ζ(2)

)
+C(Ω)

)
+OΩ

(
dσ0(d) log u

u

)
,

â êîòîðîé

C(Ω) = hα(Ω)− log 2 + Φ(Ω) +

∫ 1

1
2

log(1 + βα(β))

β(1 + βα(β))
dβ.

Äîêàçàòåëüñòâî. Îïðåäåëèì ôóíêöèè ΨΩ(u), Ψ∗
Ω(u) ðàâåíñòâàìè

ΨΩ(u) =
∑
n<u

1

n

∑
m
n
∈(1/2,1]

min

{
g(m/n)

n
,

1

m
− n

mu

}
,

Ψ∗
Ω(u) =

∑
n<u

1

n

∑
m
n
∈(1/2,1]

ÍÎÄ(m,n)=1

min

{
g(m/n)

n
,

1

m
− n

mu

}
.

Ïðè ïîìîùè ñòàíäàðòíûõ ïðåîáðàçîâàíèé (ñì. ëåììó 7), ïîëó÷àåì

S(Ω, d, u) =
∑

a|d

d

a
Ψ∗

Ω

(
u

a

)
. (21)
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Îãðàíè÷åíèÿ 0 ≤ α(m/n) ≤ 1,m ≤ n < u,

g(m/n)

n
>

1

m
− n

mu

ýêâèâàëåíòíû íåðàâåíñòâàì n + mα(m/n) > u, n > u/2. Ïîýòîìó ΨΩ(u) ìîæíî
çàïèñàòü â âèäå

ΨΩ(u) = Ψ1 −Ψ2, (22)

Ψ1 =
∑
n<u

1

n

∑
m
n
∈(1/2,1]

g(m/n)

n
, Ψ2 =

∑
u
2
<n<u

1

n

∑
m
n
∈(1/2,1]

n+mα(m/n)>u

(
g(m/n)

n
− 1

m
+

n

mu

)
.

Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ Ψ1 íàõîäèòñÿ èç (16) è èç ðàâåíñòâà

1

n

∑
m
n
∈[1/2,1]

g

(
m

n

)
= log 2− Φ(Ω) + O

(
1

n

)
:

Ψ1 = (log 2− Φ(Ω))(log u + γ) + hα(Ω) + OΩ

(
1

u

)
.

Òåïåðü âû÷èñëèì Ψ2. Ïîñêîëüêó

g(m/n)

n
− 1

m
+

n

mu
¿ 1

u
,

òî

Ψ2 =
∑

u/2<n<u

1

n

∫ n

n
2

(
g(m/n)

n
− 1

m
+

n

mu

)[
n + mα

(
m

n

)
> u

]
dm + OΩ

(
1

u

)
.

Çäåñü è äàëåå çàïèñü [A] îçíà÷àåò 1, åñëè óòâåðæäåíèå A èñòèííî, è 0 â ïðîòèâ-
íîì ñëó÷àå. Ñäåëàåì çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ m : β = m/n. Òîãäà

Ψ2 =
∑

u/2<n<u

∫ 1

1
2

(
g(β)

n
− 1

nβ
+

1

βu

)[
1 + βα(β) >

u

n

]
dβ + OΩ

(
1

u

)
.

Ïîìåíÿåì ïîñëåäîâàòåëüíîñòü ñóììèðîâàíèÿ è èíòåãðèðîâàíèÿ:

Ψ2 =

∫ 1

1
2

(
g(β)− 1

β

)( ∑
u

1+βα(β)
<n<u

1

n

)
dβ +

1

u

∫ 1

1
2

1

β

( ∑
u

1+βα(β)
<n<u

1

)
dβ + OΩ

(
1

u

)
.

Èñïîëüçóÿ (15), ïîëó÷àåì

Ψ2 = log 2− Φ(Ω)−
∫ 1

1
2

log(1 + βα(β))

β(1 + βα(β))
dβ + OΩ

(
1

u

)
.
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Âñå íåîáõîäèìûå îöåíêè äëÿ Ψ1 è Ψ2 ïîëó÷åíû. Ïðèìåíèì èõ ê ôîðìóëå (22):

ΨΩ(u) = (log 2− Φ(Ω))(log u + γ) + C(Ω) + OΩ

(
1

u

)
.

Ñîãëàñíî ôîðìóëå îáðàùåíèÿ Ìåáèóñà

Ψ∗
Ω(u) =

∑
a<u

µ(a)

a2
ΨΩ

(
u

a

)
=

=
log 2− Φ(Ω)

ζ(2)

(
log u + γ − ζ ′(2)

ζ(2)

)
+

C(Ω)

ζ(2)
+ OΩ

(
log u

u

)
.

Îñòàëîñü îöåíèòü S(Ω, d, u), ïîëüçóÿñü (21):

S(Ω, d, u) =
1

ζ(2)

∑

a|d

d

a

(
(log 2−Φ(Ω))

(
log

(
u

a

)
+γ−ζ ′(2)

ζ(2)

)
+C(Ω)

)
+OΩ

(
dσ0(d) log u

u

)
.

Ëåììà äîêàçàíà.

�5. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Ïîëîæèì

A∗
Ω(d) =

[d/2]∑
a=1

ÍÎÄ (a,d)=1

#M(Γa/d; Ω),

T ∗
Ω(d) � êîëè÷åñòâî ïðåäñòàâëåíèé ÷èñëà d áèëèíåéíîé ôîðìîé

d = m1m2 + n1n2, (23)

ïðè÷åì íàòóðàëüíûå ÷èñëà m1, n1,m2, n2 èìåþò îãðàíè÷åíèÿ

m1 ≤ n1, m2 ≤ n2β(m1/n1), (24)

ÍÎÄ (n1,m1) = ÍÎÄ (n2,m2) = 1.

Ëåììà 9. Äëÿ âñåõ íàòóðàëüíûõ ÷èñåë d > 2 âûïîëíÿåòñÿ ðàâåíñòâî

A∗
Ω(d) = 2T ∗

Ω(d) + 3ϕ(d).

Äîêàçàòåëüñòâî. Îïðåäåëèì ìíîæåñòâî

NΩ(d) =



 (n1, n2,m1,m2) ∈ Z4

∣∣∣∣∣∣

ÍÎÄ(n1,m1) = ÍÎÄ(n2,m2) = 1,
0 ≤ m1 ≤ n1, 0 ≤ m2 ≤ n2β(m1/n1)
d = m1m2 + n1n2



 .
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Âåëè÷èíû #NΩ(d) è T ∗
Ω(d) ñâÿçàíû ñîîòíîøåíèåì

#NΩ(d) = T ∗
Ω(d) +

3

2
ϕ(d) (25)

Ïóñòü a, d �ôèêñèðîâàííûå âçàèìíî ïðîñòûå íàòóðàëüíûå ÷èñëà è 1 ≤ a < d/2.
Îáîçíà÷èì ÷åðåç {Pi/Qi} ïîñëåäîâàòåëüíîñòü ïîäõîäÿùèõ äðîáåé ÷èñëà a/d.
Èñïîëüçóÿ (1), ïîëó÷àåì

#M(Γa/d; Ω) = 2#{(|dPi−aQi|, Qi, |dPi+1−aQi+1|, Qi+1)|(Pi+1−a

d
Qi+1, Qi+1) ∈ M(Γa/d; Ω)}+2.

Äëÿ íåêîòîðîãî i îïðåäåëèì âåëè÷èíû n1, n2,m1,m2 ðàâåíñòâàìè

n2 = |dPi − aQi|,m1 = Qi,m2 = |dPi+1 − aQi+1|, n1 = Qi+1.

Òàê êàê èìåþò ìåñòî îãðàíè÷åíèÿ (ñì. ëåììó 2)

d = m1m2 + n1n2, 0 ≤ m1 ≤ n1, 0 ≤ m2 ≤ n2β(m1/n1),
ÍÎÄ(n1,m1) = ÍÎÄ(n2,m2) = 1,

òî (n1, n2,m1,m2) ∈ NΩ(d). Òàêèì îáðàçîì, êàæäîìó ÷èñëó a ñîîòâåòñòâóåò ïî-
ñëåäîâàòåëüíîñòü ÷åòâåðîê (òàêóþ ïîñëåäîâàòåëüíîñòü îáîçíà÷èì ÷åðåç NΩ(a; d))
èç NΩ(d). Äëÿ âñåõ 1 ≤ a, b ≤ d/2 ñ a 6= b, ÍÎÄ(a, d) = ÍÎÄ(b, d) = 1 ìû èìååì

NΩ(a; d) ∩NΩ(b; d) = ∅,

ïîýòîìó
A∗

Ω(d) = 2
∑
...

#NΩ(a; d) + ϕ(d).

Ñ äðóãîé ñòîðîíû
#NΩ(d) =

∑
...

#NΩ(a; d) + ϕ(d)/2.

Ñîáèðàÿ ïîñëåäíèå äâà ðàâåíñòâà è (25), ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ñëåäóÿ Ã.Õåéëüáðîííó ([4; ñòð. 87-96]), îïðåäåëèì TΩ(d) êàê ÷èñëî ðåøåíèé
óðàâíåíèÿ (23) c óñëîâèÿìè (24). Ïðèìåíèâ äâàæäû ïåðâóþ ôîðìóëó îáðàùå-
íèÿ Ìåáèóñà ê ôóíêöèè TΩ(d) , ïîëó÷àåì

T ∗
Ω(d) =

∑

bc|d
µ(b)µ(c)TΩ

(
d

bc

)
. (26)

Äàëüøå áóäåì èñïîëüçîâàòü ìåòîä ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ îöåíîê, èçëî-
æåííûé â ðàáîòå [8; òåîðåìà 2].
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Äëÿ íåêîòîðîãî âåùåñòâåííîãî ïîëîæèòåëüíîãî ÷èñëà u < d (u 6∈ N) ðàñ-
ñìîòðèì ìíîæåñòâà

T1(d, u, Ω) =



 (n1, n2, m1, m2) ∈ N4

∣∣∣∣∣∣

1 ≤ m1 ≤ n1, 1 ≤ m2 ≤ n2β(m1/n1),
d = m1m2 + n1n2,
n1 < u



 ,

T2(d, u, Ω) =



 (n1, n2, m1, m2) ∈ N4

∣∣∣∣∣∣

1 ≤ m1 ≤ n1, 1 ≤ m2 ≤ n2β(m1/n1),
d = m1m2 + n1n2,
n1 > u



 .

Òîãäà
TΩ(d) = #T1(d, u, Ω) + #T2(d, u, Ω). (27)

Âû÷èñëèì #T1(d, u, Ω). Èñõîäÿ èç îïðåäåëåíèÿ

#T1(d, u, Ω) =
∑

1≤n1<u

∑
m1

∑
m2

δn1(m1m2 − d), ïðè ýòîì

1 ≤ m1 ≤ n1, 1 ≤ m2 ≤ d

n1

g

(
m1

n1

)
. (28)

Òî åñòü
#T1(d, u, Ω) =

∑
1≤n1<u

T (g, d, n1), ãäå

T (g, d, n1) � ÷èñëî ðåøåíèé ñðàâíåíèÿ m1m2 ≡ d(mod n1), ëåæàùèõ â îáëàñòè
ñ îãðàíè÷åíèÿìè (28).

Äëÿ ôèêñèðîâàííîãî ÷èñëà n1 ðàçîáüåì îòðåçîê I = [1, n1] íà òðè ãðóïïû
èíòåðâàëîâ I(1), I(2), I(3),

I(j) =

kj⋃
i=1

I
(j)
i , I

(j)
i = (a

(j)
i n1, b

(j)
i n1], 0 ≤ a

(j)
i , b

(j)
i ≤ 1

ïî ïðàâèëó:
1. ôóíêöèÿ g(m1/n1) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïåðåìåííîé

m1 íà êàæäîì îòðåçêå [a
(1)
i n1, b

(1)
i n1], ïðè÷åì íà êàæäîì òàêîì îòðåçêå g(m1/n1)

ëèáî âûïóêëà âíèç, ëèáî âûïóêëà ââåðõ;
2. ÷èñëî m1 îòíîñèòñÿ ê I(2), åñëè âûïîëíÿåòñÿ ðàâåíñòâî

g(m1/n1) = consti äëÿ âñåõ m1 ∈ [a
(2)
i n1, b

(2)
i n1];

3. ÷èñëî m1 îòíîñèòñÿ ê I(3), åñëè â òî÷êå m1/n1 ôóíêöèÿ g(m1/n1) íå èìååò
ïðîèçâîäíîé ïî ïåðåìåííîé m1.
Êîëè÷åñòâî èíòåðâàëîâ â ãðóïïå I(j) îáîçíà÷èì ÷åðåç kj.
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Â ñîîòâåòñòâèè ñ îãðàíè÷åíèÿìè íà ôóíêöèþ g(α) ñïðàâåäëèâû ñîîòíîøå-
íèÿ

I = I(1) ∪ I(2) ∪ I(3) è I(i) ∩ I(j) = ∅ äëÿ i 6= j.

Ïðèìåíèì íà ãðóïïàõ èíòåðâàëîâ I(1) è I(2) ëåììû 5, 6, à íà îñòàëüíûõ èíòåð-
âàëàõ òðèâèàëüíóþ îöåíêó

Φn,d(f,Q, P ) = Sn,d(f,Q, P ) + O(P ).

Âåëè÷èíû Φn,d(f, Q, P ), Sn,d(f,Q, P ) îïðåäåëåíû â ëåììå 5. Â èòîãå ïîëó÷èì
àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ T1(g, d, n1) :

T1(g, d, n1) =
3∑

j=1

∑

i≤kj

Sn1,d(f, a
(j)
i n1, P

(j)
i n1) + O(R(1) + R(2) + R(3)),

f(m1) =
d

n1

g

(
m1

n1

)
, P

(j)
i = b

(j)
i − a

(j)
i ,

R(1) =
∑

i≤k1

(n1δn1(d) + R3(P
(1)
i n1, f, n1, d)), R(2) =

∑

i≤k2

R4(n1, d), R(3) =
∑

i≤k3

P
(3)
i n1.

Ñóììèðóÿ âåëè÷èíó T1(g, d, n1) ïî èíäåêñó n1 ∈ [1, u), è ó÷èòûâàÿ ëåììó 7, à
òàêæå òî , ÷òî âåëè÷èíà R(2) âíîñèò ìåíüøèé âêëàä â îñòàòîê, ÷åì R(1), ïîëó-
÷àåì

#T1(d, u, Ω) = S(g, 0, 1, d, u) + O

( ∑
n1<u

(R(1) + R(3))

)
. (29)

Âû÷èñëåíèå
∑
n1<u

R(1).

Òàê êàê g(m1/n1) � íåîòðèöàòåëüíàÿ ôóíêöèÿ è íà êàæäîì èç èíòåðâàëîâ I
(1)
j

(
d

n1

g

(
m1

n1

))′′

m2
1

=
d

n3
1

g
′′
(

m1

n1

)
³ d

n3
1

AΩ (0 < AΩ < ∞),

òî â îñòàòêå R3(P
(1)
i n1, f, n1, d) (ëåììà 5) A = n3

1/(dAΩ). Îöåíèì

∑
1≤n1<u

k1∑
j=1

n1δn1(d)¿
Ω

uσ0(d),

∑
1≤n1<u

k1∑
j=1

R3(P
(1)
i n1, f, n1, d)¿

Ω

∑
1≤n1<u

R3(n1, f, n1, d).

Ïðåäñòàâèì ∑
1≤n1<u

R3(n1, f, n1, d) = R′ + R′′ + R′′′ + R′′′′,
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R′ ¿
Ω

d1/3
∑

1≤n1<u

σ
2/3
0 (n1)σ

2
0(a), R′′ ¿

Ω,ε
d−1/2

∑
1≤n1<u

n
ε+3/2
1 a1/2,

R′′′ ¿
Ω,ε

∑
1≤n1<u

n
ε+1/2
1 , R′′′′ ¿

Ω,ε

∑
1≤n1<u

nε
1a.

Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà, à òàêæå îöåíêè σ0(an) ¿ σ0(a)σ0(n),

log d¿
ε

dε, σ0(d)¿
ε

dε,

∑
a<u

σ0(a) ¿ u log u,
∑

a|u
σ3

0(a)/a¿
ε

logε d ([8; ëåììà 8]),

ïîëó÷àåì

R′ ¿
Ω,ε

ud
1
3 log

2
3
+ε d, R′′ ¿

Ω,ε
u

5
2
+εd−

1
2
+ε, R′′′ ¿

Ω,ε
u

3
2
+εdε, R′′′′ ¿

Ω,ε
u1+εdε

(ïîäðîáíîå äîêàçàòåëüñòâî èçëîæåíî â [8]). Ñîáèðàÿ âñå îöåíêè, ïîëó÷àåì
∑

1≤n1<u

R(1) ¿
Ω,ε

ud
1
3 log

2
3
+ε d + u

5
2
+εd−

1
2
+ε + u

3
2
+εdε. (30)

Âû÷èñëåíèå
∑
n1<u

R(3).

Ïî îïðåäåëåíèþ, R(3) � îñòàòîê, êîòîðûé ïîëó÷åí ïðè ïîäñ÷åòå ÷èñëà ðåøåíèé
ñðàâíåíèÿ m1m2 ≡ d(mod n1) îòíîñèòåëüíî ïåðåìåííûõ m1,m2, ëåæàùèõ â
îáëàñòè ñ îãðàíè÷åíèÿìè

{
m1

n1

∈
⋃

j≤k3

(a
(3)
j , a

(3)
j + P

(3)
j ], 0 <

m2

n2

≤ f(m1)

}
,

ïðè÷åì P
(3)
j ìîæåò áûòü ñêîëü óãîäíî ìàëûì ïîëîæèòåëüíûì ÷èñëîì. Âîçüìåì

P
(3)
j = 1/((k3 + 1)n1). Òîãäà

∑
n1<u

R(3) = OΩ(u).

Ïîäñòàâëÿÿ ýòó îöåíêó è (30) â (29), çàòåì èñïîëüçóÿ ëåììó 7 è (15), (16),
ïîëó÷àåì

#T1(d, u, Ω) =
1

ζ(2)

∑

a|d

d

a

(
Φ(Ω)

(
log

(
u

a

)
+ γ − ζ ′(2)

ζ(2)

)
+ hβ(Ω)

)
+ OΩ(R(u, d)),

(31)
R(u, d) = u−1d1+ε log(u) + ud

1
3 log

2
3
+ε d + u

5
2
+εd−

1
2
+ε + u

3
2
+εdε. (32)

Çàìå÷àíèå 3. Äëÿ u = (d log d)1/2 îñòàòîê R(u, d) ¿ d5/6 log7/6+ε d.
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Âû÷èñëèì #T2(d, u, Ω). Ó÷èòûâàÿ, ÷òî β(α) ∈ [1/2, 1], β(0) = 1/2, ïðåäñòà-
âèì

#T2(d, u, Ω) = #T (1)(d, u)−#T (2)(d, u, Ω) + OΩ,ε

(
d

u
logε d

)
, (33)

T (1)(d, u) =



 (n1, n2,m1,m2) ∈ N4

∣∣∣∣∣∣

m1 ≤ n1, m2 ≤ n2,
d = m1m2 + n1n2,
n1 > u



 ,

T (2)(d, u, Ω) =



 (n1, n2, m1,m2) ∈ N4

∣∣∣∣∣∣

n2/2 < m2 ≤ n2, m1 ≤ n1α(m2/n2),
d = m1m2 + n1n2,
n1 > u



 .

Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ âåëè÷èíû #T (1)(d, u) â ïðåäïîëîæåíèè u =
(d log d)1/2 ïîëó÷åíà â [8]:

#T (1)(d, u) =
1

ζ(2)

∑

a|d

d

a

(
log 2

(
log

(
d

ua

)
+γ−ζ ′(2)

ζ(2)
− log 2

2
−1

)
+h

)
+Oε(d

5/6 log7/6+ε d)

(34)
(h îïðåäåëåíà ðàâåíñòâîì (17)).

Ïðèñòóïèì ê âû÷èñëåíèþ #T (2)(d, u, Ω). Ïîëîæèì

F (Ω, n2, d, u; m2) = d min

{
1

n2

· g
(

m2

n2

)
,
1− n2u/d

m2

}
.

Òîãäà

#T (2)(d, u, Ω) =
∑

n2< d
u

∑
m2

∑
m1

δn2(m1m2 − d) =
∑

n2< d
u

T (F, d, n2), (35)

ïðè ýòîì
n2/2 < m2 ≤ n2, 1 ≤ m1 ≤ F (Ω, n2, d, u; m2).

Ñîãëàñíî îïðåäåëåíèÿ F (Ω, n2, d, u; m2) ðàçîáüåì èíòåðâàë I = (n2/2, n2] íà äâà
èíòåðâàëà I1 = (n2/2, x], I2 = (x, n2], ãäå x íàõîäèòñÿ èç ðàâåíñòâà

d

n2

· g
(

x

n2

)
=

d− n2u

x
.

Ìû èìååì
F (Ω, n2, d, u; m2) =

{ d
n2
· g(

m2

n2

)
, m2 ∈ I1;

d−n2u
m2

, m2 ∈ I2.

Ïóñòü m2 ïðîáåãàåò âñå öåëûå çíà÷åíèÿ èç I1. Â ýòîì ñëó÷àå ìû ïîâòîðèì
ðàññóæäåíèÿ ïðè ïîëó÷åíèè îöåíêè äëÿ âåëè÷èíû #T1(d, u, Ω) :

T (F, d, n2) =
1

n2

∑
m2∈I1

µn2,d(m2)F (Ω, n2, d, u; m2) + O(R(n2)), (36)
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ãäå ñîãëàñíî (32) ∑

n2< d
u

R(n2) ¿ R

(
d

u
, u

)
. (37)

Òåïåðü ïóñòü m2 ∈ (x, n2]. Ìû íå ìîæåì âîñïîëüçîâàòüñÿ ëåììîé 5, ïîòîìó
÷òî

F
′′
m2

2
(Ω, n2, d, u; m2) ³ d

m3
2

.

Ïîýòîìó ðàçîáüåì èíòåðâàë I2 òî÷êàìè 2t+1, . . . , 2k (k = [log2 n2], t = [log2 x]) :

I2 =
k⋃

j=t

I2,j, |I2,j| ≤ 2j.

Òîãäà íà êàæäîì èç èíòåðâàëîâ I2,j

F
′′
m2

2
(Ω, n2, d, u; m2) ³ d

23j
.

Òåïåðü âîñïîëüçóåìñÿ ëåììîé 5

T (F, d, n2) =
1

n2

∑
m2∈I2

µn2,d(m2)F (Ω, n2, d, u; m2) + O

( k∑
j=t

Rj

)
, (38)

Rj ¿ Pj

2
· δn2(d) + σ

2/3
0 (n2)σ

2
0(a)PjA

−1/3
j + (A

1/2
j a1/2 + n

1/2
2 + a)P ε

j ,

a = ÍÎÄ(n2, d), Pj = 2j, Aj = P 3
j /d.

Ñóììèðóÿ Rj ïî èíäåêñó j, ïðè ýòîì ó÷èòûâàÿ ñîîòíîøåíèÿ

k∑
j=t

Pj ¿ n2,

k∑
j=t

P ε
j ¿ dε,

k∑
j=t

P ε
j A

1/2
j ¿ dε−1/2n

3/2
2 ,

ïîëó÷àåì
k∑

j=t

Rj ¿ n2δn2(d) + d1/3 log dσ
2/3
0 (n2)σ

2
0(a) + (d−1/2n

3/2
2 a1/2 + n

1/2
2 + a)dε.

Äàëüøå, êàê è â ñëó÷àå îöåíêè îñòàòêà âåëè÷èíû #T1(d, u, Ω), ïðèõîäèì â ïðåä-
ïîëîæåíèè u = (d log d)1/2 ê îöåíêå

∑

n2<d/u

k∑
j=t

Rj ¿
Ω,ε

d5/6 log7/6+ε d.
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Îòñþäà è èç (35)-(38) ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ #T (2)(d, u, Ω):

#T (2)(d, u, Ω) =
∑

n2<d/u

1

n2

∑

n2/2<m2≤n2

µn2,d(m2)F (Ω, n2, d, u; m2)+OΩ,ε(d
5/6 log7/6+ε d).

Îöåíêà ãëàâíîãî ÷ëåíà ïîëó÷åíà â ëåììå 8. Ñëåäîâàòåëüíî

#T (2)(d, u, Ω) =
1

ζ(2)

∑

a|d

d

a

(
(log 2− Φ(Ω))

(
log

(
d

ua

)
+ γ − ζ ′(2)

ζ(2)

)
+ C(Ω)

)
+

+OΩ,ε(d
5/6 log7/6+ε d).

Òåïåðü ìû ìîæåì âû÷èñëèòü #T2(d, u, Ω). Äëÿ ýòîãî ïîäñòàâèì ïîñëåäíþþ ôîð-
ìóëó è (34) â (33), ó÷èòûâàÿ (19):

#T2(d, u, Ω) =
1

ζ(2)

∑

a|d

d

a

(
Φ(Ω)

(
log

(
d

ua

)
+γ−ζ ′(2)

ζ(2)
−1

)
+C1(Ω)−hβ(Ω)

)
+OΩ,ε(d

5/6 log7/6+ε d),

C1(Ω) = h(Ω)− log2 2

2
−

∫ 1

1
2

log(1 + βα(β))

β(1 + βα(β))
dβ. (39)

Äàëüøå, ïîëüçóÿñü çàìå÷àíèåì 3 è ôîðìóëàìè (27), (31), âû÷èñëèì TΩ(d) :

TΩ(d) =
1

ζ(2)

∑

a|d

d

a

(
Φ(Ω)

(
log

d

a2
+2γ−2

ζ ′(2)

ζ(2)
−1

)
+C1(Ω)

)
+OΩ,ε(d

5/6 log7/6+ε d).

Çàòåì ïîäñòàâèì TΩ(d) â (26), è èñïîëüçóÿ ñîîòíîøåíèÿ (ñì. [8], ñòð. 95)

d
∑

abc|d

µ(b)µ(c)

abc
= ϕ(d),

∑

abc|d

µ(b)µ(c)

abc
log(a2bc) = 0,

ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ T ∗
Ω(d) :

T ∗
Ω(d) =

ϕ(d)

ζ(2)

(
Φ(Ω)

(
log d + 2γ − 2

ζ ′(2)

ζ(2)
− 1

)
+ C1(Ω)

)
+ OΩ,ε(d

5/6 log7/6+ε d).

Èç ðåçóëüòàòîâ ëåììû 9 è èç ðàâåíñòâà

#M(Γa/d; Ω) = #M(Γ(d−a)/d; Ω) äëÿ âñåõ a > d/2

ñëåäóåò
d∑

a=1
ÍÎÄ (a,d)=1

#M(Γa/d; Ω) = 4T ∗
Ω(d) + 6ϕ(d).
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Ïîëîæèâ

φ1(Ω) =
4Φ(Ω)

ζ(2)
, φ2(Ω) =

4Φ(Ω)

ζ(2)

(
2γ − 2

ζ ′(2)

ζ(2)
− 1

)
+

4C1(Ω)

ζ(2)
+ 6, (40)

ïîëó÷àåì (2). Òåîðåìà 1 äîêàçàíà.
Ñëåäñòâèåì òåîðåìû 1 è (7) ñëóæèò
Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Òîãäà

d∑
a=1

ÍÎÄ(a,d)=1

s(a/d, Ω) = ϕ(d)

(
φ1(Ω)

2
log d +

φ2(Ω)

2
− 3

2

)
+ OΩ,ε(d

5/6 log7/6+ε d).

Çàìå÷àíèå 4. Ôóíêöèÿ φ1(Ωθ) âîçðàñòàåò ïî ïåðåìåííîé θ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî íåïîñðåäñòâåííî ñëåäóåò èç çàìå÷àíèÿ 2 è
(40).

Â çàâåðøåíèå ðàáîòû âû÷èñëèì êîíñòàíòû φ1(Ωi), φ2(Ωi) äëÿ i ∈ {1, 2}.
Ìû èìååì èç ëåììû 4 βΩ1(α) = 1/(2 − α), βΩ2(α) = (1 + 2α)/(2 + α), èç (15)
Φ(Ω1) = 1/2, Φ(Ω2) = log 3/2. Ñëåäîâàòåëüíî (ñì. (40))

φ1(Ω1) =
2

ζ(2)
, φ1(Ω2) =

2 log 3

ζ(2)
. (41)

Ñîãëàñíî ôîðìóëàì (16)-(19) è (39)

h(Ω1) = h−
∞∑

n=1

1

n

(
1

2

∑
n≤2m≤2n

2m− n

m
− log 2 +

1

2

)
, (42)

h(Ω2) = h−
∞∑

n=1

1

n

(
1

2

∑
n≤2m≤2n

2m− n

n2 + m2 −mn
−log 2+

log 3

2

)
+

1

2

∞∑
n=1

1

n

( ∑
m≤n

n + 2m

n2 + m2 + mn
−log 3

)
,

(43)
C1(Ω1) = h(Ω1)− 1

2

(
log2 2− log 2 + 1

)
,

C1(Ω2) = h(Ω2)− log2 2

2
− 1

2

∫ 1

1/2

log

(
2(β2 − β + 1)

2− β

)
2− β

β(β2 − β + 1)
dβ.

Ïåðâîîáðàçíàÿ äëÿ ôóíêöèè, ñòîÿùåé â èíòåãðàëå ðàâíà

log(β2 − β + 1) log

(
2− β

2
√

β2 − β + 1

)
− log 3 log(2− β) + 2Li2

(
β

2

)
−

−2

(
Li2

(
β

2
(1+i

√
3)

)
+Li2

(
β

2
(1−i

√
3)

))
+Li2

(
2− β

2
√

3
(
√

3+i)

)
+Li2

(
2− β

2
√

3
(
√

3−i)

)
,
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ãäå
Li2(z) = −

∫ z

0

z−1 log(1− z)dz � äèëîãàðèôì Ýéëåðà.

Äàëüøå ïðèìåíèì ñâîéñòâà äèëîãàðèôìà Ýéëåðà (ñì. [13; ãëàâà 1, �1.3, �1.4,
ãëàâà 5, �5.4,�5.5])

Li2(z
2) = 2Li2(z) + 2Li2(−z),

Li2(z) + Li2(1− z) = π2/6− log z log(1− z),

Li2(r, ϕ) + Li2(R, Φ) = − log r log R− ϕΦ + π2/6,

åñëè tan Φ = r sin(ϕ)/(1− r cos(ϕ)), R = sin(ϕ)/ sin(Φ + ϕ)),

Li2(r, π/3) =
1

6
Li2(−r3)− 1

2
Li2(−r)

(çäåñü Li2(r, ϕ) = Re(Li2(re
iϕ))). Òîãäà

C1(Ω2) = h(Ω2)− log2 2− log2 3

8
+

11π2

72
− Li2(−1/8)

2
+

7Li2(−1/2)

2
.

Èñïîëüçóÿ (40), âû÷èñëèì

φ2(Ω1) =
2

ζ(2)

(
2γ − 2

ζ ′(2)

ζ(2)
+ 2h(Ω1)− log2 2 + log 2− 2

)
+ 6, (44)

φ2(Ω2) =
2

ζ(2)

(
log 3

(
2γ−2

ζ ′(2)

ζ(2)
−1

)
+2(h(Ω2)−log2 2)− log2 3

4
−Li2

(
−1

8

)
+7Li2

(
−1

2

))
+

31

3
.

(45)
Òàêèì îáðàçîì, ìû äîêàçàëè
Ñëåäñòâèå. Ïóñòü äëÿ îáëàñòè Ω íàéäåòñÿ ïðåîáðàçîâàíèå T, äëÿ êîòîðî-
ãî T(Ω) = Ωi i ∈ {1, 2}. Òîãäà φ1(Ω) = φ1(Ωi), φ2(Ω) = φ2(Ωi). Âåëè÷èíû
φ1(Ωi), φ2(Ωi) îïðåäåëåíû ðàâåíñòâàìè (18), (41)-(45).

Àâòîð ãëóáîêî ïðèçíàòåëüíà Â.À. Áûêîâñêîìó è À. Â. Óñòèíîâó çà ïîñòà-
íîâêó çàäà÷è, âíèìàíèå ê ðàáîòå, ñîâåòû è êðèòè÷åñêèå çàìå÷àíèÿ.
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Î. A. Gorkusha
On �nite special continued fractions.

In the present work the asymptotical formula is obtained for average length of a
special class of �nite continued fractions with a �xed denominator.
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